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PREFACE. 


The original design of the Authors in commencing this work^ 
about ^twenty years ago has not been carried out beyond the 
production of the first of a series of volumes^ in which it was 
intended that the various branches of mathematical and experi- 
mental physics should be successively treated. The intention 
of proceeding with ^the other volumes is now definitely aban- 
doned ; but much new matter has been added to the first 
volume, and it has been divided into two parts, in the secc-'d*^ 
edition now completed in this second part. The original first 
volume contained many references to the intended future 
volumes ; and these references have been allowed to remain in 
the present completion of the new edition of the first volume, 
because the plan of treatment followed depended on the 
expectation of carrying out the original design. 

Throughout the latter part of the book extensive use has, 
according to Prof. Stokes’ revival of this valuable notation, 
been made of the ‘‘solidus” to replace the horizontal stroke in 

fractions ; for example ~ is printed a/6. This notation is (as is 

illustrated by^ the spacing between these lines) advantageous for 
the introduction of isolated analytical expressions in the midst 
of the text, and its use in printing complex fractional and 
expjjnential expressions permits the printer to dispense with 
much of the troublesome process known as ^‘justification,” and 
effects a considerable saving in space and expense. 
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PREFACE. 


An index to the whole of the first volume has been pi*epared 
by Mr Burnside, and is placed at the end. 

A schedule is also given below of all the ameiRiments aiod 
additions (excepting purely verbal changes and corrections) 
made in the present edition of the first volume. 

Inspection of the schedules on pages xxii. to xxv. will shew 
that much new matter has been imported into^the present 
edition, both in Part I. and Part II. These additions art 
indicated by the word “ new.’’ 

The most important part of the labour of editing Part II. 
has been borne by Mr G. H. Darwin, and it will bo seen from 
the schedule below that he has made valuable contributions to 
the work. 


NOTE TO NEW IMPRESSION, 1912 

A few slight additions and corrections have been made by 
Sir George Darwin and Prof. H. Lamb, but, substantially, the 
work remains as last passed by the authors. The additions can 
be identified by the initials attached in brackets. 
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ABSTRACT DYNAMICS. 


CHAPTER V. 

INTRODUCTORY. 

438. Until we kno\v thoroughly the nature of matter and Approxi- 

. . . •Ill 1. mate treat 

the forces which produce its motions, it will be utterly im-mentof 

. . , physical 

possible to submit to mathematical reasoning the exact con- questions, 
ditions of any physical question. It has been long understood, 
however, that approximate solutions of problems in the ordinary 
branches of Natural Philosophy may be obtained by a species 
of abstraction, or rather limitation of the data, such as enables 
us easily to solve the modified form of the question, while we 
are well assured that the circumstances (so modified) affect the 
result only in a superficial manner. 

439. Take, ibr instance, the very simple case of a crowbar 
employed to move a heavy mass. .The accurate mathematical 
ifivestigation of the action would involve the simultaneous 
treatment of the motions of every part of bar, fulcrum, and 
mass raised ; b*ut our ignorance of the nature of matter and 
molecular forces, precludes any such complete treatment of the 
problem. 

It im a result of observation that the particles of the bar, 
fulcrum, and mass, separately, retain throughout the process 
nearly the same relative positions. Hence the idea of solving, 
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Further 

approxima 

tions. 


[439. 


instead of the complete but infinitely transcendent problem, 
another, in reality quite different, but which, while S/U^ly simple, 
obviously leads to practically the same result^ so far as ^con- 
cerns the equilibrium and motions of the bodies as a whole. 


440. The new form is given at once by the experimental 
result of the trial. Imagine the masses involved to be perfectly 
rigidy that is, incapable of changing form or dimensions. Then 
the infinite series of forces, really acting, may^ be left out of 
consideration ; so that the mathematical investigation deals 
with a finite (and generally small) number of forces instead o£ 
'a practically infinite number. Our warrant for such a substi- 
tution is to be established thus. 


441. The effects of the intermolecular forces could be ex- 
hibited only in alterations of the form or volume of the masses 
involved. But as these (practically) remain almost unchanged, 
the forces which produce, or tend to produce, them may be left 
out of consideration. Thus we are enabled to investigate the 
action of machinery supposed to consist of separate portions 
whose form an^ dimensions are unalterable. 

442. If wfe go a little further into the question, we find that 
the lever ben^s, some parts of it are extended and others com- 
pressed. This would lead us into a very serious and difficult 
hiquiry if we had to take account of the whole circumstances. 
But (by experience) we find that a sufficiently accurate solution 
of this more formidable case of the problem may be obtained 
by supposing (what can never be realized in practice) the mass 
to be homogeneous, and the forces consequent on a dilatation, 
compression, or distortion, to be proportional in magnitude, and 
opposed in direction, to these deformations respectively. By 
this further assumption, close approximations may be made tg 
the vibrations of rods, plates, etc., as well ai to the statical 
effect of springs, etc. 

443. We may pursue the process further. Compression, in 
general, produces heat, and extension, cold. The elastiS forces 
of the material are thus rendered sensibly different from what 
they would be with the same changes of bulk and shape, but 
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with no change of temperature. By introducing such considera- Further 
tions, we reach, without great difficulty, what may be called tSns?*'”** 
a tlyl^rd appro^mation to the solution of the physical problem 
considered. 

444. We might next introduce the conduction of the heat, 
so produced, from point to point of the solid, with its accom- 
panying modifications of elasticity, and so on; and we might 
then consider fhe production of thermo-electric currents, which 
(af we shall see) are always developed by unequal heating in 

, a mass if it be not perfectly homogeneous. Enough, however, 
has beefi said to show,^r6'i, our utter ignorance as to the true 
complete solution of any physical question by the only 
perfect method, that of the consideration of the circumstances 
which affect the motion of every portion, separately, of each 
body concerned ; and, second, the practically sufficient manner 
in which practical questions may be attacked by limiting their 
generality, the limitations introduced being themselves deduced 
from experience, and being therefore Nature’s own solution (to 
a less or greater degree of accuracy) of the infinite additional 
number of equations by which we should otherwise have been 
encumbered. 

445. To take another case : in the consideration of the pro- 
pagation of waves at the surface of a fluid, it is impossible, 
not only on account of mathematical difficulties, but on account 
of our ignorance of what matter is, and wffiat forces its particles 
exert on each other, to form the equations which would give 
us the separate motion of each. Our first approximation to 
a solution, and one sufficient for most practical purposes, is de- 
rived from the consideration of the motion of a homogeneous, 
incompressible, and perfectlj^ plastic mass ; a hypothetical sub- 

« stance which may have no existence in nature. 

446. Looking a little more closely, w^e find that the actual 
motion differs considerably from that given by the analytical 
solution of the restricted problem, and we introduce further 
considerations, such as the compressibility of fluids, their inter- 
nal friction, the heat generated by the latter, and its effects in 
dilating the mass, etc. etc. By such successive corrections we 

. 1—2 
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Further attain, at length, to a mathematical result which (at all events 
in the present state of experimental science) agrees, within the 
limits of experimental error, with observation. ^ ^ 

447. It would be easy to give many more instances sub- 
stantiating what has just been advanced, but it seems scarcely 
necessary to do so. We may therefore at once say that there 
is no question in physical science which can be completely and 
accurately investigated by mathematical reascfiing, but that 
there are different degrees of approximation, involving assurftp- 
tions more and more nearly coincident with observation, which^ 
may be arrived at in the solution of any particular question. 

Objeot o{ 4:48. Tlie object of the pyi'esent division of this vol ume is to deal 
wiVA the first and second of these approooimations. In it we shall 
the work. g^pp^gQ ^\i golids either rigid, i.e., unchangeable in form and 
volume, or elastic ; but in the latter case, we shall assume the 
law, connecting a compression or a distortion with the force 
which causes it, to have a particular form deduced from experi- 
ment. And we shall in the latter case neglect the thermal or 
electric effects which compression or distortion generally cause. 
We shall also suppose fluids, whether liquids ur gases, to be 
either incompressible or compressible according to certain 
known laws; and we shall omit considerations of fluid friction, 
although we admit the consideration of friction between solids. 
Fluids will therefore be supposed perfect, i.e., such that any par- 
ticle may be moved amongst the others by the slightest flirce. 

449. When we come to Properties of Matter and the various 
forms of Energy, we shall give in detail, as far as they are yet 
known, the modifications which further approximations have 
introduced into the previous results. ^ 

Laws of 450. The laws of friction between solids were very ably int 
vestigated by Coulomb ; and, as we shall require them in the 
succeeding chapters, we give a brief summary of them here ; 
reserving the more careful scrutiny of experimental results to 
our chapter on Properties of Matter. ^ 

451. To produce and to maintain sliding of one solid body 
on another requires a tangential force which depends — (1) upon 


Laws of 
friction 
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the natt^re of the bodies; (2) upon their polish, or the species and 
quantity of lubricant which may have been applied ; (3) upon the 
normal puissure between them, to which it is in general directly 
proportional, •it does not (except in some extreme cases where 
scratching or excessive abrasion takes place) depend sensiblj^ 
upon the area of the surfaces in contact. When two bodies are 
pressed together without being caused to slide one on another, 
the force which prevents sliding is called Statical Friction. It 
is^capable of opposing a tangential resistance to motion which 
may be of any amount less than or at most equal to ijlR ; where 

* R is the whole normal pressure between the bodies ; and fju 
(which •depends mainly upon the nature of the surfaces in 
contact) is what is commonly called the coefficient of Statical 
Friction. This coefiScient varies greatly with the circumstances, 
being in some cases as low as 0*03, in others as high as 0*80. 
Later, we shall give a table of its values. When the applied 
forces are insufficient to produce motion, the whole amount of 
statical friction is not called into play ; its amount then just 
reaches what is sufficient to equilibrate the other forces, and 
its direction is the opposite of that in which their resultant 
tends to produce motion. 

452. When the statical friction has been overcome, and 
sliding is produced, experiment shows that a force of friction 
continues to act, opposing the motion ; that this force of Kinetic 
Friction is in most cases considerably less than the extreme 
force of static friction which had to be overcome before the 
sliding commenced ; that it too is sensibly proportional to the 
normal pressure ; and that it is approximately the same what- 
ever be the velocity of the sliding. 

# 

♦ 453. In the following Chapters on Abstract Dynamics we con- 

*. fine ourselves mainly to the general principles, and the fundamen- 
tal formulas a»d equations of the mathematics of this extensive 
subject; and, neither seeking nor avoiding mathematical exer- 
citations, we enter on special problems solely with a view to pos- 
sible jasefulness for physical science, whether in the way of the 
material of experimental investigation, or for illustrating physical 
principles, or for aiding in speculations of Natural Philosophy. 


Laws of 
friction. 
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STATICS OF A PAllTICLE. — ATTRACTION. 

454. We naturally divide Statics into two parts — the equi- 
librium of a particle, and that of a rigid or elastic body or 
system of particles whether solid or fluid. In a very few sec- 
tions we shall dispose of the first of these parts, and the rest of 
this chapter will be devoted to a digression on the important 
subject of Attraction. 

455. By § 255, forces acting at the same point, or on the 
same material particle, are to be compounded by the same laws 
as velocities. Hence, evidently, the sum of their components 
in any direction must vanish if there is equilibrium ; and there 
is equilibrium if the sums of the components in each of three 
lines not in one plane are each zero. And thence the necessary 
and sufficient mathematical equations of equilibrium. 

Thus, for the equilibrium of a material particle, it is necessary y 
and sufficient, that the (algebraic) sums of the components of 
the aj)plied forces, resolved in any three rectangular directions, 
should vanish. 

V 

If P be one of the forces, I, m, n its direction- cosines, we 
have « 

2/P-O, 2wP-0, 2^^P = 0. 

If there be not equilibrium, suppose R, with direction-cosinea 
A, /X, V, to be the resultant force. If reversed in direct^ri, it 
will, with the other forces, produce equilibrium. Hence 

%IP-\R^% ^7nP-fiR=:0, %nP-vR = 0. 
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And^ 

while 


= {%IP? + {%mPY + {%nP)% 

A fJL 

Mp" 


Sm/^ 


V 

^nP ’ 


456. We may take one or two particular cases as examples 
of the general results above. Thus, 

(1) If the particle rest on a frictionless curve, the com- 
ponent force along the curve must vanish. 

If Xy yy ^be the co-ordinates of the point of the curve at which 


the particle rests, we have evidently 






dx d)j dz 

-h 7n — + n-rr- 

as ds 




0 . 


When Py ly niy n are given in terms of a?, y, Zy this, with the two 
equations to the curve, determines the position of equilibrum. 

(2) If the curve be frictional, the resultant force along it 
must be balanced by the friction. 

If F be the friction, the condition is 
\ ds ds dsj 

This gives the amount of friction which will be called into play ; 
and equilibrium will subsist until, as a limit, the friction is /x times 
the normal pressure on the curve. But the normal pressure is 
dz dyV ( dx dzV ( dy dx\\\ 

^^{(,”‘*-”5) +(”*-'*) ■ 

Hence, the limiting positions, between which equilibrium is pos- 
sible, are given by the two equations to the curve, combined with 
A ( dx. ydz\^ f .dy dx^H . 

(3) If the particle rest on a smooth surface, the resultant 
#f the applied forces must evidently be perjiendicular to the 

^ surface. 

If <^{Xy y^ 2 ;) = 0 be tlie equation of the surface, we must there- 
fore have 


2P 


\dx dy dz 

I ds ds ds 


d<f> d(f> d<p 
~dx _ dy __ dz 

and these three equations determine the position of equilibrium. 


Bquili- 
britun of % 
partide 
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(4) If it rest on a rough surface, friction will be caflled into 
play, resisting motion along the surface ; and there will be 
equilibrium at any point within a certain boundary, determined 
by the condition that at it the friction is fju tinfes the nofmal 
pressure on the surface, while within it the friction bears a less 
ratio to the normal pressure. When the only applied force is 
gravity, we have a very simple result, which is often practically 
useful. Let 6 be the angle between the normal to the surface 
and the vertical at any point ; the nonnaj pressure on the sur- 
face is evidently W cos^, where W is the weight of the particle; 
and the resolved part of the weight parallel to the surface,, 
which must of course be balanced by the friction, is^W sind. 
In the limiting position, when sliding is just about to corn- 
mence, the greatest possible amount of statical friction is called 
into play, and we have 

W sin0 = /i IF COS0, 
or tan 0 = fi. 

The v^aJue of 0 thus found is called tim Angle o f Repose. 


Let (x, y, = 0 be the surface : P, with direction-cosines 
I, m, n, the resultant of the applied forc'es. The normal pressure is 

, dd> d(h d(h 

+ -f n ~ 
dx ay dz 




m 

The resolved part of P parallel to the surface is 


dz) 



Hence, for the boundary of the portion of the surface within 
which equilibrium is possible, we have the additional equation 




dy 






457 . A most important case of the composition of ^forces 
acting at one point is furnished by the consideration of the 
attraction of a body of any form upon a material particle any- 
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where liituated. Experiment has • shown that the attraction Attrao^on. 
exerted by any portion of matter upon another is not modified 
ty the j^r^imity, or even by the interposition, of other 
matter ; and thus the attraction of a body on a particle is the 
resultant of the attractions exerted by its several parts. To 
treatises on applied mathematics we must refer for the examina- 
tion of the consequences, often very curious, of various laws of 
attraction; but, dealing with Natural Philosophy, we confine 
ogrselves mainly, (and except where we give the mathematics of 
Laplace’s beautiful and instructive and physically important, 

^ though unreal, theory of capillary attraction,) to the law of the 
inverse square of the distance which Newton discovered for gra- 
vitation. This, indeed, furnishes us with an ample supply 
of most interesting as well as useful results. 

458. The law, which (as a property of matter) is to be care- Universal 
fully considered in the next proposed Division of this Treatise, attraction, 
may be thus enunciated. 

Every particle of matter in the universe attracts every other 
particle, with a force whose direction is that of the line joining • 
the two, and whose magnitude is directly as the product of their 
masses, and inversely as the square of their distance from each 
ether. 

Experiment shows (as will be seen further on) that the same 
law holds for electric and magnetic attractions under properly 
defined conditions. 


459. For the special applications of Statical principles to Special unit 
which we proceed, it will be convenient to use a special unit ofSSter. 
mass, or quantity of matter, and corresponding units for the 
measurement of electricity and magnetism. 


Thus if, in accordance with the physical law enunciated in 
§ 458, we take as the expression for the forces exerted on each 
other by masses M and m, at distance D, 

Mm 



it is obvious that our unit force is the mutual attraction of two 
units of mass placed at unit of distance from each other. 
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siirface and Convenient for many applications to speal/ of tile 

densities ^>f ^ distribution of matter, electricity, etc., along a line, 

over a surface, or through a volume. ^ # 

Here line-density = quantity of matter per unit of length, 
surface-density = „ „ „ area, 

volume-density ,, ,, volume. 


Ekctricand ^ 61 . In applying the succeeding investigations to electricity 

SSonings or magnetism, it is only necessary to premise that M and ni stand 
of quanfitij, quantities of free electricity or magnetism, whatever the!^e 
may be, and that here the idea of mass as depending on mertia 

J^m 

is not necessarily involved. The formula will stilf repre- 

sent the mutual action, if we take as unit of imaginary electric 
or magnetic matter, such a quantity as exerts unit force on an 
Positiveand equal quantity at unit distance. Here, however, one or both 
m^^ses ad- of Jf, m may be n^egative ; and, as in these applications like 
abstract kinds repel each other, the mutual action will be attraction 

theory of . - . ... . . . i 

attraction, or repuisiOH, according as its sign is negative or positive. With 
these provisos, the following theory is applicable to any of the 
above-mentioned classes of forces. We commence with a few- 
simple cases which can be completely treated by means of ele- 
mentary geometry. 


Unifonu 462, If the different points of a sjyherical surface attract 
sSeilf^At- equally luith forces varying inversely as the squares of the dis- 
internal taiices, a particle placed luithin the surface is not atiracted in any 
direction. 

Let HIKL be the spherical surface, and P the particle 
within it. Let two lines HK, IL, intercepting very small arcs 
HI, KL, be drawn through P; then, 
on account of the similar triangles^ 
HPI, KPL, those arcs will be propor- 
tional to the distances HP, LP ; and 
any small elements of the spherical 
surface dX HI and KL, each bounded 
all round by straight lines passing 
through P [and very nearly coincid- 
ing with HK~\, will be in the duplicate ratio of those lines. 
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Hence ibe forces exercised by the matter of these elements 
on the particle P are equal ; for they are as the quantities 
of matter%4ifectly, and the squares of the distances, inversely ; 
and*^ these t^^o ratios compounded give that of equality. 

The attractions therefore, being equal and opposite balance* one 
another : and a similar proof shows that the attractions due to 
all parts of the whole spherical surface are balanced by cbntraiy 
attractions. Hence the particle P is not urged in any direc- 
ti(^n by these ^tractions. 

463. The division of a spherical surface into infinitely small Digression 

' 1 -nr* 1 • 1 • ••1*1 onthedivi- 

elemenlie will frequentlv occur in the investigations winch sion of sur- 

^ . faces into 

follow : and Newton's method, described in the preceding de- elements, 
monstration, in which the division is effected in such a manner 
that all the parts may be taken together in pairs of opposite 
elements with reference to an internal point; besides other 
methods deduced from it, suitable to the special problems to be 
examined; will be repeatedly employed. The present digres- 
sion, in which some definitions and elementary geometrical 
propositions regarding this subject are laid down, will simplify 
the subsequent demonstrations, both by enabling us, through 
the use of convenient terms, to avoid circumlocution, and by 
affording us convenient means of reference for elementary • 
principles, regarding which repeated explanations might other- 
wise be necessary. 

464. If a straight line which constantly passes through a Expiana- 

£ j ^ j 4. j tionsand 

fixed point be moved in any manner, it is said to describe, or definitions 

generate, a conical surface of w^hich the fixed point is the ^ones. 

vertex. 

If the generating line be carried from a given position con- 
tinuously through any series of positions, no two of which 
coincide, till it is brought back to the first, the entire line on 
the two sides cf the fixed point will generate a complete conical 
surface, consisting of two sheets, which are called vertical or 
opposite cones. Thus the elements HI and KL^ described in 
New^n's demonstration given above, may be considered as being 
cut from the spherical surface by two opposite cones having P 
for their common vertex. 



The solid 
angle of a 
cone, or of 
a complete 
conical 
surface. 


Sum 01 all 
the solid 
angles 
round a 
point— In-. 


Sum of the 
solid angles 
of all the 
complete 
conical sur- 
faces = 2 Tr. 


Solid angle 
subtended 
at a point 
by a 

terminated 

surface. 


Orthogonal 
and oblique 
sections of a 
small cone. 
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466. If any number of spheres be, described from /lb e ver- 
tex of a cone as centrcj the segments cut from the concentric 
spherical surfaces will be similar, and their areas be as the 
squares of the radii. The quotient obtained b^ dividing *lhe 
area of one of these segments by the square of the radius of the 
spherical surface from which it is cut, is taken as the measure 
of the solid angle of the cone. The segments of the same 
spherical surfaces made by the opposite cone, are respectively 
equal and similar to the former (but ‘‘ perverted^). Hence the 
solid angles of two vertical or opposite cones are equal : either 
may be taken as the solid angle of the complete conical surface,* 
of which the opposite cones are the two sheets. * 

466. Since the area of a spherical surface is equal to the 
square of its radius multiplied by 47r, it follows that the sum of 
the solid angles of all tlie distinct cones which can be described 
with a given point as vertex, is equal to -Itt. 

467. The solid angles of vertical or opposite cones being 
equal, we may infer from what precedes that the sum of the 
solid angles of all the complete conical surfaces which can be 
described without mutual intersection, with a given point as 
vertex, is equal to 27r. 

468. The solid angle subtended at a point by a superficial 
area of any kind, is the solid angle of the cone generated by a 
straight line passing through the point, and carried entirely 
round the boundary of the area. 

469. A very small cone, that is, a cone such that any two 
positions of the generating line contain but a very small angle, 
is said to be cut at right angles, or orthogonally, by a spherical 
surface described from its vertex as centre, or by any surface, 
whether plane or curved, which touches the spherical surface at 
the part where the cone is cut by it. 

A very small cone is said to be cut obliquely, when the section 
is inclined at any finite angle to an orthogonal section ; and this 
angle of inclination is called the obliqidig of the section. 

The area of an orthogonal section of a very small cone is equal 
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• V 

totheaAslof an oblique section in the same position, multiplied Orthogonti 

• P 1 1 T • and obliqu® 

by the cosine of the obliquity. at^ctionsofa 

TT p it” • n n • 1 sniallcone. 

Jjience Tn% area of an oblique section oi a small cone is equai 
to the quotient obtained by dividing the product of the square 
of its distance from the vertex, into the solid angle, by the 
cosine of the obliquity. , 


470. Let E denote the area of a very small element of a Area of seg* 

. mentcut 

Spherical surflce at the point E (that is to say, an element from spher- 

^ ^ ical surface 

every part of which is very near the point E), let o) denote by^smaii 
^the solid angle subtended by E at any point P, and let PE, 
produced if necessary, meet the surface again in E' : then, a 
flenoting the radius of the spherical surface, we have 


_ 2a, o) . PIP 

~~ 'EE' 


For, the obliquity of the element E, considered as a section 
of the cone of which P is the vertex and 
the element E a section ; being the angle 
between the given spherical surface and 
another described from P as centre, Vvith 
PE as radius ; is equal to the angle be- 
tween the radii, EP and EG, of the two 
spheres. Hence, by considering the iso- 
sceles triangle ECE\ we find that the cosine of the obliquity 
, ^ lEE EE ^ 

IS equal to " to , and we arrive at the preceding 
expression for E. 



471. The attraction of a uniform spherical surface on an uniform 
external point is the same as if the whole mass were collected at 


the centre"^, 

m 


traction on 

external 

point. 


■** This theorem, which is more comprehensive than that of Newton in hia 
first proposition .regarding attraction on an external point (Prop. LXXI.), is 
fully established as a corollary to a subsequent proposition (Prop. LXXJII. 
cor. 2). If we had considered the proportion of the forces exerted upon two 
external points at difi’erent distances, instead of, as in the text, investigating 
the absolute force on one point, and if besides we had taken together all the 
pairs of elements which would constitute two narrow annular portions of the 
surface, in planes perpendicular to PC, the theorem and its demonstration 
would have coincided precisely with Prop. LXXI. of the FHncipia. 



Uniform 
spherical 
shell. At- 
traction on 
external 
pchnt, 
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Let P be the external point, (7 the centre of the sphere, aaid 

CAP a straight line cutting 
the spherical ^Ml&ce in^ A, 
Take I in CP, so that CP, 
CA, Cl may be continual pro- 
portionals, and let the whole 
spherical surface be divided 
into pairs of opposite elements 
with reference to the point i. 
Let H and H' denote the magnitudes of a pair of such 
elements, situated respectively at the extremities of ^ chord* 
IIH'\ and let w denote the magnitude of the solid angle sub- 
tended by either of these elements at the point I. 



We have (§ 469), 


and = 




cosC///^ “cosCif /* 

Hem^'e, if p denote the density of the surface, the attractions of 
the twi> elements H and H' on P are respectively 
0) /if- iif'" 

^ cos GHI • FH '■= ’ ^ cFiCH'i ' FH'‘' 


Now the two triangles PGH, HCI have a common angle at C, 
and, since PC : CH :: CH : Cl, the sides about this angle are 
proportional. Hence the triangles are similar; so that the 
angles CPH and GHI are equal, and 

HP ■" GP ~ CP • 

In the same way it may be proved, by considering the triangles 
PGH', H'GI, that the angles (JPH' and GH'I are equal, and 
that 

IH' ^ CH' __ a 

H'P “ GP ~ GP' 

Hence the expressions for the attractions of the elements H 
and H' on P become 


CO a' j 0) 

^ cos GHI ■ ~GF^ ’ P Fob GH'I ' CP ’ 

which are equal, since the triangle HGH' is isosceles; and, for 
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the saAe reason, the angles CPU, CPU', which have been unifarm 
proved to be respectively equal to the angles CHI, CH'I, are 
eqjial. "#ii>mfer that the resultant of the forces due to the ext^ai 
two elements is in the direction PC, and is equal to 

• Qp2 • 

To find the total force on P, we must take the sum of all the 
forces along PC due to the pairs of opposite elements; and, 
sAce the multiplier of &) is the same for each pair, we must 
add all the values of w, and we therefore obtain (§ 467), for the 
required resultant, 

• 47rpa“ 

UW' 

The numerator of this expression ; being the product of the 
density, into the area of the spherical surface ; is equal to the 
whole mass ; and therefore the force on P is the same as if the 
whole mass were collected at (7. 

Cor, The force on an external point, infinitely near the surface, 
is equal to 4<7rp, and is in the direction of a normal at the point. 

The force on an internal point, however near the surface, is, by a 
preceding proposition, nil, 

472. Let a* be the area of an infinitely sniall element of the Attraction 
surface at any point P, and at any other 
point jy of the surface let a small element 
subtending a solid angle co, at P, be taken. 

The area of this element will be equal to 
oy,PH^ 
cos CHP’ 

and therefore the attraction along HP, 

•which it exerts on the element cr at P, will 
be equal to 

• p(0 , per o) 

coiOTTP’ cos 

Now the total attraction on the element at P is in the direction 
CP;® the component in this direction of the attraction due to 
the element H, ig 



<o . p <T ; 
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and, since all the cones corresponding to the different dements 
of the spherical surface lie on the same side of the tangent 
plane at P, we deduce, for the resultant attrac^^*^ on the 
element a, 


27rpV. 


From the corollary to the preceding proposition, it follows that 
this attraction is half the force which would be exerted on an 
external point, possessing the same quantity of matter as the 
element a, and placed infinitely near the surface. * 

473. In some of the most important elementary problems, 
of the theory of electricity, spherical surfaces with dtinsities 
varying inversely as the cubes of distances from eccentric point§ 
occur : and it is of fundamental importance to find the attrac- 
tion of such a shell on an internal or external point. This may 
be done synthetically as follows ; the investigation being, as we 
shall see below, virtually the same as that of § 462, or § 471. 


Attraction 474 . Let US first consider the case in which the given point 
spherical 8 and the attracted point P are separated by the s})herical sur- 
whichthe face. The two figures represent the varieties of tliis case in 

cl6nslt'y ^ ^ 

varies in- which, the point 8 being without the sphere, P is within : and, 
versely as . . . , , . . 

the cube of S being Within, the attracted point is external. The same de- 
monstration is applicable literally with reference to the two 
figures ; but, to avoid the consideration of negative quan- 
tities, some of the expressions may be conveniently modified to 
suit the second figure. In such instances the two expressions 
are given in a double line, the upjier being that which is most 
convenient for the first figure, and the lower for the second. 

Let the radius of the sphere be denoted by a, and let / be 
the distance of S from C, the centre of the sphere (not repre- 
sented in the figures). * 

J oin SP and take T in this line (or its continuation) so that 

(fig. 1) SP,ST=f~a\ ' 

(fig. 2) SP . TS = -f\ 

Through P draw any line cutting the spherical surface at KyP • 
Join SK, 8K\ and let the lines so drawn cut the spherical 
surface again in P, E\ 
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Let t?le whole spherical surface be divided into pairs of 
opposite elements with reference to the point T. Let K and 
K’ he a such elements situated at the extremities of the 

chor^ KK\ an^ subtending the solid angle at the poin^ T\ 
and let elements E and E' be taken subtending at S the same 
solid angles respectively as the elements K and K\ By this 
means we may divide the whole spherical surface into pairs of 
conjugate elements, E, E\ since it is easily seen that when we 
ha,^e taken every pair of elements, K, K\ the whole surface 



will have been exhausted, without repetition, by the deduced 
elements, E, E', Hence the attraction on P will be the 
final resultant of the attractions of all the pairs of elements, 
E, E\ 

Now if p be the surface density at E, and if F denote the 
attraction of the element E on P, we have 




p . E 

PP* 


According to the given law of density we shall have 

- 


where X is a constant. Again, since 8EK is equally inclined 
fo the spherical surface at the two points of intersection, we 


have 


j^_SE^ 2am. TK^ 
SIC SK‘‘- KK' ’ 


and hence 


• X SE"^ 2am. TK^ 

SE^'SIC^' KK' 2a TK^ 

EP^ KK' • SE .SK\EF‘ ’ 


Attraction 
of a 

sphmoal 
surface of 
'which the 
density 
Tories in- 
versely as 
the cube of 
the distance 
from a given 
point. 
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Now, by considering the great circle in which the sph^e is cut 
by a plane through the line SK, we find that 
(fig. l)SK.S£;^f^-a\ 

(fig. 2) KS.SE^a^--f\ 

and hence 8 K. SE = SP . ST, from which we infer that the tri- 
angles KST, PSE are similar ; so that TK : SK : : PE : SP. 

TK^ ^ 1 

Hence pj^z ^ ^p2 > 

and the expression for F becomes 


F=\, 


KK'" SE.SP^ 


Modifying this by preceding expressions we have 

(fig- 1 ) A. . • SK, 

(fig. 

Similarly, if F' denote the attraction of E’ on P, we have 


(fig. 2 )P=X. 


^ 

■a^)SP^^ ^ 

^ 

aTi2 • 


(fig. 1 ) F' = 

(fig, 2)P' = X^ 


''(f^^a^)SP^ 


Now in the triangles which have been shown to be similar, the 
angles TKS, EPS are equal ; and the same may be proved of 
the angles TK'S, WPS, Hence the two sides SK, SK' of the 
triangle KSK are inclined to the third at the same angles 
as those between the line PS and directions PE, PE' of the two . 
forces on the point P; and the sides SK, SK' are to one 
another as the forces, F, F', in the directions PE, PE\ It) 
follows, by ‘'the triangle of forces,’* that the resultant of F and 
F' is along PS, and that it bears to the compqnent forces the 
same ratios as the side KK of the triangle bears to the other 
two sides. Hence the resultant force due to the two elements 
E and E' on the point P, is towards S, and is equal to 

^ 2a ft) _ X . 2a . ft) 

^ ' inr' • 7 /2- • EK , or />2 ‘i\~op2 • 


KK'{p-a^),SF^ 


{f-d^)SP^' 
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The'^otal resultant force will consequently be towards S ; and 
we find, by summation (§ 467) for its magnitude, 

\ . 47ra 

Hence we infer that the resultant force at any point P, 
separated from S by the spherical surface, is the same as if a 

quantity of matter equal to were concentrated at the 


Att lection 
of ft >}. ' 
spiierioail 
surface of 
which the 
density 
varies in- 
versely as 
the cube of 
the distance 
froora given 
point. 


Jloint S, 


f 


476. To find the attraction when S and P are either both 
without or both within the spherical surface. 

Take in CS, or in GS produced through S, a point such 
that C8.GS, = a\ 

Then, by a well-known geometrical theorem, if E be any point 
on the spherical surface, we have 

SE 

S,E'^ a 

Hence we have 

\ _ Xa® 

Hence, p being the surface-density at P, we Iiavc 


Xa® 



Hence, by the investigation in the preceding section, the 
attraction on Pis towards 8^, and is the same as if a quantity 


2—2 
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Motion matter equal to were concentrated at that^ point: 

spherical ^ f. OT ^ 

surf&fCo of ^ 

which the f beins' taken to denote CS , . If for /! and X, we^abstitute 

deUMt^n Xa? * ^ 

th^cu^eof values, y and , we have the modified expression 

thpdiaf.fl.nn.A *' ^ 

X y . 47ra 

for the quantity of matter which we must conceive to be col- 
lected at 8^, 


the distance 
from a given 
point. 


Uninsuiat- 476. If a spherical surface be electrified in such«a way 
under the that the electrical density varies inversely as the cube of ther 
an^Seoto^ distance from an internal^ point 8, or from the corresponding 
external point 8^, it will attract any external point, as if its 
whole electricity were concentrated at 8, and any internal point, 
as if a quantity of electricity greater than its own in the ratio 
of a toy were concentrated at S^. 


Let the density at E be denoted, as before, by 


X 

8E^' 


Then, 


if we consider two opposite elements at E and E', which sub- 
tend a solid angle co at the point 8, the areas of these 


elements being 


cJ^,2aSE'- 


and 


co,2a, 8E'^^ 


EE' EE' 

tricity which they possess will be 


, the quantity of elec- 


X.2a.ci>/1 1 \ X .2a. CO 

EE' \EE'^Wj SE.SE' • 


Now 8E . 8E' is constant (Euc. iii. 35) and its value is "~y** 
Hence, by summation, we find for the total quantity of elec- 
tricity on the spherical surface 


X . 4!7ra 

Hence, if this be denoted by m, the expressions in the preced- 
ing paragraphs, for the quantities of electricity which we must 
suppose to be concentrated at the point 8 or 8^^, according as P 
is without or within the spherical surface, become respectively 
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477. ' The direct analytical solution of such problems con- 
sists in the expression, by § 455 of the three components of 
tUe whol^alB^action as the sums of its separate parts due to the 
several particles of the attracting body ; the transformation, by 
the usnal methods, of these sums into definite integrals; and the 
evaluation of the latter. This is, in general, inferior in elegance 
and simplicity to the less direct mode of solution depending 
upon the determination of the potential energy of the attracted 
jlirticle with reference to the forces exerted upon it by the 
attracting body, a method which we shall presently develop 
with peculiar care, as being of incalculable value in the theories 
of Electricity and Magnetism as well as in that of Gravitation. 
But before we proceed to it, we give some instances of the 
direct method, beginning with the case of a spherical shell. 


(a) Let P be the attracted point, 0 the centre of the shell 
Let any plane perpendicular to OP cut it in N, and the sphere 
in the small circle QR, 

Let QOP - 0, OQ = a, 

OP — D, Then as the 
whole attraction is evi- 
dently along PO, we 
may at once resolve 
the parts of it in that 
direction. The circular 
band corresponding to 
0 -^dO has for area 
27ra^ sin 6d0. Hence if if be the mass of the shell, the component 
attraction of the band on P, along PO, is 

M PN 

2 ^ i PQ^=a‘ + - 2aP cos 0. 

Hence if PQ = x, xdx = aD sin OdO. 

Ai DAT n zi 

Also PN = P ~ a cos ^ ; 



l^nce the attraction of the band is 




(hi. 


Direct ana* 
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TTnifbmi, 

spherical 

shell. 


This divides itself, on integration, into two cases, 

(1) P external, e., D->a. Here the limits of a? are 

, . . M 

and D-k-a. and the attraction is 7-^ 

befor e. 


a: M 

- 2)i>> 

■f, 


J 2>“a 


(2) P internal, i,e,^ D ^ a. 


a + D, and the attraction is 


M 

4 P" 


Here the limits are a- D and 


X 

a 


a+D 

a-t) 


= 0 . 


Uniform 
circular 
disc, on 
particle in 
its axis. 


(h) A useful case is that of the attraction of a circular plate 
of uniform surface density on a point in a line through its centre, 
and perpendicular to its plane. * 

If a be the radius of the plate, h the distance of the point from 
it, and il/ its mass, the attraction (which is evidently in a direc- 
tion perpendicular to the plate) is easily seen to be 


Cylinder on 
particle in 
axis. 


a‘"jo {h^ + r^f V + 

If p denote tlie surface density of the plate, this becomes 



which, for an infinite plate, becomes 


From the preceding formula many useful results may easily 
be deduced ; thus, 


(c) A uniform cylinder of length /, and diameter attracts 
a point in its axis at a distance x from the nearest end with a 
force 




L ( 

1 

+ aV 


dh = 27 rp [I — J {x l)^ + ->r Jx ® + a\ 


When the cylinder is of infinite length (in on^ direction) the 
attraction is therefore 

27 rp {Jd(f + -x); 

and, when the attracted particle is in contact with the ceiltre of 
the end of the infinite cylinder, this is 
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{d^ A right cone, of semivertical angle a, and length ocm® 

attracts a particle at its vertex. Here we have at once for the St 
attractw^the expression 

* 27rp^ (1 — cos a), 

which is simply proportional to the length of the a \is. 

It is of course easy, when required, to find the necessarily less 
simple expression for the attraction on any point of the axis. 

(e) For^ magnetic and electro-magnetic applications a very Positive^ 
useful case is that of two equal discs, each perpendicular to the native 
line joining their centres, on any point in that line — their masses 
(§ 461) being of opposite sign — that is, one repelling and the 
other attracting. 

Let a be the radius, p the mass of a superficial unit, of either, 
c their distance, x the distance of the attracted point from the 
nearest disc. The whole action is evidently 


\J{x + cy-^a^ 

In the particular case when c is diminished without limit, this 
becomes 


(a;* -f a y 

478. Let P and P' be two points infinitely near one another variation of 
6a two sides of a surface over which matter is distributed ; and cTO^itfgan 
let p be the density of this distribution on the surface in the surface 
neighbourhood of these points. Then whatever be the resulthnt 
attraction, R, at P, due to all the attracting matter, whether 
lodging on this surface, or elsewhere, the resultant force, R\ on 
P is the resultant of a force equal and parallel to i?, and a 
force equal to 47rp, in the direction from P' perpendicularly 
towards the surface. For, suppose PP to be perpendicular to 
^he surface, which will not limit the generality of the pro- . 
position, and consider a circular disc, of the surface, having its 
" centre in PP\ h,nd radius infinitely small in comparison with 
the radii of curvature of the surface but infinitely great in com- 
parisdn with PF. This disc will [§ 477, (6)] attract P and F 
with forces, each equal to 27rp and opposite to one another in 
tho line PF, Whence the proposition. It is one of much im- 
portance in the theory of electricity. 
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Uniform 
heanisjphere 
fittraocing 
particle at 
edge. 


'[478. 


(a) As a fui-ther example of the direct analytical process, let 

us find the components of the 
attraction ex^jgfci^ by a uni- 
form hemisphere on a parficle 
at its edge. Let A be the 
particle, AB a diameter of 
the base, AG the tangent to 
the base at ; and AD per- 
pendicular tf^ AC, and AB, 
Let EQA be a section b;f a 
plane passing through AC ; AQ any radius-vector of this section; 
F a point in A Q, Let AP = r, CAQ = 0, RAB = Th^ volume 
of an element at P is 



rdO . r sin . dr = r^ sin Od<^dddr. 


The resultant attraction on unit of matter at A has zero com- 
ponent along AC. Along AB the component is 

p/JJ sin 6d<i>d6dr cos sin 6, 

between proper limits. The limits of r are 0 and 2a sin $ cos 
those of ^ are 0 and ^ , and those of 0 are 0 and rr. Hence, 
Attraction along AB= ^rrpa. 

Along AD the component is 


Alteration 
of latitude ; 
by hemi- 
spberical 
hUlor 
«vity. 


.'•■fTT r2asin^cos<^ 

} / 11 sin 0d0d(f>dr sin sin 6 = ^pa. 

(b) Hence at the southern base of a hemispherical hill of 
radius a and density p, the true latitude (as measured by the 
aid of the plumb-line, or by reflection of starlight in a trough of 
mercury) is diminished by the attraction of the mountain by the 
angle 

^Trpa 

G - ^pa 


where G is the attraction of the earth, estimated in the same 
units. Hence, if R be the radius and cr the mean density jof the 
earth, the angle is 

iJ/I-V ’ or 4 ^approximately. 
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Henc^ the latitudes of stations'^at the base of the hill, north and 
south of it, differ by ^ ( 2 + - 

»s^ Jl \ <T 

♦ ^ 

do if the hMl were removed. 

In the same way the latitude of a place at the southern ndge 
of a hemispherical cavity is increased on account of the cavity 

by J ;where p is tlie density of the superficial strata. 

(c) For^mutual attraction between two segments of a homo- 
geneous solid sphere, investigated indirectly on a hydrostatic 
principle, see § 753 below. 


instead of by 


2a 


by henod- 

as they would sphenoid ^ 

hill Of 


479. « As a curious additional example of the class of ques- ^ crermm, 
tions considered in § 478 (a) (6), a deep crevasse, extending east 
and west, increases the latitude of places at its southern edgo 

by (approximately) the angle f where p is the density of 

the crust bf the earth, and a is the width of the crevasse. Thus 
the north edge of the crevasse will have a lower latitude than 


the south edge if f - > 1, which might be the case, as there 

are rocks of density f x 5*5 or 8*67 times that of water. At a 
considerable depth in the crevasse, this change of latitudes is 
nearly doubled, and then the southern side has the greater 
latitude if the density of the crust be not less than 1*83 times 
that of water. The reader may exercise himself by drawing 
lines of equal latitude in the neighbourhood of the crevasse in 
this case : and by drawing meridians for the corresponding case 
of a crevasse running north and south. 


480. It is interesting, and will be useful later, to consider Attraction 

as a particular case, the attraction of a sphere whose mass is composed of 
•1 1 * concentric 

^composed of concentric layers, each of uniform density. untfo^ 

Let R be the radius, r that of any layer, p = F(r) its density, density. 

Then, if cr be the mean density, 

^ttctR^ = Itt y pr^dr, 

from which a may be found. 


• The surface attraction is ^TraR, — Oy suppose. 


At a distance r from the centre the attraction is 
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Attraction 
of a sphere 
composed of 
*coiicentric 
shells of 
uniform 
density. 


If it is to be the same for all points inside the sphere# 



Hence p^F(r) = — is the requisite law of density. 

If the density of the upper crust be f, the attraction at a 
depth A, small compared with the radius, is 

where is the mean density of nucleus when a shell of thick- 
ness h is removed from the sphere. Also, evidently, 

Itto-j {E - hf + 47rT (A - hyh = I TTO-^®, 
or <^1 (E - hy + iTr{E-hyh=^ GE\ 

whence — ^ — 47rTA. 

The attraction is therefore unaltered at a depth h if 

^ =f’ro' = 27rT. 


Attraction 
of a uniform 
circular arc. 


481. Some other simple cases may be added here, as their 
results will be of use to us subsequently. 

(a) The attraction of a circular arc, AB^ of uniform density, 
on a particle at the centre, (7, of the 
circle, lies evidently in the line CD 
bisecting the arc. Also the resolved 
part parallel to CD of the attraction 
of an element at P is 
mass of element at P 



GD^ 


cos . PCD, 


Now suppose the density of the chord AB 

to be the same as that of the arc. The^ 

< 

for (mass of element at P x oos PCD) 
we may put mass of projjpction of element 

on AB at Q ; since, if PP be the tangent at P, Pl^Q - PCD, 

Sum of projected elements 

- 


Hence attraction along CD = - 


pAB 

CD^^ 
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if p be%the density of the ^ven arc, Attraction 

ofaunilbrm 

< circular arc, 

2p sin AGJ) 

"" ^ * 

It is therefore the same as the attraction of a mass equal to the 
chord, with the arc’s density, concentrated at the point D. 

(b) Again a limited straight line of uniform density attracts straight 
^any external point in the same direction and with the same 
force as the corre- 
sponding arc of a 
circle of the same 
density, which has 
the point for cen- 
tre, and touches the 
straight line. 

For if C^yF be 

drawn cutting the circle in p and the line in P; Element at 

CP 

p : element at F \\ Cp \ OF that is, as Gp^ : GF^, Hence 

01 ) 

the attractions of these elements on G are equal and in the same 
line. Thus the ai-c ah attracts G as the line AB does ; and, by 
the last proposition, the attraction of AB bisects the angle AGB^ 

*and is equal to 

^ sin lACB. 




have 
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Attraction 
of a uniform 
itraight 
line. 


Hence the attraction, which is along CK^ is 



{AG + CB)GK 8 {AG + GB) {AV + Git ^ 

For, evidently, 

hK : Ka :: BK : KA :: BQ : CA :: hQ : Ca, 

i,e,, ah is divided, externally in C, and internally in K, in the 
same ratio. Hence, by geometry, 

KC ,GF=aC .Ch=^l {ACVCB^ -AB% 

which gives the transformation in (1). 

(d) OF is obviously the tangent at (7 to a hyperboki, passing 
through that point, and having A and B as foci. Hence, if in 
any/ plane through AB any hyperbola be described, with foci A 
and Bj it will be a line of force as regards the attraction of the 
line AB ; that is, as will be more fully explained later, a curve 
which at every point indicates the direction of attraction. 

(e) Similarly, if a prolate spheroid be described with foci A 
and B, and passing through C, CF will evidently be the normal 
at G ; thus the force on a particle at G will be perpendicular to 
the spheroid; and the particle would evidently rest in equilibrium 
on the surface, even if it were smooth. This is an instance of 
(what we shall presently develop at some length) a surface of 
equilibrium, a level surface, or an equipotential surface. 


{/) further prove, by a simple application of the 

preceding theorem, that the lines of force due to the attraction 
of two infinitely long rods in the line AB produced, one of which 
is attractive and the other repulsive, are the series of ellipses 
described from the extremities, A and B^ as foci, while the 
surfaces of equilibrium are generated by the revolution of the 
confocal hyperbolas. 

' ' ♦ 

Potential. 482. As of immense importance, in the theory not only of 
gravitation but of electricity, of magnetism, of ^fiuid motion, of 
the conduction of heat, etc., we give here an investigation of the 
most important properties of the Potential, 


483 . This function was introduced for gravitation by Iffciplace, 
but the name was first given to it by Green, who may almost 
be said to have in 1828 created the theory, as we now have it. 
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Green's wo^k was neglected till 1846, and before that time most: 
of its important theorems had been re-discovered by Gauss, 
Chasles, Stu:®m.^and Thomson. 

In § 273, the potential energy of a conservative system in any 
configuration was defined. When the forces concerned ate 
forces acting, either really or apparently, at a distance, as 
attraction of gravitation, or attractions or repulsions of electric 
or magnetic origin, it is in general most convenient to choose, 
for ^e zero conSguration, infinite distance between the bodies 
concerned. We have thus the following definition : — 

* 484 :. The mutual potential energy of two bodies in any 
relative position is the amount of work obtainable from their 
mutual repulsion, by allowing them to separate to an infinite 
distance asunder. When the bodies attract mutually, as for 
instance when no other force than gravitation is operative, their 
mutual potential energy, according to the convention for zero 
now adopted, is negative, or (§ 547 below) their exhaustion of 
potential energy is positive. 

485 . The Potential at any point, due to any attracting or 
repelling body, or distribution of matter, is the mutual potential 
energy between it and a unit of matter placed at that point. 
But in the case of gravitation, to avoid defining the potential 
as a negative quantity, it is convenient to change the sign. 
Thus the gravitation potential, at any point, due to any mass, 
is the quantity of work required to remove a unit of matter 
from that point to an infinite distance. 

486 . Hence if V be the potential at any point P, and 
that at a proximate point Q, it evidently follows from the above 
definition that F— is the work required to remove an inde- 
pendent uhit of matter from P to Q ; and it is useful to note 
that this is altogether independent of the form of the path 
chosen between these two points, as it gives us a preliminary 
idea of the power we acquire by the introduction of this mode 
of representation. 

Suppose Q to be so near to P that the attractive forces 
exerted on unit of matter at these points, and therefore at any 
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point in the line P Q, may be assumed to be equal anti parallel. 
Then if F represent the resolved part of this force along PQ, 
P. PQ is the work required to transfer unit of jpatter from P 
to Q. Hence 


or 


F~F, = P.P(>, 

PQ' 


P= 


that is, the attraction on unit of matter at P in any direjjtion 
PQ, is the rate at which the potential at P increases per unit 

of length of P ^ 

• 

487 . A surface, at every point of which the potential has Jthe 
same value, and which is therefore called an Equipotential Sur- 
face, is such that the attraction is everywhere in the direction 
of its normal. For in no direction along the surface does the 
potential change in value, and therefore there is no force in 
any such direction. Hence if the attracted particle be placed 
on such a surface (supposed smooth and rigid), it will rest in 
any position, and the surface is therefore sometimes called a 
Surface of Equilibrium. We shall see later, that the force 
on a particle of a liquid at the free surface is always in the 
direction of the normal, hence the term Level Surface, which 
is often used for the other terms above. 


488 . If a series of equipotential surfaces be constructed for 
values of the potential increasing by equal small amounts, it is 
evident from § 486 that the attraction at any point is inversely 
proportional to the normal distance between two successivi^ 
surfaces close to that point; since the numerator of the ex- 
pression for F is, in this case, constant. 

. ® 

489 . A line drawn from any origin, so that at every point of 
its length its tangent is the direction of the attraction at that 
point, is called a Line of Force ; and it obviously cuts at right 
angles every equipotential surface which it meets. 

These three last sections are true whatever be th^ law of 
attraction ; in the next we are restricted to the law of the 
inverse square of the distance. 
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490. If, through §very point of the boundary of an infinitely v»rii»4iono| 
small portion of ah equipotential surface, the corresponding 
lines of fo^’fje be drawn, we shall evidently have a tubular 
surface of infinitely small section. The force in any direction, 
at any point within such a tube, so long as it does not nut 
through attracting matter, is inversely as the section of the 
tube made by a plane passing through the point and perpen- 
dicular to the given direction. Or, more simply, the whole 
for^e is at evei^ point tangential to the direction of the tube, 
and inversely as its transverse section: from which the more 
general statement above is easily seen to follow. 

This ^*is an immediate consequence of a most important 
tlieorem, which will be proved later, § 492. The surface in- 
tegral of the attraction exerted by any distribution of matter in 
the direction of the normal at every point of any closed surface 
is ; where M is the amount of matter within the surface ^ 
while the attraction is considered positive or negative according 
as it is inwards or outvja7^ds at any point of the surface. 

For in the present case the force perpendicular to the tubular 
part of the surface vanishes, and we need consider the ends 
only. When none of the attracting mass is within the portion 
of the tube considered, we have at once 
F'us — F''^' = 0 , 

F being the force at any point of the section whose area is tsr. 

This is equivalent to the celebrated equation of Laplace — 

App. B (a); and below, § 491 (c). 

When the attracting body is symmetrical about a point, the 
lines of force are obviously straight lines drawn from this 
point. Hence the tube is in this case a cone, and, by § 469, 

-BT is proportional to the square of the distance from the vertex. 

Hence F is inversely as the square of the distance for points 
external to the attracting mass. 

When the mass is symmetrically disposed about an axis in 
infinitely long cylindrical shells, the lines of force are evidently 
perpendicular to the axis. Hence the tube becomes a wedge, 
whose* section is proportional to the distance from the axis, 
and the attraction is therefore inversely as the distance from 
the axis. 
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Variation of When the mass is arranged in infinite '‘parallel plp.nes, each 
of uniform density, the lines of force are obviously perpen- 
dicular to these planes ; the tube becomes a ^Under ; and, 
since its section is constant, the force is the £?dme at all dis- 
tances. 

If an infinitely small length I of the portion of the tube 
considered pass through matter of density p, and if co be the 
area of the section of the tube in this part, we have 

^ f 

F'tff — = 4t7rlot)p. 

This is equivalent to Poissons extension of Laplace’s equation 
[§491 (c)]. 

Potential 491. In estimating work done against a force which varies 
attractfng inversely as the square of the distance from a fixed point, the 
mean force is to be reckoned as the geometrical mean between 
the forces at the beginning and end of the path : and, what- 
ever may be the path followed, the effective space is to be 
reckoned as the difference of distances from the attracting point. 
Thus the work done in any course is equal to the product of 
the difference of distances of the extremities from the attract- 
ing point, into the geometrical mean of the forces at these 
distances; or, if 0 be the attracting point, and m its force 
on a unit mass at unit distance, the work done in moving 
a particle, of unit mass, from any position P to any other 
position P', is 

(OP OP) ^ OP‘OP'^’ OP OP" 

To prove this it is only necessary to remark, that for stn^^ 
infinitely small step of the motion, the effective space is clearly 
the difference of distances from the centre, and the working 
force may be taken as the force at either end, or of any intei^ 
mediate value, the geometrical mean for instance : and the 
preceding expression applied to each infinitely small step shows 
that the same rule holds for the sum making up the whole work 
done through any finite range, and by any path. 

Hence, by § 485, it is obvious that the potential at sP, of a 

mass m situated at 0, is ; and thus that the potential of any 
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mass at a ijoint P is to be found by adding the quotients of every 
portion of the mass, each divided by its distance from P. 

• a. For^e aiialytical proof of these propositions, consider, 
first, a pair of particles, 0 and P, whose masses are m and unity, 
and co-ordinates ahcy xyz. If D be their distance 

Z)* = {x - af + (y- hf cy. 


The components of the mutual attraction are 


X = m' 






y-h 


Z = m 




and therefore the work required to remove P to infinity is 
f (x — (i) dx + (y — h) dy -k- {z— c)dz 


= m 


dD 

IP 


which, since the superior limit is go, is equal to 


D' 

The mutiud potential energy is therefore, in this case, the 
product of the masses divided by their mutual distance; and 

therefore the potential at rr, y, due to m, is 

Again, if there be more than one fixed particle m, the same 
investigation shows us that the potential at xyz is 



And if the particles form a continuous mass, whose density at 
a, 6, c i^ p, we have of course for the potential the expression 

dadhde 

IP- o ’ 

the limits depending on the boundaries of the mass. 

If wc call y the potential at any point P (Xy y, z)y it is 
e'^’idont (from the way in which we have obtained its value) 
th%t the components of the attraction on unit of matter at P are 

dV dV dV 

“ dx^ ^ ^ dy^ dz * 


Potential 
due to an 
attracting 
point. 

Analytical 
investiga- 
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potential. 


Force at 
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Hence the force, resolved along any curve of which the arc, 

,^dx „dz (dV dx dV dy dV dz\ 

ds ds ds \dx ds dy ds ^4'^dsJ 

dV 


Force with' 
in a homo- 
geneous 
sphere. 


All this is evidently independent of tlie question whether F lies 
'within the attracting mass or not. 

h. If the attracting mass he a sphere of density and cei^re 
ct, 6, c, and if F he within its surface, we liave, since the exterior 
shell has no effect, 


dV 

dx 



X — a 


= g Trp {x - a). 


Rate of in- 
tvease of the 
force in any 
direction. 

Hence 

c. Now if 

dX 

dx 



V’=- 


XV 4 
■ dx^ ~ 3 


we have proved before, App. B ^ (14) as a 

particular case of g. The proof for this case alone is as follows: 


d I ^ x~ a I 1 3 (x - a)^ ^ 

dxlj^ 1)^ 


Laplace’s 

equation. 


and from this, and the similar expressions for the second differ- 
entials in y and ; 2 ;, the theorem follows by summation. 


H ence as 


V= 



dadhde 

I) ~ 


and p does not involve x, y, ;s, we see that as long as D does not 
vanish within the limits of integration, i.e., as Jong as P is not a 
point of the attracting mass 


VF-0; 


or, in terms of the components of the force, 

dX dY 
dx ^ dy ^ dz 
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If $ be within the attracting mass, suppose a small sphere Laplace’s 
to be described so as to contain P. Divide the potential into 
^two parti-i'^j that of the sphere, that of the rest of the body. 

The expression a])ove shows that 


Also the expressions for* 


d^V 

^^2 , etc., in the case of a sphere (h) 


give = — 47rp, 

wliere p is the density of the sphere. 


Hence as F= Fj + 

• V=F=-47rp, 

which is the general equation of the potential, and includes the 
case of P being wholly external to the attracting mass, since 
there p^O. In terms of the components of the force, this 
equation becomes 


Poisson’s 

extensioigijOf 

Laplace’s 

equation. 


dX dY dZ . 
dx dy ^ d'^ 


d. We have already, in those most important equations, 
the means of verifying various former results, and also of adding 
new ones. 

Thus, to find the attraction of a hollow sphere composed of Potential 
concentric shells, each of uniform density, on an external point arrangeTin 
(by which we mean a ]>oint not part of the mass). In this case spbS?cai° 
symmetry shows that F must d(‘pend upon the distance from Uniform 
tlie centre of the sphere alone. Let the centre of the sphere be 
origin, and let 

P ~ x~ ■¥ 

Then F is a function of r alone, and consequently 
^ dV_dr _xdY 
dx dr dx r dr ' 


and 


(£f_ldF x^d^F 

dj/ r dr r'^ dr ^ P dr^ ’ 




2 cW 
r dr 


dW 

dr' 


H^nce), when P is outside the sphere, or in the hollow space 
within it, 2 d V F _ 

r dr ^ dP 


rv 

«> 


9 
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Potential 
of matter 
aiTMTigf'd in 
concentric 
spherical 
sliells of 
uniform 
density. 


A first iiiteojral of this is 


For a j)oiiit outside the shell C has a finite valu^A??liich is e^ily 
seen to be - M, where M is the mass of the shcdl. 

For a point in the internal cavity C ~ 0 , because evidently at 

d r 

the centre there is no attraction — i.e., there r = 0, -7- = 0 together. 

dr ° 

Hence there is no attraction on an^ point in th|i cavity. 

We need not be surprised at the ajiparent discontinuity of this 
solution. It is owing to the disconthiulty of the given distribution 
of matter. Thus it appears, by § 491 c, that the tru^ generSh 
equation of the potential is not what we have taken above, bqt 
d^V 2 dV 

where p, the density of the matter at distance r from the centre, 
is zero when r < a. the radius of the cavity : has a finite value tr, 
which for simplicity we may consider constant, when r > a and 
< a' the radius of the outer bounding surface : and is zero, again, 
for all values of r exceeding a. Hence, integrating from r = 0 , 

dV 

to r-r, any value, we have (since r^ — — = 0 when r — 0), 


dr 


f pr'\lr = -M^, 


if J/j denote the wdiole amount of matter within the spherical 
surface of radius r; which is the discontinuous function of r 
specified as follows ; — 

From r = 0 to 7’ = a, r — a to r — a\ r — a! to r ---- 00, 


M, =- 0, 




: (a'3_ 


The corresponding values of V arc, in order, 

, ,2 . ^ ino- /3a^--r^ a^\ Atto- . 3 ,• 

r= 2 na{a^- a’), F = ^ ^ 3^ (“ “ “ )’ 

VVe have entered tlnis into detail in this case, becausij siu-h 
apparent anomalies are very common in the analytical solution 
of physical questions. To make this still more clear, wo sub- 


join a gra])hic representation of the values of V, , find 

for this case. AIJQC, the curve for V, is partly a straight line, 
and has a point of inflection at Q : but there is no discontinuity 
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dij.y 


df 


and nb abrupt cliange of direction. OEFD^ that for is 

continuous but its direction twice changes abruptly. That for 
‘ V 

-ju consists of three detached portions, OE, GH, KL» 

d/r 



drical shells, each of uniform density, if the axis of the cylinders 
be we must evidently have Y a function of only. 

dV 

Hence - ^ = 0, or the attraction is wholly perpendicular to the 


d^Y 


Also, - 0 ; and therefore by {d) 


Hence 


dr^ r dr 
dY 


i^TTp. 


J^=G- 47r jprdr, 

from which conclusions similar to the above may be drawn. 

yi If, finally, the mass be arranged in infinite parallel 
planes, each of uniform density, and perpendicular to the axis 


Potential 
of matter^ 
arranged in 
concentric 
spherical 
shells of 
uniform 
density. 


Coaxal right 
cylinders of 
uniform 
density and 
infinite 
length. 



Matter ar- 

ran«;ed in 

infinite 

parallel 

planes of 

uniform 

density. 


Equi- 

potf litiiil 
surface. 


Intc^al of 
normal 
attraction 
ov<‘r a closed 
surface. 
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^ # 

of x; the resultant force must be parallel to this direction : that 

is to saj, and therefore 


dX 

dx 


47rp, 


which, if p is known in terms of x, is comjiletely integrable. 
Outside the mass, p=0, and therefore 

or the attraction is the same at all distancei, a result easily 
verified by the direct methods. 

If within the mass the density is constant, we have 
.X — + 4r7rpx ; 

and if the origin be in the middle of the lamina, we haVe, 
obviously, 0. Hence if t denote the thickness, the values of 
X at the two sides and in the spaces beyond are respectively 
— ^TTpt and 4 ^irpt The difference of tliese is 47rp^ (§ 478). 


d F . 

Since in any case is the component of the attrac- 
tion in the direction of the tangent to the arc s, the attraction 
will be perpendicular to that arc if 

c[V 

or V = C. 


-0, 


This is the equation of an eqaipotenfud surface. 

If n be the normal to such a siiiTace, measured outwards, ilie 
whole force at any point is evidently 

dV 

du^ 


and its dir€3ction is that in which V increases. 


492 . Let S be any closed surface, and lot Obe a point, either 
external or internal, wliere a mass, 'in, of matt^^r is collected. 
Let X be the component of tlic attraction of m in the direction 
of the normal drawn inwards fiom any point of ti. Then, if 
da denotes an element of 8, and // integration over the whole 
of it, 

//iVc/cr = or —0 

according as 0 is internal or external. 
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492.]* 

Case 1, 0 internal. Let OP.P.P,... be a straight line drawn intoftraiof 

• 11 Tiorrflul 

in an 3^ direction irom (/ ciittini^ b in etc., and there- attraciion 

r • • -ri • TA ■ n overadosed 

tore passing ^t at m at out again at J\, in again at surface, 
an^ so on. Lot a conical surface be described by lines through 
0, all infinitely near and let 6) be its solid angle Lapii^s 

(§ 4G5). The portions of JJNdcr corresponding to the el e- §^491*^]?”* 
merits cut from S by this case will be clearly each equal in 
absolute magnitude to cow but will be alternately positive and 
negative. Hence as there is an odd number of them their 
sum is -f com. And the sum of these, for all solid angles round 
Q is (§ 406) equal to 47rni ; that is to say, j^Nda- — ^irrti. 

^ Case 2, 0 external. Lot OP.P^P^. .• be a line drawn from 0 Equivalent 
passing across S, inwards at P^, outwards at P.^, and so on. eqmtion. 
Drawing, as before, a conical surface of infinitely small solid 
angle, co, we have still com for the absolute value of each of the 
portions of jjN’da corresponding to the elements which it cuts 
from S; but their signs are alternately negative and positive: 
and therefore as their number is even, their sum is zero. 

Hence jjjS^dcr = 0, 

From these results it follows iinmodiatel}^ that if there be 
any distribution of matter, partly within and partly without a 
closed surface S, and N and dcr be still used with the same 
signification, we have 

JJAoV = 47ri/ (2) 

if ilT denote the whole amount of matter within >St 

This, with M eliiiiiiiated from it by Poisson’s theorem, § 491 c, 
is the particular case of the aiiab^ical theorem of Chap. i. App. 

A (a), found by taking a= 1, and U' = 1, by whieh it becomes 

0 - JJdadP- JJJVP^dxdydz (3). 

For let U he the potential at (.r, y, due to the distribution 
of matter in question. Then, according to tlie meaning of 9, 
we hare dU — N. Also, let p be the density of the matter at 
(x, y, z). Then [g 491 (c)] we have 

• U = — iirp. 

Hence (3) gives 

J jXda — 4:7rf ffpdxdydz = 47rJ/. 
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Integral of 493. If in Crossing any surface K we find an abrupt change 
attiacuon in the value of the component force perpendicular to iT, it 
follows from (2) that there must be a condens.^^on of matter 
on and that the surface-density of this distrifoution is 
if N be the difference of the values of the normal component on 
the two sides of if ; as we see by taking for our closed surface 
S an infinitely small rectangular parallelepiped with two of its 
fixces parallel to K and on opposite sides of it. This result was 
found in § 478, in a thoroughly synthetical manner. The s%me 
result is found by the proper analytical interpretation of 
Poisson’s equation 


dx 


dY dZ , 


It is to be remarked that in travelling across K abrupt change 
in the value of the component force silong any line parallel to 
K is forbidden by the Conservation of Energy. 


Inverse 

problem. 


494. The theorem of Laplace and Poisson, § 492, for the 
present application most conveniently taken (§ 491 c) in its 
differential form 


^ 47r \ dif dz^ J 


( 1 )> 


is explicitly the solution of the inverse problem, — given the 
potential at every point of space, or, which is virtually the same, 
given the direction and magnitude of the resultant force at every 
point of space, — it is required to find the distribution of matter 
by which it is produced. 


494 a. Example. Let the potential be given equal to zero 
for all space external to a given closed surface S, and let 

V^4>{x, y, z) ( 2 ) 

for all space within this surface ; <j> (x, y, z) being any arbitral^ 
function subject to no other condition than that its value is 
zero at jS, and that it has no abrupt changes of value within S. 
Abrupt changes in the values of differential coefficients, 
d(f> 

dx"* dy^ dz^ 

are not excluded, but are subject to interpretations, as in § 493, 
if they occur. 
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*494 h. The required distribution of matter must iaclude a inverse 
surface distribution on S, because there is abrupt change in the 
value of'^tJie normal component force from 


/ dcf>^ dcfii^\ 

V dzy 


at the inside of S to zero at the outside. Thus, bj § 493, and 
§ 494 (1), we have for our com])lete solution (compare §§ 501, 
505, 506, »7 below) 

p (>, for space external to /S' "1 

1 /d<f>^ d(p^ d(f>^\^ 


4:7r\do(f dy^ 


, 1 fd^*h d^<f> d^<f>\ 

‘•--tAs* df* s:-) 

for space enclosed by S, 

494 c. From § 492 (2), remembering that N —0 outside of 
we infer that the total mass on and within S is zero, and 
tliei’cfore the quantity of matter condensed on S is equal and 
of opposite sign to the quantity enclosed by it. 

494 d, Sub-Exam])le. Let the potential be given equal to 
zero for all space external to the ellipsoidal surface 


X 'If 
-o + T-o 4- 


and equal to 


H'-:- 


X y 


for the space enclosed by it : in other words let the potential be 
zero wherever the value of (3) is negative, and equal to the value 
of (3) wherever it is positive. 

494 e. The solution (2) becomes 

A 1 x^ y^ ^ 

p U, wherever + -^>1; 

^ ’ a-' U" ' 

1 

<T= ~ — , at the surface — + = 1 ; I . . .(4^ ; 

dvrp’ a-^ b'‘ ^ 


1 / I 1 y^ 

n = — ( — + - -f -^ ) wherever ^ ' 

^ 47r \a^ cV » 
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0 

j) denoting the perpendicular from the centre to t]^e tajigent 
plane of the ellipsoidal surface. 

4:94: /. Let q be an iiifiiiitely small qnantitjj^^ The equation 


2 2 
X y 

h — + 

a -■ q b~ ~ q 



ip) 


represents an ellipsoidal surface confocal with the given one, 
and infinitely near it. The distance lietween the two surfj^es 
infinitely near any point z) of either is easily proved to 

be equal to ^ qip. Calling this t, we have, from (4), 


_L ^ 

47r * q 


(G).. 


We conclinle from (0) and (4) and the theorem (§ 494 c) of 
masses that 


Attractions 
ttt solid 
lioriio^renc- 
ouH ollip* 
soul and 
oircuin- 
senbed 
focal o id of 
equal mass 
found 
equal. 

liomoeoids 

and 

Focaloids 

dcihicd. 


494 g. The attraction of a lionn goiieous solid ellipsoid 
is the same through all (external space as the attraction of a 
homogeneous foctiioid^ of equal mass coinciding with its 
surface. 


* To avoid complexity of diction we now prc'pose to introduce two new 
words, “ focaloid ” and “ lioinocoid,” according to the following definitions : — 

(1) A liomot’oid is an infinitely thin bIicII bounded by two similar surfaces 
similarly oiiented. 

The one point which is situated similarly relatively to the two similar 
surfaces of a licmocoid is called the liomoeoidal centre. Supposing the Lomoeoid 
tq be a finite closed surface, the homoeoidal centre may be any internal or 
eiiternal point. In the extreme case of two c(iual surfaces, the homoeoidal centre 
i-i at an infinite distance. The hoinoeoid in this extreme case (which is interest- 
ing as representing the surface-distribution of ideal magnetic matter constituting 
tbe free polarity of a body magnetized uniformly in parallel iiijeb) may be callci 
a homoeoidal cou])le. In every case the thickness of the liomoeoid is directly 
proportional to the porpcmdicular from the centre to the tangent ])lanc at any 
point. When (tire surface being still sujiposed to be finite and closed) the centre 
is externa], the thiclmess is essentially iiogativc in sonre places, and positive in 
others. 

The bulk of a liomoeoid is Uie excess of tlic bulk of the part where the 
thickness is positive above that where the thickness is negati\'e. The bulk of 
a homoeoidal couple is essentially zero. Its moment and its axis are important 
qualities, obvious in their geometric definition, and useful in magnetism as 
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494 h. Take now a horaoi^eneous solid ellipsoid and divide Proof of 

• . . PP1-1 11 ^ Maclnurin’s 

it into an iimnite number oi focaloids, numbered 1, 2, 3, ... Theorem. 

from the suHj^ce inwards. Take the mass of No. 1 and dis- 

triT>ute it un^rmly through tlie space enclosed by its inner 

boundary. This makes no difFerence in the attraction through 

space external to the original ellipsoid. Take the intinitesimally 

increased mass of No. 2 and distribute it uniformly through the 

space enclosed by tts inner boundary. And so on with Nos. 3, 4, 

&%, till instejftl of the given homogeneous elli2')soid we have 

another of the same mass and correspondingly greater density 

f^iclosed by any smaller eonfocal ellipsoidal suiface. 

• 494 We conclude that 

two confiwal homogeneous solid ellipsoids of equal Maciaurin’s 
masses produce equal attraction through all space external to 
both. 

This is Maclaurin’s splendid theorem. It is tantamount to 
the following, wbieh presents it in a form specially interesting 
in some respects : 

Any two thick or thin eonfocal focaloids oj 
each hainogeneoiiSy produce equal attraction thr 
external to both. 

494 jf. Maclaurin's theorem reduces the problem of finding Dipre-^sion 
the attraction of an ellipsoid^ on any j^oiiit in external space, traction of 
(which when attempted by direct integration presents diffi- 
culties not hitherto directly surmounted,) to the problem of 


equal masses. Equivalent 
oti/jfh all 5jiJace MaoSin's 

Theorem. 


representing the magnetic moment and the magnetic axis of a piece of matter 
uniformly magnetized in parallel lines. 

9 (2) An elliptic homoeohl is an intinitely thin shell homidod hy two con- 

centric similar ellipse. dal surfaces. 

(3) A focalold is an intinitely thin shell bounded hy two eonfocal ellipsoidal 
surfaces. 

(4) The terms “ tiiick homocoid'’ and “thick focaloid” may be used in 
the comparatively rare cases (see for example §§ 41)4?, 519, 522) \vhen forms 
satisfying the definitions (1) and (3) except that they are not infinitely thin, 
are considered. 

* To avoid ciicumlocutions wo call simply “an ellipsoid” a homogeneous 
solid ellipsoid. 
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finding tlae attraction of an ellipsoid on a point at its surface 
'which, as the limiting case of the attraction of an ellipsoid on 
an internal point, is easily solved by direct integ^^ion, thus^ 

494 Divide the whole solid into pairs of vertically opposite 
infinitesimnl cones or pyramids, having the attracted point P for 
common vertex. 


Let E' PE be any straight line through P, cut by the surface 
at E’ and A’, and let da he the solid angle of ^e pair of cones 
lying along it. The potentials at P of the two are easily slufwn 
to be 2 PE^ da- and \PW‘^ da ^ and therefore the whole contribu- 
tion of potential at P by the pair is \ i^P E'^ + PE") da. • 

Hence, if V denote the potential at P of the whole ellipsoid, 
the density being taken as unity, we have 

7 = //I {PE^ + PE'^) da (7), 

where / / denotes integration O’v^er a hemisphere of spherical 
surface of unit radius. 

Kow if cr, y, z be the co-ordinates of P relative to the 
])riiicipal axes of the ellipsoid ; and w, n the direction 
cosines of PE^ we have, by the equation of the ellipsoid, 

{x + lPEy {y-^mPEf {z + 7nPEY ^ 

whence 



PE"' + 2 







= 0. 


When (x’j y, z) is within the ellipsoid this equation, viewed as 
a quadratic in PE, has its roots of 02 :)posite signs ; the positive 
one is PE, the negative is — PE'. 

Now if be the two roots of gr^ + 2/r — e = 0, we have 


h{< + r:)^C2f + ge)lg\ 

Hence 



..( 8 ). 
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Nojy in the / f integration of (7), as we see readily by taking 
for example one of the hemispheres into which the whole sphere 
round P il^ut by the plane through F perpendicular to z, it is 


% 

clear that 


//- 


Qdo 




= 0 ..,. 


.( 9 ); 


and tl>ei'efo«o (7) and (8) give 
P /2x^ \ 

-// 


Ur: 


' /2o(f \ /2?/^ \ / 


'2«" 


(- 

\a 


If m“ 

- + TT + “ 
6 c 


or 


where 


_ a?® 'if d4> d^ 

F=e^-i — h - — ^ , 

a da h dh c dc 




da 


, k vd rf 

~2 TT 2 

Ct 6 C 


...( 10 ); 

....( 11 ), 

,...( 12 ). 


494 1. A symmetrical evaluation of ^ not being obvious, 
we may be content to take 

I = cos Oj m - sin 0 cos n ~ sin 0 sin <^, 

and dcr == sin 0 dO defy. 

Using tln^se, replacing I, and putting 


^ and- ^ 


find 


f d' 
<h 


- t) l" = A', 

a / 


i: 


r\ r2T7 

Jo Jo 7/ CO.'- 

Jo 


d<f> 

</) + A sill" cf> * 

271 


Hence 


<i>=27r r 
• 7o 


i/ COS" </) + if sin" c/> Jo H -f Kf /s/(///i) 

dl 


1 

U; 

-1 i 

ri 





_C" 

Vc^ of) 


...(13). 


By(l 2) we know that $ is a symmetrical function of a, 6, c. 


Digression 
on the at- 
traction of 
an ellipsoid. 



46 


ABSTRACT DYNAMICS. 


[494 1. 


Dip;ression 
on the at- 
trnction of 
an ellipsoid, 


To bring (IS) to this foi'm, take 


1= 


which reduces (13) to 
^ — TTobc 

Jo 


J {d' + u) " 

(he 

{(r + k)- (b' + u)-^ (d + u)'^ 


m 

r 

(15). 


The expression (11) for T, with (15) for is worth preserving 
for its own sake and for some aj>plications ; but the following, 
derived from it by performing the indicated differentiations, is 
simpler and is generally preferable : ^ 


V=-7i'abcr(i- X- 

Jo \ a- A- u 


\ 


or, if M denote the mass of lh(.‘ ellipsoid, 

f-H f7i- ^ / -JL) .^,(, 7 ). 

This, or (Id), expresses the potential at any point (a:, ?/, d) 
within the ellipsoid (n, b, c) or on its surface. 


494: m. The potential at any external point is deduced 
from (17) through ]\IaclauriLi.’s theorem [§§ 4-94 simply by 
substituting for a, b, c the Siuni-axes of the ellipsoid confocal 
with (cr, 5, c), and passing through a;, y, z\ these semi-axes 
are -p cj), ^(b~ + q), V ( 0 ^ + q)^ where q denotes the positive 
root of the equation 


- 4- 


- q d + q c" + q 


=^1 


(18); 


which is a cubic in q. Thus, for an external point, we find 


d Jo \ cr + q + ^e d-^q+u 


dll 


( 19 ); 


which may he written shorter as follows : 


m I 

'' i I 


0 / 2 

fi- 

\ cd+u 


yj \ 

d-ru d-ru) 


dll 


{or 4 - 'u) (1/ 4 - u) 


,...( 20 ). 
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494 n. These forinuhis, (17) and (20), are, we believe, due Diprossion 
to Lejeune Dirichlet*, whoproves them (Creile’s Journal^ 1846, traction of 
Vol. xxx^,'^by sliowing that they satisfy the equation anuhpsoi<|* 

d^V d^V d/V_ . 

dx^ ^ d/ dz^ ~ 


vhen 


• and 






1 , 


wlign 
and that 


d^V d^F 

dx~ ^ di/ ^ dz~ ’ 
if 

-«+ JS+ 


'K. iL ’LL 

dx ’ c/y ’ dz 
have equal values at points infinitely near the surface 

if f 

h - - + — - 1 

a- ^ 6- ^ 

outside and inside it. Ilis first stop towards this proof (the 
coin])lction of whicli we leave as an exercise to our readers) 
is the evaluation oi dVfdx^ dV/dy, dV/dz, In this it is neces- 
sary to remark that, for the external point, terms dej)ending 
on the variation of q as it appears in (20) vanish because of 
(18): and taking tlie results which Ave then get instantly by 
plain differentiation, and remembering that X = — dVjdx^ &c., 
we have, for the princi 2 )al components of the resultant force, 


T: 


?>Afx r 


dll 




2 

‘5 My 


My f 

2 I, 

- ^ f‘ 
2 I 


1 (or -f if (f 4* u)'^ (f + u) 
du 


{fd + uf ih" + zt)“ if + uf ! 
du 


(21). 


{a~ ■ u)- {Jr + u)^ {f + w)- 

where 9 ' = 0 Avhen (;r, y, z) is internal, and q is the positive root 
of the cubic (18), when (x, y, z) is external. 

JJsing (21) in (20) and (17), wc see that 


v= 


33f 


du 


(a^ 4- u)- {1/ + (g' + w)' 


^-l(Xx+Yy+ Zz),,,(22). 


* [An equivalent formula appears to have been ftiven by Plana in 1810. 
(Todhunter, Rht, of Th. of Attractions, Vol. ii., p. 43;i.) H. L.] 
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494: o. For the case of an internal ])oint or ti point on 
the surface, by putting 9" 0, we fall back on tlie original ex- 
pressions (16) for F, and the pi'oper differen^l coefficients 
of it for Z, 7, Z. r 

These results may be written as follows : 


X 


3 










..(23), 


where 4>, Qt are constants, of which ^ is given by (12), 

or (13), or (15), and the others by (21) with $' = 0; all 
. expressed in terms of elli})tic integrals. * 

It follows that the internal equipotential surfaces are concen- 


tric similar ellipsoids with axes pvo[)ortional to ^,33 
and that the internal surfaces of equal resultant force are con- 
centric similar ellipsoids with axes proportional to 

The external equipotentials are transcendental plinthoids* of 
an interesting character. So are the equipotentials partly 
internal (whei’e they are ellipsoidal) and external (where they 
are not ellipsoidal). 


It is iiitcre:Ting, and useful in helping to draw the external 
equipotentials. to remark the following relations between the 
interna] etpii j>otceiitials, the e.vtenial equipotentials, and the. 
surface of the attracting ellipsoid. 

(1) The external ef|ui potential F = f7 is the envelope of 
tlje series of ellipsoidal surfaces obtained by giving an infinite 
number of constant values to q in the equation 

r(^__ dii^ ^ 4(7 

j V (/-f u / [aj^ u)^ (oV ?v)‘^ ~ Sif ’ ' * 


(2) This envelope is cut by the ellipsoidal surface 


q^ 6^ ^ q ^ 


r/3), 


* From Tr\ivdo€Lb^s, brick-like. Plinthoid, as we now use the term, denotes as 
it w*ere a sea-worn brick ; any figure with three rectangular axes, and surfaces 
everywhere convex, such as an ellipsoid, or a perfectly sunmetrieal bale of 
cotton with slightly rounded sides and rounded edges and corners. On% extreme 
of plinth oidal figure is a rectangular parallelepiped ; another extreme, just not 
excluded by our definition, is a figure composed of two equal and similar right 
rectangular }>yramids fixed together base to base, that is a “regular octohedron.” ' 
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for any particular value of q in the line along which it is Digression 
touched by the particular one of the series of consecutive traction k 
ellipsoidal su!fil^s (/3) corresponding to this value of q, 

(3) If the ellipsoidal surface (^) be filled with homogeneous 
matter, the complete equipotential for any particular value of 
G is ccrnposed of an interior ellipsoidal surface passing tan- 
gentially to the external plinthoidal (but not ellipsoidal) surface 
across the transkional line defined in (2). 

It is easy to make graphic illustrations for the case of ellip- 
soids of revolution, by aid of § 527 below. 

• 494 p. In the case of an elliptic cylinder, which is im- Attraction 

portant in many physical investigations, replace M by nitely long 

aod put 6 * = 00 . cylmder. 


Thus we find 


X^^Trahx 




_ ^TTob [ + 3') - \/{^^ + S')] ^ 
4:7rabx 


V n I r _ 4^ra^.[V(a”+^')-^/(6’’ + 5')]2/ 

X-.naby^^ + „)i (6^ + -h‘) W ^ q) 

4:7rahy 

where = 0, when ^ + p < 1 ; 

and q is the positive root of the quadratic 


h..(24). 


-^q q 


1, when -2 + ^ 


For the case of = 0, that is to say, the case of an internal 
point, (24) becomes 

a-\- 0 a a -ho b 


4fl4 o. For the magnitude of the resultant force we deduce internal 
^ ^ ^ isodynamic 

surfaces are 

// 'srn ^a\ 47ra6 (X^ 2/\ similar to 

— J{X. + F ) = V / { “^ + Yjj ) (2fi) i bOUTld- 

^ a-^h sj ^ ing surface. 


VOL. n. 
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and it is remarkable that tbis is constant fof all points on 
the surface of the elliptic cylinder 

similar internal surface, and that its values^n different ones 
of these surfaces are as their linear magnitudes. 


Potential m 495 a. At any point of zero force, the potential is a maximum 
cTnnot°have 01 a minimum, or a "'minimax'' Now from § 492 (2) it follows 

a maximum . , , . • i i • • • 

or minimum that the potential cannot be a maximum ^r a minimum 

value; . . ^ i t 

at a point in tree space, hor it it were so, a closed 
surface could be described about the point, and indefinitely 
near it, so that at every point of it the value of the potenfial 
would be less than, or greater than, that at the point ; so that 
N would be negative or positive all over the surface, and there- 
fore jjNda would be finite, which is impossible, as the surface 
encloses none of the attracting mass. 


is a mini- 
max at % 
point of 
zero force 
in free 
space. 


Earnshaw’s 
theorem of 
unstable 
equi- 
librium. 


495 h. Consider, now, a point of zero force in free space : — 
the potential, if it varies at all in the neighbourhood, must be 
a minimax at the point, because, as lias just been proved, it 
cannot be a maximum or a minimum. Hence a material parti- 
cle placed at a point of zero force under the action of any 
attracting bodies, and free from all constraint, is in unstable 
equilibrium, a result due to Earnshaw*. 


495 c. If the potential be constant over a closed surface which 
contains none of the attracting mass, it has the same constant 
value throughout the interior. For if not, it must have a 
maximum or a minimum value somewhere within the surface, 
which (§ 495, a) is impossible. 


Meanj)o. 496. Til 6 mean potential over any spherical surface, due to 
aTpherf^7 matter entirely without it, is equal to the potential at its centre; 
fqua^ito a theorem apparently first given by Gauss. See also Cambridge 
centre. Mathematical Journal, Feb. 1845 (Vol. iv. p. 225). It is one of 
the most elementary propositions of spherical harmonic analysis, 
applied to potentials, found by applying App. B. (16) to the 
formulae of § 539, below. But the following proof taken from 
the paper now referred to is noticeable as independent of the 
harmonic expansion. 


* Cambridge Phil, Trans. ^ March, 1839. 
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Let, jn Chap. I. App. A. (a), S be a spherical surface, of Mean 
radius a; and let Z7 be the potential at (x, y, »), due to matter a spherical 
altogethei^i^xternal to it ; let U' be the potential of a unit eqSuo 
*of matter ultformly distiibuted through a smaller concentric centre! 
spherical surface ; so that, outside S and to some distance witMn 

it, U' = — ; and lastly, let a = 1. The middle member of App. A 


(a) (1) becomes 


; JjdUda - JJJU'V^Udxdijdz, 


which is equal to zero, since V"U=0 for the wliole internal 
spa<5e, and (§ 492) ffBcdda-O. Equating therefore the third 
I member to zero we have 

fjdo- Ub U' = JJJ U'dxdydz, 

Now at the surface, S, dU' — — ^ ; and for all points external 

to the sphere of matter to which U' is due, = 0, and for all 
internal points Z7' = — 47rp', if p' be the density of the matter. 

Hence the ])receding equation becomes 

“ jJUdcr ^ 4:7rJfJpU dxdydz. 

Cl 

Let now the density p' increase without limit, and the spherical 
space within which the triple integral extends, therefore become 
infinitely small. If we denote by the value of U at its centre, 
which is also the centre of Sy we shall have 

jj^pUdxdydz - p dxdydz = V 

Hence the equation becomes 

. which was to be proved. 

*The following more elementary proof is preferable : — 
*^imagme any quantity of matter to be uniformly distributed 
over the spherical surface. The mutual potential (§ 547 below) 
of this and the external mass is the same as if the matter were 
condensed from the spherical surface to its centre. 

497 . • If the potential of any masses has a constant value, Theorem o| 
through any finite portion, K, of space, unoccupied by matter, 
it is equal to F through every part of space which can be reached 
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Theorem of in any way without passing through any of those^masses : a 
proved. very remarkable proposition, due to Gauss, proved thus: — If 
the potential differ from V in space contiguous^ we ig^ay, 
from any point G within K, as centre, in the fieighbourhood of 
a place where the potential differs from F, describe a spherical 
surface not large enough to contain any part of any of the 
attracting masses, nor to include any of the space external 
to K except such as has potential all greater^ than F, or all 
less than F. But this is impossible, since we have just s^en 
(§ 496) that the mean potential over the spherical surface 
must be F. Hence the supposition that the potential differs 
from F in any place contiguous to K and not including masses, 
is false. 

488 . Similarly we see that in any case of symmetry round 
an axis, if the potential is constant through a certain finite 
distance, however short, along the axis, it is constant through- 
out the whole space that can be reached from this portion of 
the axis, without crossing any of the masses. (See § 546, below.) 

problem ^ finite portion of a surface, or a complete 

closed surface, or an infinite surface ; and let E be any point 
on 8. {a) It is possible to distribute matter over 8 so as to 

produce, over the whole of S, potential equal to F^E)^ any 
arbitrary function of the position of E. (b) There is only 
one whole quantity of matter, and one distribution of it, which 
can do this. 

In Chap. I. App. A. (5) (e), etc., let a = 1. By (e) we see that 
there is one, and that there is only one, solution of the equation 

for ail points not belonging to 8, subject to the condition that ^ 
shall have a value arbitrarily given over the whole of S, Con- - 
tinuing to denote by U the solution of this problem, and con- 
sidering first the case of an open shell, that is to say, a finite 
portion of curved surface (including a plane, of course, as a' par- 
ticular case), let, in Chap, i. App. A. (a), U' be the potential at 
(a;, y, z) due to a distribution of matter, having w {Q) fof density 
at any point, Q, Let the triple integration extend throughout 
infinite space, exclusive of the infinitely thin shell S, Although 
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in. the investigation referred to [App. A. (a)] the triple integral 
extended only through tb«^ finite space contained within a closed 
surfac^' tJ^ 4 ^same process shows that we have now, instead of 
the second alW third members of (1) of that investigation, the 
following equated expressions : — 

{[dU] - (dU)} - JjJdxdydz TT'V^U 
= fjdcr U {[dU'] - (dU')} -jJfdxdijdzUV^U' 
where [0 ^/] jlenotes the rate of variation of U on either side of 
infinitely near E, reckoned per unit of length from S) and 
(0^7) denotes the rate of variation of U infinitely near E, on the 
other side of 8^ reckoned per unit of length towards S ; and 
(pU') denote the same for U\ Now we shall suppose the 
matter of which U' is the potential not to be condensed in finite 
quantities on any finite areas of S, which will make 

[9C7'] = (0r7'); 

and the conditions defining U and U' give, ohroughout the space 
of the triple integral, 

V*77'=0, and 

-m denoting the value of -sj ((f) when Q is the point (.^, z). 

Hence the preceding equation becomes 

//cZo- ir {[dU] - {dU )} IrrJJJdxdydzmU (1). 

Let now the matter of which U' is the potential be equal in 
amount to unity and be confined to an infinitely small space 
round a point Q, We shall have 

jJJdxdydz'jrU = U (Q) J fjmdxdydz = U (Q), 
if we denote the value of U at ((J) by U (Q) : 

also 

Hence (1) becomes 

// - ^i ^- L a- = 4:rC7(g) (2). 

Hence a distribution of matter over 8^ having 

l{[a?7]-(a?/)} (3) 

for density at the point A, gives U as its potential at (x, y, z). 
We conclude, therefore, that it is possible to find one, but only 
one, distribution of matter over 8 which shall produce an arbi- 


Green*s 
problem ; 


reduced to 
the proper 
general 
solution of 
lAplaee’s 
equation. 



Green’s 

problem; 


aolvod syn- 
thetically in 
terms of 
particular 
solution oh 
Laplace’s 
equation. 


Isolation of 
effect by 
closed por- 
tion of 
surface. 


54 ABSTRACT DYNAMICS, [499. 

trarily given potential, F (E), over the whole of and in (2) 
we have the solution ot* this problem, when the problem of find- 
ing U to fulfil the conditions stated above, hasJreen solved.^. 

If S is any finite closed surface, any group W surfaces, open or 
closed, or an infinite surface, the same conclusions clearly hold. 
The triple integration used in the investigation must then be 
separately carried out through all the portions of space separated 
from one another by S, or by portions of E. 

If the solution, p, of the problem has been obWned for th^..case 
in which the arbitrary function is the potential at any point of E, 
due to a unit of matter at any point P not belonging to E, that 

1 . * 

is to say, for the case of E (E) solution of the general 

problem was shown 1^ Green to be deducible from it thus-: — ; 

JfpF {E)dcT (4). 

The proof is obvious : For let,- for a moment, p denote the super- 
ficial density required to produce U, then denoting the value 
of ^p for any other element, E\ of E^ we have 

Hence the preceding double integral becomes 

ffd(rpfjd<r’ , or fjda-\p f jd<r ^ 


But, by the definition of p, 



and therefore 

JJpF{E)d,T = JJd,r'Jj, (6). 


The second member of this is equal to P, according to the 
definition of ^p. , ^ 

The expression (46) of App. B., from which the spherical har- 
monic expansion of an arbitrary function was derived, is a case 
of the general result (4) now proved, 

500. It is important to remark that, if S consist, in part, of 
a closed surface, Q, the determination of U within it will be 
independent of those portions of S, if any, which lie without 
it; and, vice versa, the determination of U through external 
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^space will jDe independent of those portions of 8 , if any, which isolation of 
lie within Q. Or if consist, in part, of a surface Q, ex- cKi%r- 
te:jjding iiifi?^itely in all directions, the determination of U surface, 
through all spa^fc on either side of Q, is independent of those 
portions of S, if any, which lie on the other side. This follows 
from the preceding investigation, modified by“ confining the 
triple integration to one of the two portions of space separated 
completely from one another by Q. 

• 

501 . Another remark of extreme importance is this : — If 
F (E) be the potential at E of any distribution, 71/, of matter, applied to a 

_ / ^ . given dis- 

ana if 8 be such as to separate perfectly any portion or portions 
of •space, H, from all of this matter: that is to say, such that 
it is impossible to pass into H from any part of M without 
crossing 8] then, throughout //, the value of U will be the 
potential of 71/. 

For if V denote this potential, we have, throughout /T, = 0; . 

and at every point of the boundaiy of H, V — F{E). Hence, 
considt‘ring the theorem of Chap. i. App. A. (c), for the space H 
alone, and its boundary alone, instead of we see that, through 
this space, V satisfies the conditions prescribed for and there- 
fore, through this space, U = V. 

Solved Examples. (1) Let 71/ be a homogeneous solid ellip- 
soid ; and let 8 be the bounding surface, or any of the external 
ellipsoidal surfaces confocal with it. The required surface- 
density is proved in § 494 g to be inversely proportional to 
the perpendicular from the centre to the tangent- plane ; or, 
which is the same, directly proportional to the distance between 
8 and another confocal ellipsoid surface infinitely near it. In 
other words, the attraction of a focaloid (§ 494 g, foot-note) of virtuaiij^ 
komogeneous matter is, for all points external to it, the same theore’rnj*^ * 
as that of a homogeneous solid of equal mass bounded by any ^ 
confocal ellipsoid interior to it. 

(2) Let 71/ be an elliptic homoeoid (§ 494 g^ foot-note) of Elliptic, 
homogeneous matter ; and let 8 be any external confocal an example 
ellipsotdal surface. The required surface-density is proved th?rl§um^ 
in S 519 below to be directly proportional to the 
diciilar from the centre to the tangent-plane ; and, which is problem. 
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P 

the same, directly proportional to the distance between 8 and 
a similar concentric ellipsoidal surface infinitely near it. In 
other words, the attractions of confocal infinity thin elliptic 
homoeoids of homogeneous matter are the sam^ for all external 
points, if their masses are equal. 


502 . To illustrate more complicated applications of § 501, 
let 8 consist of three detached surfaces, Sj, 8^, 8^y as in the 
diagram, of which S^y are closed, and 8^ is an open shell, and if 
F {E) be the potential due to My at any point, E, of any of these 

portions of S ; then throughout 
jETj, and the spaces witEin 
8^ and without 8^, the valuer of 
U is simply the potential of M. 
The value of TJ through Ky the 
remainder of space, depends, of 
course, on the character of the 
composite surface 8, and is a 
case of the general problem of which the solution was proved 
to be possible and single in Chap. T. App. A. 

503 . From § 500 follo^vs the grand proposition : — It is 
possible to find one, hut no other than one, distribution of matter 
over a surface S which shall produce over S, and throughout all 
space H separated by 8 from every part of My the same potential 
as any given mass M. 

Thus, in the preceding diagram, it is possible to find one, 
and but one, distribution of matter over S^, which shall 
produce over and through and the same potential 
as M, 

The statement of this proposition most commonly made is : 
It is possible to distribute matter over any surface, S, completefy 
enclosing a mass M, so as to produce the same potential as M 
through all space outside 8 ; which, though seemingly more 
limited, is, when interpreted with proper mathematical com- 
prehensiveness, equivalent to the foregoing. 

• 

504 . If 8 consist of several closed or infinite surfaces, 8^, 8^y 8 ^y 

respectively separating certain isolated spaces JET^, from 
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H, the remainder of all space, and if F {E) be the potential 
of massed lying in the spaces JET,, the por- 

tions of U fkiQ. to S^y S^y respectively will throughout H be 
equal respecti%ly to the potentials of m^y mg, separately. 
For as we have just seen, it is possible to find one, but 'only 




one, distribution of matter over which shall produce the 
potential of m^y throughout all the space H^y jffg, etc., and 
one, but only one, distribution 
over /Sg which shall produce the 
potential of throughout Hy 
etc.; and so on. But 
these distributions on S^, 
etc., jointly constitute a distri- 
bution producing the potential 
F (E) over every part of S, and 
therefore the sum of the jjotentials due to them all, at any 
point, fulfils the conditions presented for U, This is therefore 
(§ the solution of the problem. 

505 . Considering still the case in which F{E) is prescribed 
to be the potential of a given mass, M : let S be an equipotential 
Surface enclosing M, or a group of isolated surfaces enclosing 
all the parts of M, and each equipotential for the whole of Jf. 
The potential due to the supposed distribution over 8 will be 
the same as that of M, through all external space, and will 
be constant (§ 497) through each enclosed portion of space. Its 
resul1«int attraction will therefore be the same as that of M on 
all external points, and zero on all internal points. Hence we 
see at once that the density of the matter distributed over it, 
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JR 

to produce F (E), is equal to ^ where E denotes th# resultant 
force of jyr, at the point E, 

We have \dU'] — — E and (9^7') = 0. Using^his in § 500 (2), 
we find the preceding formula for the required surface-density. 

506 . Considering still the case of §§ 501, 505, let S be the 
equipotential not of if alone, as in § 505, but of if and another 
fnass m completely separated by it from if; so that 

at S, if F and v denote the potentials of if and m respectively. 

The potential of the supposed distribution of matter on 
which, (§ 501), is equal to V through all space separated from M 
by S, is equal to C --v Sit S, and therefore equal to G—v 
throughout the space sepad*ated from m by S. 

Thus, passing from potentials to attractions, we see that the 
resultant attraction of S alone, on all points on one side of it 
is the same as that of if ; and on the other side is equal and 
opposite to that of m. The most direct and simple complete 
statement of this result is as follows : — 

If masses m, m\ in portions of space, JS, H\ completely 
separated from one another by one continuous surface S, whether 
closed or infinite, are known to produce tangential forces equal 
and in the same direction at each point of S, one and the same ^ 
distribution of matter over 8 will produce the force of m 
throughout H\ and that of m' throughout H. The density of 

E 

this distribution is equal to — , if E denote the resultant force 

due to one of the masses, and the other with its sign changed. 
And it is to be remarked that the direction of this resultant 
force is, at every point, E, of 8, perpendicular to 8, since the. 
potential due to one mass, and the other with its sign changed^, 
is constant over the whole of 8. 

507 . Green, in first publishing his discovery of the result 
stated in § 505, remarked that it shows a way to find an in- 
finite variety of closed surfaces for any one of which we can 
solve the problem of determining the distribution of fnattef 
over it which shall produce a given uniform potential at each 
point of its surface, and consequently the same also throughout 
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its interior. Thus, an example which Green himself gives, let Reducible 
J/ be a uniform bar of matter, AA\ The equipotential surfaces GiSn’s 
ijpund it are; as we have seen above (§ 481 c), prolate ellipsoids examples, 
of revolution, Hach having A and A' for its foci; and the re- 
sultant force at any point P was found to be 


mp 

tbe whole msfss of the bar being denoted by ?7i, and its length 
by 2a; A'P-\-AP by 21; and the perpendicular from the 
centre to the tangent plane at P of the ellipsoid, by We 
concMde that a distribution of matter over the surface of the 
d'llipsoid, having 

1 77ip 
47r Z (^ — F) 

for density at P, produces on all external space the same re- 
sultant force as the bar, and zero force or a constant potential 
through the internal space. This is a particular case of the 
Example (2) § 501 above, founded on the general result regard- 
ing ellipsoidal homoeoids proved below, in §§ 519, 520, 521. 

508 . As a second example, let M consist of two equal par- 
ticles, at points 7, If we take the mass of each as unity, 

the potential at P is therefore 

IP'^ I'P~ 


is the equation of an equipotential surface ; it being understood 
that negative values of IP and PP are inadmissible, and that 
any constant value, from oo to 0, may be given to G, The 
» curves in the annexed diagram have been drawn, from this 
equation, for the cases of G equal respectively to 10, 9, 8, 7, 6, 
5, 4^5, 4*8, 4*2, 4*1, 4, 3*9, 3*8, 3*7, 3*5, 3, 2*5, 2; the value of 
77' being unity. 

The corresponding equipotential surfaces are the surfaces 
trac^ by these curves, if the whole diagram is made to rotate 
round 77' as axis. Thus we see that for any values of G less 
than 4 the equipotential surface is one closed surface. Choosing 
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Reducible any One of these surfaces, let B denote the resultant of forces 

case of ^ ^ 

bK-^x-* equal to and y 7 ^ in the lines PI and Pf\ Then if 

amples. ^ /P® / P^ 



matter be distributed over this surface, with density at P equal 

R 

to — , its attraction on any internal point will be zero ; and on 
any external point, will be the same as that of I and P. 

509 . For each value of G greater than 4, the equipotential 
surface consists of two detached ovals approximating (the last 
three or four in the diagram, very closely) to spherical surfaces, 
with centres lying between the points I and I\ but approxi- 
mating more and more closely to these points, for larger and* 
larger values of C. 

Considering one of these ovals alone, one of the series en- 
closing J', for instance, and distributing matter over it according 

R 

to the same law of density, — , we have a shell of matter 

which exerts (§ 507) on external points the same force as 7'; and 
on internal points a force equal and opposite to that of 7 
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610. ^ an example of exceedingly great importance in the 

theory of electricity, let M consist of a positive mass, m, con- 

Ci^trated at a point /, and a 

negative mass, ~ m\ at and 

let be a spherical surface / / \ 

cutting II' , and //' produced ^ ^ ^ — 

in points A, A^, such that / 

I A : AF : : lA^: FA/.: m : m\ \ / 

Tlfen, by a well-known geo- 

metrical proposition, we shall have IE : FE :: m : m \ and 
thieref^jre 

on __ m 

• TE~TE 

Hence, by what we have just seen, one and the same distribu- 
tion of matter over S will produce the same force as w! through 
all external space, and the same as m tnrough all the space 

within S. And, finding the resultant of the forces in El, 

r 

Tfh « ' • » • 

and in FE produced, which, as these forces are inversely 

1 E 

as IE to FE, is (§ 256) equal to 

m -r-r, in^II' 1 


IE\ FE 


IF, or 


we conclude that the density in the shell at E is 

mFI' 

47rm' ' lE^ ’ 

That the shell thus constituted does attract external points as 
if its mass were collected at F, and internal points as a certain 
mass collected at I, was proved geometrically in § 474 above. 

511. If the spherical surface is given, and one of the points, 

CA^ 

I, F, for instance I, the other is found by taking Cl' = J 

and for the mass to be placed at it we have 

_ , I'A GA CT 

m - m - m - m . 

Hence if we have any number of particles etc., at points 
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, Jg, eta, situated without S, we may find in the same way 
corresponding internal points //, etc., and masses m^, 
etc. ; and, by adding the expressions for the density at E giv^n 
for each pair by the preceding formula, we get if spherical shell 
of matter which has the property of acting on all external space 
with the same force as —m/, — m,/, etc., and on all internal 
points with a force equal and opposite to that of etc. 

612. An infinite number of such particles i^iay be givgn, 
constituting a continuous mass M; when of course the corre- 
sponding internal particles will constitute a continuous mass, 
— M\ of the opposite kind of matter ; and the same conclusion 
will hold. If S is the surface of a solid or hollow metal bsEll 
connected with the earth -by a fine wire, and M an external 
influencing body, the shell of matter we have determined is 
precisely the distribution of electricity on S called out by the 
influence of M : and the mass — determined as above, is 
called the Electric Image of M in the ball, since the electric 
action through the whole space external to the ball would be 
unchanged if the ball were removed and ~ if' properly placed 
in the space left vacant. We intend to return to this subject 
under Electricity. 

513. Irrespectively of the special electric application, this 
method of images gives a remarkable kind of transformation 
which is often useful. It suggests for mere geometry what 
has been called the transformation by reciprocal radius- vectors ; 
that is to say, the substitution for any set of points, or for any 
diagram of lines or surfaces, another obtained by drawing radii 
to them from a certain fixed point or origin, and measuring off 
lengths inversely proportional to these radii along their direc- 
tions. We see in a moment by elementary geometry that ani^ 
line thus obtained cuts the radius-vector through any point of 
it at the same angle and in the same plane as the line from 
which it is derived. Hence any two lines or surfaces that cut 
one another give two transformed lines or surfaces cutting at 
the same angle: and infinitely small lengths, areas, and volumes 
transform into others whose magnitudes are altered respectively 
in the ratios of the first, second, and third powers of the distances 
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of the latter from the origin, to the same powers of the distances Tmns- 
of the former from the same. Hence the lengths, areas, and 
v^^Jumes in the transformed diagram, corresponding to a set^tors?*' 
of given equal ^finitely small lengths, areas, and volumes, how- 
ever situated, at different distances from the origin, are^'in- 
versely as the squares, the fourth powers and the sixth powers 
of these distances. Further, it is easily proved that a straight 
line and a plane transform into a circle and a spherical surface, 
eafti passing through the origin ; and that, generally, circles 
and spheres transform into circles and spheres. 

^S14» In the theory of attraction, the transformation of 
masses, densities, and potentials has also to be considered. 

Thus, according to the foundation of the method (§ 512), equal 
masses, of infinitely small dimensions at different distances 
from the origin, transform into masses inversely as these dis- 
tances, or directly as the transformed distances : and, therefore, 
equal densities of lines, of surfaces, and of solids, given at any 
stated distances from the origin, transform into densities directly 
as the first, the third, and the fifth powers of those distances ; 
or inversely as the same powers of the distances, from the 
origin, of the corresponding points in the transformed system. 

515 . The statements of the last two sections, so far as General 
proportions alone are concerned, are most conveniently ex- of^tioZ 
pressed thus : — 

Let P be any point whatever of a geometrical diagram, or 
of a distribution of matter, 0 one particular point the 
origin and a one particular length (the radius of the reflect- 
ing sphere In OP take a point P', corresponding to P, and 
for any mass m, in any infinitely small part of the given dis- 
^ibution, place a mass m ; fulfilling the conditions 


OP- 


OP'^'^ a 


Then if L, A, F, p(P), p{A), p{V) denote an infinitely small 
length, area, volume, linear-density, surface-density, volume- 
density in the given distribution, infinitely near to P, or 
anywhere at the same distance, r, from 0 as P, and if the 
corresponding elements in the transformed diagram or dis- 
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tribution be denoted in the same way with the addition of 
accents, we have 


L' = ^L = - 
(i‘ 


A! = -^A 
r 




=#-F= ~ V 

P a* ’ 


p{L) =^piL) = ^p{L); p'(A) = p{A) = ^,p (A ) ; 


p'(F) = ^p(F)=^P(F). 

The usefulness of this transformation in the theory of electricity, 
and of attraction in general, depends entirely on the followtfig 
theorem : — 

*• 

Appiicatiou 516. (Theorem ?) — Let ^ denote the potential at P due to 
potential, the given distribution, and (f> the potential at P due to the 
transformed distribution : then shall 


'T ^ I' 


Let a mass m collected at I be any part of the given dis- 
tribution, and let m at P 
be the corresponding part 
in the transformed distri- 
bution. We have 
a^^Or,OI=OP\ OP, 
and therefore 
01 : OP :: OP' : OF] 
which shows that the triangles IP 0, P'I'O are similar, so that 



IP : PT 
We have besides 

and therefore 


JOI.OP ; Jop.or :: 01. OP -.a?. 

m : m' :: 01 : a, 


m m' 

IP * PF 


a : OP. 


Hence each term of bears to the corresponding term of (}>' 
the same ratio ; and therefore the sum, must be to the sum, 
in that ratio, as was to be proved. 
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517. As^ an example, let the given distribution be con- AnycUstri- 
^ fined to a spherical surface, and let 0 be its centre and a its 
radius. The transformed distribution is the same. But the 
space within it l^ecomes transformed into the space without 
it. Hence if (f> be the potential due to any spherical shell at 
a point P, within it, the potential due to the same shell at the 

^2 (X 

point P' in OP produced till OP' = -^p , is equal to ^p, <f) 

(whfth is an elementary proposition in the spherical harmonic 
treatment of potentials, as we shall see presently). Thus, for 
instMic^ let the distribution be uniform. Then, as we know 
there is no force on an interior point, must be constant ; and 
theiefore the potential at P', any exteinal point, is inversely 
proportional to its distance from the centrf . 

Or let the given distribution be a uniform shell, S and let 0 Uniform 
be any eccentric or any external point. The transformed dis- 
tribution becomes (§§ 513, 514) a spherical shell, S', with * 
density varying inversely as the cube of the distance from 0, 

If 0 is within S, it is also enclosed by 8\ and the whole space 
within 8 tiansforms into the whole space without S', Hence 
(§ 516) the potential of S at any point without it is inversely 
as the distance from 0, and is therefore that of a certain quan- 
tity of matter collected at 0, Or if 0 is external to 8, and 
consequently also external to S', the space within 8 tiansforms 
into the space within S', Hence the potential of 8' at any 
point within it is the same as that of a certain quantity of 
matter collected at 0, which is now a point external to it. 

Thus, without taking ad\antage of the general theorems 
(§§ 499, 506), we fall back on the same results as we inferred 
from them in § 510, and as we proved synthetically eailier 
(§^471, 474, 475). It may be lernaiked that those synthetical 
demonstiations consist merely of transformations of Newton’s 
demonstration, that attractions balance on a point within a 
uniform shell. Thus the first of them (§ 471) is the image of 
Newton’s in a concentiic spherical surface ; and the second is 
its imag^ in a spheiical surface having its centie external to 
the shell, or internal but eccentiic, according as the first or the 
second diagram is used. 
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TTnifom '^13. We shall give just one other application of the theorem 
eccerit?^^^^ of § 516 at present, hut much use of it will be nmde later, iii, 
Sted!’ the theory of Electricity. 

Let the given distribution of matter be?* a uniform solid 
sphere, J3, and let 0 be external to it. Tlie transformed system 
will be a solid sphere, B\ with density varying inversely as 
the fifth power of the distance from 0, a point external to it. 

^ The potential of B is the same throughout external space, as 
that due to its mass, rn, collected at its centre, G, Hence the, 
potential of B' through space external to it is the san^e as that 
of the cori’esponding quantity of matter collected af 
transformed position of C. This quantity is of course equal 
to the mass of B'. And it is easily proved that O' is the posi- 
tion of the image of 0 in the spherical surface of B\ We 
conclude that a solid sphere with density varying inversely 
as the fifth power of the distance from in external point, 0, 
attracts any external point as if its mass were condensed at 
the image of 0 in its external surface. It is easy to verify 
this for points of the axis by direct integration, and thence the 
general conclusion follows according to,.§ 4<90. 

K 

Second in- 519, One other application of Creen’s great theorem of 
ofattrac- § 503, sliowing US a way to find the Votential and the resultant 
ellipsoid, force at any point within or witlK.mt an cllipiie homoeoid, from 
which we are led to a second very interesting solution of the 
problem of finding the attraction of an ellipsoid differing 
greatly from that of § 494, we .shall now give. 

An elliptic homoeoid exercises no force on internal points. 


Elliptic 
bomoi oid 
('.xerts zero 
force on 
internal 
point: 


To prove this, let the infinitely thin spherical shell of § 463," 
imagined as bounded by concentric spherical surfaces, be divS- 
torted (§§ 158, IGOj by simple extensions and conipressftns 
in three rectangular ^directions, so as to become, an elliptic 
homoeoid. In this dishjrted form, the volumes of all parts are 
diminished or increased in the proportion of the voluVie of the 
ellips(ud to the volume of the sphere; and (§ 158; th\ ratio of 
the lines IlF, BK is unaltered. Hence the elements •M/, 
still attract F equally ; and therefore, as in § 462, we cr5S|clude 
that the resultant force on an internal point is zero. 
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519.] 

It follows immediately that the attraction on any point theorem 
in the hollo\^ space within a homoeoid not infinitely thin is Newton. 

zer^ This proposition is due originally to Newton, 

% 

520. In passing it may be remarked that the distribution of nistribu- 
electricity on an ellipsoidal conductor, undisturbed by electric electricity 
influence, is thus proved to be in simple proportion to the soidai con- 
thickness of a homoeoid coincident with its surface, and there- 
'1^94, foot^iote) directly proportional to the perpendicular 
from the centie to the tangent })lane. 

51^. From § 519 and § 478 it follows that the resultant Force 
force on an external point anywhere infinitely near the homoeoid an eiiipUc 
is pc*rperidicular to the surtace, and is ecpial to 47r^, if t denote found, 
the thickness of the shell in that neighlnjurhood (its density 
being taken as unity). It follows also from § 519 tliat the 
potential is constant throughout the interior of the homoeoid 
and over its surface. Hence the distance from tiiis surface 
to another e(|uipotential infinitely near it outside is inversely 
proportional to t : and therefore (§ 494) this second surfixee 
is ellipsoidal and confocal with the first. By supposing the 
proper distribution oi' matter (§ 505) placed on this second 
■surface to produce ov(T it, and through its interior, its uniform 
potential, we see in the same way that the third equipotential 
infinitely near it uutside is ellipsoidal and confocal with it ; 
and,,similarly again that a fourth eijuipotential is an ellipsoidal 
surface confocal with the third, and so on. Thus we conclude 
that the equipotentials external to the orifunal liomoeoid are 
the whole series of external confocal ellipsoidal surfaces. 

522 From this theorem it follows immediately that any Ui^^ression. 
two confocal homoeoids of equal masses produce the same ^So?of ^ 
atiW’actiori on all points external to both. And from this (as theorem, 
pointed out by Chasles, Journal de V Ecole Folytedmique^ 

Cahier, Paris, 1837) follows immediately Maclauriii’s theorem 
thus : — Consider two thick homoeoids having the outer surfaces 
confocal, and also their inner surfaces confocal. Divide one 
of them^into an infinite number of similar homoeoids; and 
divide the other in a corresponding manner, so that each of 
its hotnoeoidal parts shall be confocal with the corresponding 
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Digression, one of the first. These two thick homoeoids produce the same 
jroofof ^ force on any point external to both. Now let^the hollow op 
theorem, one of them, and therefore also the hollow of the other, beQome 
infinitely small ; we have two solid confocal Ellipsoids, and it is 
proved that they exert the same force on all points external 
to both. 

523. A beautiful geometric proof of the theorem of § 521 
due to Chasles, is given below, § 532. The proof givgn in 
§ 521 is from Thomson’s ‘'Electrostatics and Magnetism” 
(§ 812, reprinted from Oamb. Math. Jour., Feb. 1842), 
The theorem itself is due to Poisson, who proved (in- ‘voS^Con- 
naissance des Temps for 1837, published in 1834*) that the 
resultant force of a hqmoeoid on an external point is in the 
direction of the interior axis of the tangential elliptic cone 
through the attracted point circumscribed about the homoeoid; 
for it is a known geometrical proposition, easily proved, that 
the three axes of the tangential cone are normal to the three 
confocal surfaces, ellipsoid, hyperboloid of one sheet, and hyper- 
boloid of two sheets, through its vertex. 


524. The magnitude of the resultant force is equal to 47rT, 
where r denotes the thickness of the confocal homoeoid equal in 
bulk to the given homoeoid. 


Magnitude 
and direc- 
tion of 
attraction 
of elliptic 
homoeoid 
on eiternal 
point, I'x- 
pressed 
analytically 


To express the magnitude and direction symbolically, let 
ahc be the semi-axes of the given homoeoid, and af^y those of the 
confocal one through P the attracted point ; and Jet p, t and 
tzr, T be the perpendiculars from the centre to the tangent planes, 
and the thicknesses, at any point of the given homoeoid, and at 
the {)oint P of the other. The volumes of the two, homoeoids 
are respectively 

iirahctlp, and 47ra/5yT/tEr ; 

hence 


. . abc t 

dTTT = dTT — ZET 

aPyp 


( 1 ). 


and therefore the resultant force is 


47r 


ahc. t 



’ See Todhunter’s History of the Mathematical Theories of Attraction and 
the Figure of the Earth, Voi. ii. Articles 1391 — 1415, 
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Supposing the rectangular co-ordinates of the attracted point Magnitude 
1 n 1 djirec- 

7^yz given jL to find a/?y we have tion of 

attraction 

+ = / = c» + A (3), 

1 . . , . . „ , . - on ^tornat 

where A is the positive root of the equation point, ex- 

pressed 

^.2 yi ^ analytically. 


= 1 . 


•W, 


these equations expressing the condition that the two ellipsoidal 
flirfaces are confocal. 


To complete the analytical expression remark that 


'wx vry 'mz 
:jy y 


( 5 ) 


are the direction-cosines of the line of the resultant force. 


525. To hnd the potential at any point remark that the Potential (A 
^difference of potentials at two of the external equipofcential sur- homoeoid^ 
faces infinitely little distant from one another i'=? (§ 486) equal to externai^or* 
the product of the resultant force at any point into the distance 
between the two equipotentials in its neighbourhood. Hence, 
taking the potential as zero at an infinite distance (§ 485), we 
find by sunimatior (a single integration) the potential at any 
point external to the given homoeoid. Now let 

09 ^ ^dxj y ^ \dy^ z =*= \dz 

be the co-ordinates of the two points infinitely near one another, 
on two confocal surfaces. The distance between tlie two surfaces 
in the neighbourhood of this jioint is 


TSX 

ft' + A 


dx + dy -V 


mz - 


( 6 ). 


Let now the squares of the semi-axes of these surfaces be 
cd + X ^ ^d\ I -f A =1= ^dX y + A ^dX, 


Now by differentiation of (4) we have 

/ ^ ydy zdz \ 

\a^-\-X 6^4-A ? + a; 

• I (r?TI7^ ^ (?T^/ ~ w" 


Hence (6) becomes 


dX 

' 


( 7 ). 
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Potentinl ol 
an elliptic 
homoeoid 
at any point 
external or 
jutemal 
found. 


Hence, and by § 525 above, and by (2) of § 524 wji have 

= m. 

a^y p 

Hence, and by (3) of § 524, 

abet [ d\ ... 

P L(a^ + \)^h^ + \Y{c^+Xf 

where go denotes that the constant is so assigned as to render 
the value of the integral zero when X = oo . ^ i 


Synthesis of 526. Having now found the potential of an elliptic homoeoid, 

homoeoTdl and its resultant force at any point external or inte’x:^/, we 
can, by simple integration, find the potential and the resijltant 
force of a homogeneous^ellipsoid, or of a heterogeneous ellipsoid 
with, for its surfaces of equal density, similar concentric ellip- 
soidal surfaces. To do this we have only to divide the ellipsoid 
into elliptic homoeoids, and find the potential of each by" (9), 
and the potential of the whole by summation ; and again find 
the rectangular components of the force of each by (2) and (5) ; 
and from this by summation* tlie rectangular components of 
the required resultant. 


Let ahe be the semi-axes of the whole ellipsoid. Let Oa, Ohj Ocy 
be the semi-axes of the middle surface of one of the interior 
homoeoids; and 


{0^ld0)a, (O^ldO)by {e^ide)o 
those of its outer and iiiuer bounding surfixees. From the 
general definition of a homoeoid, elliptic or not, it follows imme- 
diately that tIp-dOlO, Let now p, a given function of be the 
density of the ellipsoid in the homoeoidal stratum corresponding 
to 0, Hence by (9) remembering that tlie density there was 
taken as unity, and putting Oa, Ob, Oc in place of a, b, c, w6 fin,d 
for the potential of the homoeoid 0 ± ^dO the following expres- 
sion, 


— 27rabc0 






( 10 ), 


* Chasles, “Nouvelle solution du problcme de Tattraction d’un ellipsoade 
h^t^rog^ne sur un point ext6rieur” (Liouville’s Journal, Dec. 1840). Also W. 
Thomson, “ On the Uniform Motion of Heat in Solid Bodies, and its connection 
with the Mathematical Theory of Electricity, Electrostatics and Magnetism/’ 
§ 21—24. (Beprinted from Cambridge Matheimtical Journal, Feb. 1842.) 
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where ^ is introduced as the variable of the definite integration, Synthesis of 
because A^s presently to be made a function of 0. Hence if V homowids.^ 
denote the potential of the whole e]li|»soid, we have 


F= - ^irahc / O^pdO 1 . ^ x ,, 

where X is a function of 0 given by the equation 

ev + \'^¥?n" ^ 

The expression (11) is simplified by introducing, instead of 0 
or X, another variable X/f/. Ceiling this so that 

(13), 

have by (12) 

(14). 

+ u + u + u ^ ^ 


By differcnthdioii of (12) we have 


d[B^) \_{a^+uy {b^ {c^ -^uy \ l_(a^ + /4)^^ (6“ + w)^ ^ (c®+2^)^J ’ 

And from (13) d(h% 

Whence, on using 'll), we find 

— '26d0 — j ~-j — ^ 4 - y-g Tj du. 

_{cd + uy {Ir + uy (c 

Then changing the variable of integration in the function under 
the second integral sign in (11) from ^ to and writing u for 
we find by means of these transformations, 

rr 7 . 7 f ) f du 

y - irabc I pdu ro +771 / i r r 

Joo + +^) K^'^ + '^y)J<^{a^+uy{b^ + u)^^{if+u)^ 


1 _ r 
j Lk+«) 


Potential 
of hetero- 
geneous 
ellipsoid 


where q is the positive root of the equation 


y 

4- ■— — + • 


-yq If + q f -yq 

For the case of uniform density in which we may put p = l, 
this becomes simplified by integration by parts, thus : 

£■* (C^ //<"> * ■ " w + £;fe-^<”> 
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Potential 
of homo- 
preneoujJ 
ellipsoid. 


Attraction 
of hetero- 
geneous 
ellipsoid. 


Putting for C successively a®, 6®, c®, using the result properly in 
(15), and taking account of (16), and putting 


we find 


ahc=^M {17)?* 


-?/.(■ 


V 


a® + 5® + u c‘ 


-) 

+ w/ 


du 


(t6® + uf (5® + u)^ (c® + u)^ 

'( 18 ), 

494 above. < 

t 

Just as we have found (15), we find from (2), (5), (13), and (14), 
the following expression for the a?-components of the resultant 
force and the symmetricals for the y- and 2 ;-conij)onents i* 


which agrees with 


UIx 

'' i 


ix r 

> L 


pdu 


.(i§), 


h (at + m)* (fc“ + u)^ (c‘ + 
where p, a function of is reduced to a function of u by (14). 

For the case of a homogeneous ellipsoid (p = 1), these results 
become (20) and (21) of § 494. As there they were for external 
points deduced by aid of Maclaurin’s theorem from the attraction 
of an ellipsoid on a point at its surface, so now when proved other- 
wise they contain a proof of Maclaurin’s theorem. This we see 
in a moment by putting u = w + q in the integrals, which makes 
the limits w - 0 and = oo . 

527. In the case of a homogeneous ellipsoid of revolution 
the integi'als expressing the potential and the force- components 
(which for a homogeneous ellipsoid, in general, are elliptic inte- 
grals) are reduced to algebraic and trigonometrical forms, thus; 
let 5 = c and z = 0. 

We have 

(20). 


-xl, 

i 




Q (b^ + u) (a^ + u)^ 
du 

k {h^ + u){a^^uf 
du 

(6®-f w)®(a®-f- u)^ 


[■ 


.( 21 ). 


To reduce these put 
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wiiich %-educes the three integrals to 2/(l>^ - a^)K Jcli/(1 - 
2/ (b^ - - ef. and 2/ {h^ - . jmi (1-0* i ^nd 


makes the limits in each of them 


^ = 0 to 


We tliui^find 

Y tan / 1 (Xx + Yy) 


► W_a5\MV a +q V « + d 

j j I ....(24), c 

,w. 

2 (6* _ V V*+? )_ 

where, for any external point, q is the positive root of the 
equation 

-X + Y- = 1 (2.5), 

a^-^q h'^ + q ^ 

X and y denoting the co-ordinates of the attracted point respec- 
tively along and perpendicular to the axis of revolution, and 
for any internal point or for points on the surface q = 0. 

Formulas (23) and (24) realized for the case of a > 6 become 
r lo- _ 1 /XC.+ Yv) (26) 


Potential 
and attrac- 
tion of 
homo- 
geneous 
ellipsoid of 
revolution; 


3Jfx j 


(a‘ - i“)^ ' 

3My 

Ua‘-hy-{a'‘+q) ^ V(a'-6‘) + V(a* + <?) 

2 (£»=>- Vf ' 

\ l>^+q ° V(6^+?) . 


The structure of these expressions (23), (24), (26), (27), is 
elucidated, and calculation of results from them is facilitated 
by taking 

~ = ’■ 


and again 




6")=®. 



prolate. 


Third in- 
vestijijation 
of the 
attraction 
of an 
ellipsoid. 


Correspond- 
ing? points 
^on confocal 
ellipsoids 
defined. 


Digression ; 
orthogonal 
trajectorj’^ 
of confocal 
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which reduces thorn to tlie following alternative forms : — 


vJ~^Un'f-l(Xx+ Fy) = ^logy5^-|^j/+ 72 /).. .(30^- 



Then, for determining f or e, in the case of an external point, 
(25) becomes 


■f' {f + 

In the case of an internal point we have 



528 . The investigation of the attraction of an ellipsoid 
which w^as most popular in England 40 to 50 years ago re- 
sembled that of § 494 above, in finding the attraction of an 
internal point by direct integration, substantially the samo as 
that of § 494, and deducing from the result the attraction of 
an external point by a special theorem. 

But the theorem then jiopularly used for the purpose was 
not Maclaurin’s theorem, which was little known, strange 
to say, in England at that time ; it was Ivory’s theorem, much 
less beautiful and simple and directly suitable for the purpose 
than Maclauriii’s, but still a very remarkable theorem, curiously 
different from Maclaurin’s, and in one respect more important 
and comprehensive, because, as was shown by Poisson, it is 
not confined to the Newtonian Law of Attraction, buk hold^i 
for force varying as any function of the distance. Before enun- 
ciating Ivory’s theorem, take liis following definition : — 

529 . Corresponding points on two confocal ellipsoids are 
any two points which coincide wlien either ellipsoid is deformed 
by a pure strain so as to coincide with the other. 

In connection with this definition, it is interesting to remark 
that each point on the surface of the changing ellipsoid de- 
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scribes ai^ orthogonal trajectory of the intermediate series of eiiipsoic(s 
psoids if the distortion specified in the definition any point of 


an c 

confocal e\j^ ^ 

j(l produced continuously in such a manner that the surface distorted ^ 
of the ellipsoid is always confocal with its cnginal figure. 


solid eliip- 
soid: 


To prove this proposition, which however is not necessary for proof, 
our present purpose, let abc be the semi axes of the ellipsoid in 
one configuration, arnd J{a^ + h)j J(b^ + h)^ J{c^ + h) in another. 

If xyz be the co-ordinates of any point F on the surface in the 
first configuration, its co-ordinates in the second configuration 
will be 

V(a^+^) J(b^+h) 

y j . 


.(32). 


When h is infinitely small the differences of the co-ordinates of 
these points are 


uj., !if. 


-U 


Hence the direction-cosines of the line joining them are propor- 
tional to yjb^, and therefore it coincides with the 

normal to the two infinitely nearly coincident surfaces. 

530. The property of corresponding points (essential 
Ivory’s theorem, and for Cha^'Ies’, S 532 below) is this ; — correspond- 

^ ^ in^ points. 

If P, P' be any two points on one ellipsoid, and Q, Q' the 
corresponding points on any confocal ellipsoid, PQ' is equal 
to P'Q. 

To prove this, let xyz be the co-ordinates of P, and xyz' 
those of F'. Taking (32) as the co-ordinates of Q, we find 

P 4 - h\ 


P'Q^^ 


-V 


, /6^+AV /, /c^ + k\ 


) + (fee. 


Now because (x, y, z) is on the ellipsoidal surface (a, b, c), we 
have 


X y % ^ 

— I- — -f- — = 1 
h- 


Hence tbe preceding becomes 

f , fa?+h^ , /6*+/t ^ 


, /c\h\ 



Ivory’s 

tbooreni# 


proved. 
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This is symmetrical in respect to xyz and xy'z\ and so the 
proposition is proved. 

531. The following is Ivory’s Theorem : — IL^j P and P be 
corresponding points on the surfaces of two homogeneous con^ 
focal ellipsoids {a, h, c) {a, h\ c ') ; the rr-component of the 
attraction of the ellipsoid abc on the point P is to the a^-com^ 
ponent of the attraction of the ellipsoid ah'c on the point P as 
be is to Vc\ 

Let Xj y^ z be the co-ordinates of P, the attracted point ; 

„ ij ^ „ co-ordinates of any point of'the mass ^ 

„ D „ distance between the two points ; 

„ P(P) didy)dl be the attraction of the elemental mass 
d^dr,dl at (^, 0. on (*, «); 

Let X be the aj-component of the attraction of the whole ellip- 
soid (a, 6, c) on (cc, y, z). 

We have 

X=jjjdidr,d^F(I)f--J^ jjjdidrjdtFiB) X (- 

^jjdTjd^ j-F{D)dD. 

Now F {D) being any function of D, let 

jF{F)dn=-^iJ))-, 

and let P, G be the positive and negative ends of the bar d'r]d^ 
of the ellipsoid, that is to say, the points on the positive and 
negative sides of the plane yoz in which the surface of the 
ellipsoid is cut by the line parallel to o.r, having for its other' 
co-ordinates. The proper limits being assigned to the Z^-integi'a- 
tion in the foi’mula for X above being assigned, we find 

■^jjdydC{^(Fl>)-il^{GP)}. 

Now let F'G' be points on a confocal ellip>soidal surface 
((//, b', c) through P, coiTesponding to Fj and G on the sur^ce of 
the given ellipsoid (a, 6, c); and let P be the point on the first 
ellipsoidal surface corresponding to P on the second. The y- z- 
co-ordinates common to E'G' are respectively h'jh . rj and cjc. f ; 
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and by lemma EP^E'F and GP= G'F. Hence if we change 
from ^ as variables for the double integration in the preceding 
formula for X, to we find 

{E'n - f yor)}, 

which is Ivory’s theorem. 

532 . Two confocal homoeoids of equal masses being given, Chasif*; 

the potential tf)f the first at any point, P, of the surface of the between 

• 1 . , Pill T thepnten- 

second, is equal to that of the second at the corresponding 

point, P', on the surface of the fir^t. homoeoids. 

T58t E be any element of the first and E' the corresponding 
element of the second. The mass of each element bears to the 
mass of the whole homoeoid the same ratio as the mass of the 
corresponding element of a uniform spherical shell, from which 
either homoeoid may be derived, bears to the whole mass of 
the spherical shell. Hence the mass of E is equal to the mass 
of E ' ; and by Ivory’s lemma (§ 5S0) PE — P'E. Hence the 
proposition is true for the parts of the potential due to the 
corresponding elements, and therefore it is due for the entire 
shells. 

* This beautiful proposition is due to Chasles. It holds, what- Proof of 
'Over be the law of force. From it, for the case of the inverse fheSem** 
square of the distance, and from Newton’s Theorem for this attraction 
case that the force is zero wbhin an elliptic homoeoid, or, which homoToid. 
is the same, that the potential is constant through the interior, 
it follows that the external equipotential surfaces of an elliptic 
^homoeoid are confocal ellipsoids, and therefore that the attrac- 
tion on an external point is normal to a confocal ellipsoid 
passing through the point; which is the same conclusion as that 
gf § 521 above. 

533 . An ingenious application of Ivory’s theorem, by Law of at- 
Duhamel, must not be omitted here. Concentric spheres are ^nTuui- 
a particular case of confocal ellipsoids, and therefore the at- 
traction of any sphere on a point on the surface of an internal action on an 
concentric sphere, is to that of the latter upon a point in the point, 
surface of the former as the squares of the radii of the spheres. 

Now if the law of attraction he such that a homogeneous spherical 



Law of at- 
truction 
when a uni- 
form spheri- 
vjal shell 

no 

action on an 

internal 
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Cavendish’s 

tluorem. 


Centre of 
gravity. 


ZJerjtrobario 
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proved 
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shell of uviform thickness exerts no attraction on an internal point, 
tlie action of the larger sphere on the internal poinj/is reduced 
to that of the smaller. Hence the smaller sphere attractiJf^ 
points on its surface and points external UP it, with forces 
inversely as the squares of their distances from its centre. 
Hence the law of force is the inverse square of the distance, as is 
easily seen by making the smaller sphere less and less till it 
becomes a mere particle. This theorem is due originally to 
Cavendish. ' 

534. {Befnition.) If the action of terrestrial or other gravity 
on .a rigid body is reducible to a single force in a line pfissing 
always through one point fixed relatively to the body, wliatcn^er 
be its p(Ksition relatively to tlio earth or other attracting mass, 
that point is called its centre of gravity, and the body is called 
a. centroharic body. 

One of the most startling results of Green’s wonderful 
theory of the potential is its establishment of the existence of 
centroharic bodies ; and the discovery of their properties is 
not the least curious and interesting among its very various 
applications. 

534 a. If a body (B) is centroharic relatively to any one 
attracting mass (A), it is centroharic relatively to every other : 
and it attracts a'l matter external to itself as if its own mass 
were col'ccted in its centre of gravity*. ; 

Let 0 be any point so distant from B that a spherical surface 
described from it as centre, and not containing any part of B, 
is large enough entirely to contain ^L Let A be placed within 
any such spherical surface and made to rotate about any axis,? 
OIC, through 0. It will always attract B in a line through G, 
the centre of gravity of B. Hence if every particle of its mass 
he uniformly distributed over the circumfeieiice of the circle 
tliat it describes in this rotation, the mass, thus obtained, will 
also attract B in a line through G. And this will he the case 
however this mass is rotated round 0 ; since before obtaining 
it we might ha^'e rotated A and OK in any way round (T, hold- 


Tliom.son, Proc. R, S. E., Feb. 18G4. 
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534 a.] 

inot them fixed rolntivelv to^ one another. ' We have therefore Propf^rties 
. , ^ . ofcuTitro- 

fourid a h^ly, A\ syin metrical about an axis, O/C, 
ijlip which B is necessarily centrobaric. Now, 0 being kept 
fixed, let OK^ (drying A' with it, be put successively into an 
infinite number, n, of positions uniformly distributed rounchO; 
that is to say, so that there are equal numbers of positions of 

OK in all equal solid angles round 0 : and let ^ part of the 

mtss of A' be left in each of the positions into which it 
was thus necessarily carried. B will experience from all this 
distribution of matter, still a r<^sultant force through G. But 
this distribution, being symmetrical all round 0, consists of 
uiuTorm concentric shells, and (§ 471) the mass of each of these 
shells might be collected at 0 without changing its attraction 
on any particle of B, and therefore wiihout changing its re- 
sultant attractioti on B. Hence B is centrobaric relatively to 
a mass collected at 0; this being any point whatever not 
nearer than wuthin a certain limiting distance from B (accord- 
ing to the condition stated above), ddiat is to say, any point 
placed beyond this distance is attracted by B in a line through 
(r ; and hence, boy( iid this distance, the equipotential surfaces 
of B are spherical with G ^or common centre. B therefore 
attracts points beyond tliis distance as if its mass were collected 
at G: and it foLow^s (§ 497; that it does so also through the 
whole space external to itsidf Hence it attracts any group 
of points, or any mass whatever, external to it, as if its own 
maKSs were collected at G. 

534 6. Hence §§ 497, 492 show that — 

(1) The centre of gravitij of a centrobaric body necessarily lies 
fn its interior ; or in other words, can only he reached from 
external space by a path cutting through some of its mass. And 

(2) No centrobaric body can consist of parts isolated from one 
another^ each in space external to all: in other words, the outer 
boundary of every centrobaric body is a single closed surface. 

Thus we see, by (1), that no symmetrical ring, or hollow- 
cylinder with open ends, can have a centre of gravity ; for its 
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centre of gravity, if it had one, would be in its axis, and there- 
for^ external to its mass. ^ 

534 c. If any mass whatever, M, and any ^ngle surface^ \ 
completely enclosing it he given, a distribution of any given 
amount, M\ of mailer on this surface may he found which shall 
make the whole centroharic with its centre of gravity in any 
given position ( G) within that surface. 

The condition here to be fulfilled is to distriljute M' ove» S, 
so as by it to produce the potential 

_ 

EG 

any point, E, of S\ V denoting the potential of M at this 
point. The possibility and singleness of the solution of this 
problem were proved above (§ 490). It is to be remarked, 
however, that if Ji' be not given in sufficient amount, an extra 
quantity must be taken, but neutralized by an equal quantity 
of negativ: matter, to constitute the required distribution on S. 

The case in which there is no given body M to begin with 
is important ; and yields the following : — 

534 d A given quantity of matter may he distribnted in one 
way, hut in only one way, over any given closed^ surface, so as to 
constitute a centroharic body with its centre of gravity at any 
given point within it. 'S 

Thus we have already seen that the condition is fulfilled by 
making the density inversely as the cube of the distance from 
the given point, if the surface be spherical. From what was 
pinved in §§ 501, 506 above, it appears also that a ccntrobaric 
shell may be made of either half of the lemniscate in the 
diagram of § 508, or of any of the ovals within it, by distributii% 
matter with density proportional to the resultant force of m at 1 
and m' at and that the one of these points which is within 
it is its centre of gravity. And generally, by drawing the 
equipotential surfaces relatively to a mass m collected at a 
point I, and any other distribution of matter whateter not 
surrounding this point ; and by taking one of these surfaces 
which encloses / but no other part of the mass, we learn, by' 
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(green’s general theorem, and the special proposition of § 506, 
how to dis^ibute matter over it so as to make it a centrobaric 
'^ell with 1 for centre of gravity. 

534 e. Under hydrokinetics the same problem will be sol^od 
for a cube, or a rectangular parallelepiped in general, in terms 
of converging series ; and under electricity (in a subsequent 
volume) it will be solved in finite algebraic terms for the 
sujj^ace of a kns bounded by two spherical surfaces cutting 
one another at any sub-multiple of two right angles, and for 
either part obtained by dividing this surface in two by a third 
sphe^i’Cal surface cutting each of its sides at right angles. 

Matter may he distributed in an indnite number of 
ways throughout a given closed space, to constitute a centrobaric 
body with its centre of gravity at any given point within it. 

For by an infinite number of surfaces, each enclosing the 
given point, the whole space between this point and the given 
closed surface may be divided into infinitely thin shells; and 
matter may be distributed on each of these so as to make it 
centrobaric with its centre of gravity at the given point. Both 
the forms of these shells and the quantities of matter distributed 
on them, may be arbitrarily varied in an infinite variety of 
ways. 

Thus, for example, if the given closed surface be che pointed 
ovaj constituted by either half of the lemniscate of the diagram 
of § 508, and if the given point be the point I within it, a 
centrobaric solid may be built up of the interior ovals with 
matter distributed over them to make them centrobaric shells 
as above (§ 534cZ). From what was proved in § 518, we see 
that a solid sphere, with its density varying inversely as the 
fifth power ©f the distance from an external point, is centro- 
baric, and that its centre of gravity is the image (§ 512) of 
this point relatively to its surface. 

534^. The centre of gravity of a centrobaric body composed 
of true gravitating matter is its centre of inertia. For a centro- 
baric body, if attracted only by another infinitely distant body, 
or by matter so distributed round itself as to produce (§ 499) 

G 


Centrobaric* 

shell. 


Centrobaric 

solid. 
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The centre 
of gravity 
(if It exist) 
is the centre 
of inertia. 
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The centre Uniform force in parallel lines throughout the space occupied 
by it, experiences (§ 534a) a resultant force alway^hrough its 
centre of gravity. But in this case this force is tne resultapK 
of parallel forces on all the particles of the #feody, which (see 
Properties of Matter, below) are rigorously proportional to 
their masses : and in § 561 it is proved that the resultant of 
such a S 5 ^stem of parallel forces passes through the point defined 
in § 230, as the centre of inertia. 

A centre- . 635 , The moments of inertia of a centrobaric body are 

baric body IS . 

ifineticaiiy eoual round all axes through its centre oi inertia. In other 

eymmetncal ^ ^ ... i i ^ t 

abouUts words (§ 285), all these axes are principal axes, and the?*^oody 

gravity, jg kiuetically symmetrical round its centre of inertia. 

Let it be placed with its centre of inertia at a point 0 (origin 
of co-ordinates), within a closed surface having matter so dis- 
tributed over it (§ 499) as to have xyz [which satisfies v®(a:y;2:)=0] 
for potential at any point {x, y, z) within it. The resultant action 
on the body is(§ 5 3 4a) the same as if it wore collected at 0; that 
is to say, zero ; or, in other words, the forces on its different parts 
must balance. Hence (§ 551, i., below) if p be the density of the 
body at {x, y, z) 


jjj yzpdxdydz = 0, 


jjjzxpdxdydz = 0, 


jjjxypdxdydz = 0. 


Hence OX, OY, OZ are principal axes; and this, however the 
body is turned, only provided its centre of gravity is kept at 0, 

To prove this otherwise, let Y denote the potential of the 
given body at (a;, y, u any function of x, y, and zj the 
triple integral 


///(: 


du dV du dV dudV\ 
dxdx^Ty 


extended through the interior of a spherical surface, S, enclosing 
all of the given body, and having for centre its centre of gravity. 
Then, as in Chap. i. App. A, we have 




'^Yd(j — 
dYud<r - 


JJJ V'^^udxdydz 

V dxdydz. 
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But if m be the whole mass of the given body, and a the radius Properties 
. 1 /. i. fY ofoentro- 

of wet have, over the whole surface of S. bwic 

’ ’ bodies. 

F= — , and SF = g. 

a or 

Also [g 4:91 c] V^F = — 47rp, 

vanishing of course for all points not belonging to the mass of 
the given bgdy. Hence from the preceding we have 

47r jjjupdxdydz = ^ + u) da- j j jVv^udxdydz, 

"Ssit now u be any function fulfilling = 0 through the whole 
■^ace within S ; so that, by § 492, we have jjduda = 0, and by 

§ 496, jjuda= 47 ra^u^, if deliote the value of u at the centre 
of S, Hence 

jjjupdxdydz = mu^. 

Let, for instance, u — yz. We have t^o==0, and therefore 
jjjyzpdxdydz *= 0, 

as we found above. Or let u — (pd + y*) — ipf + z^)^ which gives 
u^^O; and consequently proves that 

jjj {x* + z^) pdxdydz ~ JJJ(^ 2^) pdxdydz, 

or the moment of inertia round OF is equal to that round OX, 
verifying the conclusion inferred from the other result. 


536. The spherical harmonic analysis^ which forms the sub- Origin or 

. spherical 

ject of an Appendix to Chapter i., had its origin in the theory ^monic^ 
of^ttraction, treated with a view especially to the figure of the 
earth; having been first invented by Legendre and Laplace for 
the sake of expressing in converging series the attraction of 
a body of nearly spherical figure. It is also perfectly appropriate 
for expressing the potential, or the attraction, of an infinitely 
thin splihrical shell, with matter distributed over it according to 
any arbitrary law. This we shall take first, being the simpler 
application. 


6—2 
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Orif^in of 

spherical 

hannouic 

analysis of 

Legendre 

and La> 

place. 


Let X, 2/) ^ co-ordinates of /*, the point in question, 

reckoned from 0 the centre, as origin of co-ordinojfes : p and p 
the values of the density of the spherical surface at points E aikT 
E\ of which the former is the point in whicMt is cut by OF, or 
this line produced : da an element of the surface at E\ a its 
radius. Then, V being the potential at P, we have 


But, by B (48) 

i_=ii 

E'P a I 




.( 1 ). 

c 


1 + 2 ( 2 , 

1 


and 




1 + 


when P is internal, 


external, 


-j:2) 


where Q. is the biaxal surface harmonic of (P, E'). Hence, if 

p — Sq -1- aSj 4- + tire (3) 

be the harmonic expansion for p, we liave, according to B (52), 

when P is internal. 


and 


F = 47raii 

(o + 1 \a. 








.( 4 > 


If, for instance, p — we have 


V = I inside, 


and 


47rP' 


* aS; 
2i+ 1 


outside. 


Thus we conclude that 


Application 
of spherical 
liarmonic 
analysis. 


537 . A spherical harmonic distribution of density on a 
spherical surface produces a similar and similarly placed 
spherical harmonic distribution of potential over every con- 
centric spherical surface through space, external and internal; 
and so also consequently of radial component force. •But the 
amount of the latter differs, of course (§ 478), by 47rp, for points 
infinitely near one another outside and inside the surface, if p 
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denote the density of the distribution on the surface between 
them. 

aTialysis. 

If R denote the radial component of the force, we have 


Application 
of spherical 
harmonic 


and 


R^ 


dr 


47r/-* iS, 
2i-hl 


inside, 


4:7ra^^^ 


r 


i+2 


2i + l 


outside, 


( 5 ). 


Hence, if r = ct, we have 


R (outside) — R (inside) = 47^S^ = 47rp, 


B38. The potential is of course a solid harmonic through 
space, both internal and external ; and is of positive degree in 
the internal, and of negative in the external space. The ex- 
pression for the radial component of the force, in each division 
of space, is reduced to the same form by multiplying it by the 
distance from the centre. 


639. The harmonic development gives an expression in 
converging series, for the potential of any distribution of matter 
through space, which is useful in some applications. 


Let cCf y, z be the co-ordinates of P, the attracted point, and 
x\ y\ z those of P' any point of the given mass. Then, if p* 
be the density of the matter at F’, and V the potential at P, we 
have 

^ 

Jjj [{x - x’f + {y- y'Y + {z- zJY 

The most convenient view we can take as to the space through 
which the integration is to be extended is to regard it as infinite 
in all directions, and to suppose p to be a discontinuous function 
of x\ y\ z\ vanishing through all space unoccupied by matter. 


Now by App. B. {u) we have 

Mid =i{i+ 2«,QJ „ r'< 


.( 7 ). 
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Appliofttion 
of spherical 
harmonic 
analysis. 


Substituting this in (6) we have 


(///)■ 


+ ; [///] p<^'dy'd^ 


Potential of 
a distant 
body. 


+ S ]J![\Qfydx'dyW]. ..{&), 

where (///) denotes integration through all the space external to 
the spherical surface of radius r, and [///] integration through 
the interior space. « ^ 

This formula is useful for expressing the attraction of a mass 
of any figure on a distant point in a single converging series. 
Thus when OP is greater than the greatest distance of any^part 
of the body from 0, the first series disappears, and the expression 

becomes a single conver^ng series, in ascending powers of ~ ; — 
{jjjp'dx'dy'dz + S jJJQ/'pdx'dy'dz'} (9). 


If we use the notation of B. (u) (53), this becomes 
^ ^Jjfp'cl«!'dy'dz'+ y, z), (x', y', z’)]dx'dy'dz^..{\0), 

and we have, by App. B. {v') and («;), 

?.[(», y, *), eto.]Hr^(U), 

, ^ XX ■¥ zz^ 

where cos d = . 

rr 

From this we find 

//j ^xx'^ryy' +ZZ] -£^^=1 

and so on. 


Let now M denote the mass of the body ; and let 0 be taken 
at its centre of gravity. We shall have 

fjjp'dx'di/dz' -= Ml and JfJp'H^dxdy'dz' = 0. 

Further, let OX, OTy OZ be taken as principal axes (§§ 281, 282), 
so that /// pyz'dx'dy'dz' = 0, etc., 

and let Ay B, C he the moments of inertia round these axes. 
This will give 

SiJB^dx'd\fd£ = 4 { (3a;2 - r^)fSfp'a;'^dx'dy'dz* + etc. } = 4 { (3a;2 - r*) [4 (.1 + .B + ( 7 ) - + etc. } 
(ja - 3a^) + B (7^- 3y»)C + (r® - 322) } = 4{ (B + (7 - 2i) 4* (C+ 4 - 2 J5) 2/2 + (4 + B -.2C)iP{. 
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Hence neglecting terms of the third and higher orders of small Potential 

^ ® ® ^ ® A lliatAnt 

quantities ^powers of , we have the following approximate 

expression f<Jt the potential : — 

M 1 


As one example of the usefulness of tliis result, we may mention 
the investigation of the disturbance in the moon’s motion pro- 
duced by the non-sphericity of the earth, and of the reaction of 
the same disturbing force on the earth, causing lunar mUaiion 
.and precession^ which will be explained later. 

^ Differentiating, and retaining only terms of the first and second 
degrees of approximation, we have for the components of the 
mutual force between the body and a unit particle at (.r, y, z)^ 

y=etc., Z=etc. 


( 13 ); 


whence 


Zy-Yz=^^ _ X^-Zx= 3 , Yx-Xy^ 3 


Comparing these with Chap. ix. below, we conclude that 

540. The attraction of a distant particle, P, on a rigid body Attraction 
if transferred (according to Poinsot’s method explained below, on a distant 
§ 555) to the centre of inertia, /, of the latter^ gives a couple 
approximately equal and opposite to that which constitutes the 
resultant effect of centrifugal force, if the body rotates with a 
ceiiiain angular velocity about IP, The square of this angular 
velocity is inversely as the cube of the distance of P, irre- 
s^ctively of its direction ; being numerically equal to three 
times the rdbiprocal of the cube of this distance, if the unit 
of mass is such as to exercise the proper kinetic unit (§ 225) 
force on another equal mass at unit distance. The general 
tendency of the gravitation couple is to bring the principal axis 
of leas| moment of inertia into line with the attracting point; 

The expressions for its components round the principal axes 
will be used in Chap. ix. (§ 825) for the investigation of the 
phenomena of precession and nutation produced, in virtue of 
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Attraction the earth’s non -sphericity, by the attractions of the sun and 
on a distant moon. They are available to estimate the retardation produced 
by tidal friction against the earth’s rotation, according to thif 
principle explained above (§ 276). ^ 


541. It appears from what we have seen that the amount 
of the gravitation couple is inversely as the cube of the distance 
between the centre of inertia and the external attracting point : 
and therefore that the shortest distance of the 'line of the <re- 

principie of sultant force from the centre of inertia varies inversely as the 
proxima- distance of the attracting point. We thus see how to a first 

tioTi used in . . , . , . , ^ 

monT£)ry every rigid body is centrobaric relatively to a 

of the distant attracting point. 

centre ^ ^ 

of gravity 

542. The real meaning and value of the spherical harmonic 
method for a solid mass will be best understood by considering 
the following application : — 

Let p = F{r)S, (15) 

where F(r) denotes any function of r, and a surface spherical 
liarmonic function of order with coefficients independent of r. 
Substituting accordingly for p in (8), and attending to B. (52) 
and (16), we find 

F = {r')dr^ ...( 16 ), 

Potential of 543. As an example, let it be required to find the potential 
with har- of a solid Sphere of radius a, having matter distributed through 

raonicdis- . ^ ^ t i i 

tributionof it according to solid harmonic function K. 

density. ^ ‘ 

* That is to say, let 

p~V — r^S , when r < a, 


and 


p' - 0 


Hence in the preceding formula F{r)=-r^ from r = 0 to r — a^ 
and F (r) = 0, when r > a ^ and it becomes 


^ {2(iTI) - 2WT3)} ^ I 


and 


47r 


(2i +1) (2*^ 3) T‘ 


2 < + 3 y 


>■ ( 17 ). 


,, external. 


This result may also be obtained by the aid of the algebraical 
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V=-47r- 


+ u. 


.( 18 ):' 


formula B. (12) thus, on the same principle the potential of a 
uniform bpherical shell was found in § 491 {d). 

We have byj 491 (c) 

- 47r Fj, when r < a, ) 
and =0 „ r > a. J 

But by taking m = 2 in B. (12) we have 
, V^(r'r.)= 2(2i+3)F., 

and therefore the solution of the equation 


2(2i+3) 

where U is any function whatever satisfying tlm equation 


( 19 ). 


Potential of 
solid sphere 
with har- 
monie dis- 
tribution of 
density. 


V*^7=0 


through the whole interior of the sphere. By choosing U and the 
external values of F so as to make the values of F equal to one 
another for points infinitely near one another outside and inside 

dV 

the bounding surface, to fulfil the same condition for -y- , and 

dr 

to make F vanish when r-co^ and when r = 0, we find 




2(2i+l)’ 


and obtain the expression of (17) for F external. For in the 

F. 

first place, F external and U must clearly be A , and BV^, 

where A and B are constants : and the two conditions give the 
equations to determine them. 


544. From App. B. (52) it follows immediately that any Potential of " 
fuifHion of g), y, z whatever may be expressed, through the harmo^fc'^ 
whole of space, in a series of surface harmonic functions, each 
having its coefficients functions of the distance (r) from the 
origin. Hence (1(>), with S. placed under the sign of integra- 
tion for r\ gives the harmonic development of the potential 
of any mass whatever ; being the result of the triple integra- 
tions indicated in (8) of § 539, when the mass is specified by 
means of a harmonic series expressing the density. 
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uFSgSe^of most important application of the harmonic de- 

the earth, velopment for solid spheres hitherto made is for Investigating, 
in the Theory of the Figure of the Earth, the attraction of*a 
finite mass consisting of approximately s|5herical layers of 
matter equally dense through each, but varying in density 
from layer to layer. The result of the general analytical 
method explained above, when worked out in detail for this 
case, is to exhibit the potential as the sum two parts, of 
which the first and chief is the potential due to a solid sphere, 
A, and the second to a spherical shell, B. The sphere, A, is 
obtained by reducing the given spheroid to a spherical figure 
by cutting away all the matter lying outside the proper mean 
spherical surface, and filling the space vacant inside it where 
the original spheroid lies within it, without altering the density 
anywhere. The shell, jS, is a spherical surface loaded with 
equal quantities of positive and negative matter, so as to com- 
pensate for the transference of matter by which the given 
spheroid was changed into A. The analytical expression of 
all this may be written down immediately from the preceding 
formulae (§§ 536, 537); but we reserve it until, under hydro- 
statics and hydrokinetics, we shall be occupied with the theory 
of the Figure of the Earth, and of the vibrations of liquid 
globes. 

Case of the 546 . The analytical method of spherical harmonics is very' 

si^meTri. Valuable for aeveral practical problems of electricity, magnetism, 
anaxis!^* and electro-magnetism, in which distributions of force sym- 
metrical round an axis occur : especially in this ; that if the 
force (or potential) at every point through some finite length 
along the axes be given, it enables us immediately to deduce 
converging series for calculating the force for points throjjgh 
some finite space not in the axes. (See § 498.) * 

0 being any conveniently chosen point of reference, in the 
axis of symmetry, let us have, in series converging for a portion 
AB of the axis, 

«, + ^ + «,»•+ + a,r“ + ^ + etc * . . . (a), 

where U is the potential at a point, Qy ip the axis, specified by 
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OQ = r, Then if V fie the potential at any point P, specified by Case of tiie 
OP-r and QOP^O, and, as in App. B. (47), ^ 2 **** denote symmeto- 

the axial surface harmonics of By of the successive integral orders, an axis, 
we must have, %)i* all values of r for which the 1 's converges, 

= “o + 7 + (“,»• + 7 ) + 7 ) <?. + e** (^)> 

provided P can be reached from Q and all points oi A B within 
^some finite idistance from it however small, without passing 
through any of the matter to which the force in question is due, 
or any space for which the series does not converge. For 
throughout this space (§ 498) V — V’ must vanish, if F' be the 
value of the sum of the series ; since F — F' is [App. B. (^)] 
a potential function, and it vanishes for a finite portion of the 
axis containing Q. 

The series (h) is of course convergent for all values of r whi^ih 
make {a) convergent, since the ultimate ratio for ii^ 

finitely great values of i, is unity, as we see from any of the^ 
expressions for these functions in App. B. ^ 

In general, that is to say unless 0 be a singular point, the 
series for U consists, according to Maclaurin’s theorem, of ascend- 
ing integral powers of r only, provided r does not exceed a certain 
limit. In certain classes of cases there are singular points, such 
that if 0 be taken at one of them, U will be expressed in a series 
of powers of r with fractional indices, convergent and real for 
all finite positive values of r not exceeding a certain limit. The 
expression for the potential in the neighbourhood of 0 in any 
such case, in terms of solid spherical harmonics relatively to 0 
as centre, will contain harmonics [App. B. (a)] of fractional ^ 
degrees. 


Examples — (I.) The potential of a circular ring of radius a, EiampVs. 
iJiand linear density p, at a point in the axis, distant by r from the tial^diSa- 
centre:— * larring; 


Bence = 2^p (l - 1 J 


when ?•< a ....(2), 


and 



Foteatial 

cal abc^ 
an axis. 
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Potential 
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cal about 
anaxifl. 


from which we have 

F= 2irp ^ ^ ^ - etc.^ when r < a . .(4), 

( Of 1 3 Of’ \ 

- - i “a ^ 1 , + ^ ^ 0* - etc. j when r > a.. (5). 


(Ii.)ofcir- (II*) Multiplying (1) by cZa, and integrating with reference 

cular disc ^ horn a = 0 as lower limit, and now calling U the potential 

of a circular disc of uniform surface density and radiusa:*, at 
a point in its axis, vve find 

‘l-7rp{{a? + rf -r], 

r being positive. 

Hence, expanding first in ascending, and secondly in descend- 
ing powers of r, for the cases of r < a and r > a, we find 


f 1 1 1 1 3 1 

V= 27rp I _ r(2, + a + 1 - Q^~ ^ Q,+ Q,- etc. | when r<a, 

and V = 2xp || — - %Q^ + ^ - etc. | when r>a. 

2.4r'‘"-= 2.4.6 / 


It most be remarked that the first of these expressions is only 
continuous from ^ = 0 to 0 = ^7r; and that from 6^ = j7rto6' = ir 
the first term of it must be made 


+ ^irprQ ^ , instead of - ^lirprQ^ . 


Oas^ 

ten 

.mme 

ilabo- 

'^is. 


Potential in 
the neigh- 
bourhood of 
a circular 
galvano- 
meter coil. 


(HI.) Again, taking of the expression for U in (II.), and 
now calling U the potential of a disc of infinitely small thickness 
c with positive and negative matter of surface density - on its 


two sides, we have 


I (tr + rn* 


[obtainable also from § 477 (e), by integrating ^ith reference to 
X, putting r for and p for pc]. Hence for this case 

F=2wp^l-^<?, + |^ ^ 3 - 1 ^ ^§,4 640.^ whenr<a, 

and F= 27rp + etc. ^ when r>a. 

The first of these expressions also is discontinuous ; and when 6 



546.] 


STATICS. 


93 


is >^7r and < ^, its first term must be taken as ~ 2irp instead 
of 27rp. 

647. If two systems, or distributions of matter, ilf and if Exha^tion 
given in spaces each finite, but infinitely far a: under, be allowed 
to approach one another, a certain amount of work is obtained 
by mutual gravitation : and their mutual potential energy 
loses, or as we may say suffers exhaustion, to this amount : 
whigh amount vdll (§ 486) be the same by whatever paths the 
changes of position are effected, provided the relative initial 
positions and the relative final positions of all the particles are 
given. Hence if be particles of M\ m\, 

particles of M' \ v\, the potentials due to M' at the 

points occupied by those due to M at 

the points occupied by m'^, and E the exhaustion of 

mutual potential energy between the two systems in any actual 
configurations ; we have 

E — '^mv = 'Zm'v. 

This may be otherwise written, if p denote a discontinuous 
function, expressing the density at any point, {x, y, z) of the 
mass if, and vanishing at all points not occupied by matter of 
this distribution, and if p be taken to specify similarly the other 
mass M\ Thus we have 

A' = / ^ ] pv dxdy dz = /// p'vdxdydz, 

the integrals being extended through all space. The equality of 
the second and third members here is verified by remarking that 



if D denote the dij»tance between {x, y, z) and the 

latter being any point of space, and p the value of p at it. A 
■ g y q^r esnondino- expression of course gives v\ and thus we find one 
sextuple Integral to express identically the second and third 
members, or the value of E, as follows: — 


"■•f/i/ 


fppdxd^ydpdx dy dz 
1 ^- ' ' ^ ^ 


648. • It is remarkable that it was on the consideration ofGreenV 
an analytical formula which, when properly interpreted with 
reference to two masses, has precisely the same signification as 
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the preceding expressions for jE^, that Green founded his whole 
structure of general theorems regarding attraction. 


In A}>p. A. (a) let a be constant, an^ let CT, U* be the 
potentials at (sc, y, z) of two finite masses, j/, M\ finitely distant 
from one another : so that if p and p denote the densities of M' 
and M' respectively at the point (x, y, z), we have [§ 491 (c)] 

V^U = -4:^p, V^?7'=-4V- 

• € 

It must be remembered that p vanishes at every point not form- 
ing part of the mass M: and so for p and M\ In the present 
merely abstract investigation the two masses may, in part or in 
whole, jointly occupy the same space: or they may be merely 
imagined subdivisions of the density of one real mass. Then, 
supposing S to be infinitely distant in all directions, and observ- 
ing that UdU' and V'dU are small quantities of the order of the 
inverse cube of the distance of any point of S from M and M% 
whereas the whole area of S over which the surface integrals of 
App. A. (a) (1) are taken as infinitely great, only of the order of 
the square of the same distance, we have 

JJdSU'd U = 0, and JfdSUdU' = 0. 


Hence (a) (1) becomes 

[ff/dUdU' , dUdV , dUdU'\^ , , .... __ , . . , 

^ 17 + dF ^ y^dyd^=^‘^-^fffpVdxdydz^i^fffp Ud^dydz ; 

showing that the first member divided by 47r is equal to the 
exhaustion of potential energy accompanying the approach of 
the two masses from an infinite mutual distance to the relative 
position which they actually occupy. 

Without supposing S infinite, we see that the second member 
of (a) (1), divided by Itt, is the direct expression for th^ex- 
haustion of mutual energy between M* and a distribution con- 
sisting of the part of M within S and a distribution over of 

density and the third member the cori'esponding ex- 

4:7r -jf 

pression for M and derivations from M\ 

649 . If, instead of two distributions, M and M\ two par- 
ticles, alone be given ; the exhaustion of mutual 
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potential energy in allowing them to come together from in- 
finity, to any distance 2) (1, 2) asunder, is 


D{1, 2)- 


If now a third particle be allowed to come into their neigh- 
bourhood, there is a further exhaustion of potential energy 
amounting to 

* ^ TO, TO, 

D{1, 3) i)(2, 3)' 


By considering any number of particles coming thus necessarily 
into position in a group, we find for the whole exhaustion of 
potential energy 




mm 

'D~ 


where in, m' denote the masses of any two of the particles, 2) Exhaustion 
the distance between them, and 22 the sum of the expressions energy, 
for all the pairs, each pair taken only once. If v denote the 
potential at the point occupied by m, of all the other masses, 
the expression becomes a simple sum, with as many terms as 
there are masses, which we may write thus — 

E=^'Zmv; 

the factor J being necessary, because Xmv takes each such term 
as ~ 2) over. If the particles form an ultimately con- 

tinuous mass, with density p at any point (x, y, z), we have only 
to write the sum as an integral ; and thus we have 

E=\5jj pvdxdydz 

as ttie*exSausti!on of potential energy of gravitation accompany- 
ing *the condensation of a quantity of matter from a state of 
infinite diffusion (that is to say, a state in w^hich the density 
is everywhere infinitely small) to its actual condition in any 
^nite body. 

An important analytical transformation of this expression is 
suggested by the preceding interpretation of App. A. (a); by 



96 


ABSTRACT DYNAMICS. 


[ 549 . 


Exhaustion 
of potential 
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1 [[[fdv^ dP dv“' 

Stt JJJ VSic'' ^ dy^ ^ dz\ 


or ^ fff dy dz, 


dxdydZj 


if R denote the resultant force at (a;, z), the integration being 

extended through all space. 

Detailed interpretations in connexion with the theory of energy, 
of the remainder of App. A., with a constant, and of its1[nore 
general propositions and formulae not involving this restriction, 
especially of the minimum problems with which it deals, are of 
importance with reference to the dynamics of incompressible 
fluids, and to the physical theory of the propagation of electric 
and magnetic force through space occupied by liomogeneous or 
heterogeneous matter; and we intend to return to it when we 
shall be specially occupied witli these subjects. 


(.Gauss's 

method 


550 . The beautiful and instructive manner in which Gauss 
independently proved Greens theorems is more im mediately 
and easily interpre table in terms of energy, according to the 
commonly-accepted idea of forces acting simply between par- 
ticles at a distance without any assistance or influence of inter- 
posed matter. Thus, to prove that a given (juantity, Q, of 
matter is distributable in one and only cne way over a given 
single finite surface 8 (whether a closed or an open shell), so as 
to pjroduce equal potential over the whole of this surface, he 
shows (1) that the integral 

I [ f f pp' da da 

JjJJ PR' 


has a minimum value, subject to the condition 

Jfpda = Q, 

where p is a function of the position of a point, F, on 8, p' its 
value at P\ and da and da elements of 8 at these points : and 
(2) that this minimum is produced by only one determinate 
distribution of values of p. By what we have just seen (§ 549) 
the first of these integrals is double the potential energy of 


Nichol’s EncyclopcediUj 2d Ed. 1860. Magnetism, Dynamical Belations of. 
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distribution over 8 of an infinite number of infinitely small 

, metiKKi. 

mutually repelling particles ; and hence this minimum problem 
is (§ 292) merely an analytical statement of the problem to 
find how these particles must be distributed to be in stable 
equilibrium. 


Similarly, Gauss’s second minimum problem, of which the EqiuU- ^ 
preceding is a particular case, and which is, to find p so as to repelling 

0 ' particles 

malro enclosed 

JI{^V-n)pda 

a minimum, subject to 

jJpd(r=Q, 


■where fl is any given arbitrary function of the position of P, 


and 



is merely an analytical statement of tbe question : — how must 
a given quantity of repelling particles confined to a surface S 
be distributed so as to make the whole potential energy due to 
their mutual forces, and to the forces exerted on them by a 
given fixed attracting or repelling body (of which fl is the 
potential at P), be a minimum ? In other words (§ 292), to find 
how the movable particles will place themselves, under the 
influence of the acting forces*. 


* Gauss’s investigations here referred to will be found in Vol. V. of his 
collected works, p. 197, in a paper entitled “ Allgemeine Lehrsatze auf die im 
verkehrten Verhaltnisse des Quadrats der Entfernung wirkenden Anziehungs- 
uud Abstossungs-Kriifte ; ” originally published in 1839. 
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CHAPTER VII. 


STATICS OF SOLIDS AND FLUIDS. 


551. We commence with the case of a rigid body or system, 
that is, an ideal substance continuously occupying a given solid 
figure, admitting no change of shape, but free to move transla- 
tionally and rotationally. It is sometinies convenient to regard 
a rigid body as a group of material particles maintained by 
mutual forces in definite positions relatively to each other, but 
free to move relatively to other bodies. The condition of perfect 
rigidity is approximately fulfilled in natural solid bodies, so long 
as the applied forces are not sufficiently powerful to break them 
or to distort them, or to condense or rarefy them to a sensible 
extent. To find the conditions of equilibrium of a rigid body 
under the influence of any number of forces, we follow the 
example of Lagrange in using the principle of work (§ 289) 
and take advantage of our kinematic preliminary (§ 197). 

552. First supposing the body to be perfectly free to take 
any motion possible to a rigid body : — Give it an infinitesimal 
translation in any direction, and an infinitesimal ta/ Vr:’^;und 
any line. 

I. In respect to the translational displacement, the work 
done by the applied forces is equal to the product of the 
amount of the displacement (being the same for all the points 
of application) into the algebraic sum of the components of 
the forces in its direction. Hence for equilibrium (§ 289) the 
sum of these components must be zero. 



552.] 


STATICS. 


99 


IL In respect to rotational displacement the work done Equiu- 
by the forces is (§ 240) equal to the product of the infinitesimal free rigid 
angle of rotation into the sum of the moments (§ 231) of the 
^ forces round the axis of rotation. Hence foi. equilibrium (§.289) 
the sum of these moments must be zero. 

Since (§ 197) every possible motion of a rigid body may be 
com})ounded of infinitesimal translations in any directions, and 
roij^tions roundk any lines, it follows that the conditions necessary 
and sufficient for equilibrium are that the sum of the com- 
ponents of the forces in any direction whatever must be zero, 
and the sum of the moments of the forces round any axis 
whatever must be zero. 

Let Xj, Fj, Xj be the components of one of the forces, and 
ojj, 2/^, the co-ordinates of its point of application relatively 
to three rectangular axes. Taking successively these axes for 
directions of the infinitesimal translations, and axes of the 
infinitesimal rotations, we find, as necessary for equilibrium, the 
following equations : — 

2(XJ = 0, 2(r.) = 0, 2(^,)-0 (1), 

2(X,2/,-r,*,) = 0, 2(X.2.-^,a:,)=0, 2(r.a;,-X,y.) = 0 ...(2). 

Of the latter three equations the first member’s are respectively 
the sums of the moments round the three axes of co-ordinates, of 
the given forces or of the components Xj, F^, Xj, &c., which we 
take for them. 

553. It is interesting and important to remark that the Important 

p , proposition; 

evanescence of the sum of components in any direction what- 
ever is secured if it is ascertained that the sums of the com- 
ponents in the directions of any three lines not in one plane 
are each nil j and that the evanescence of the sum of moments 
round any axis whatever is secured if it is ascertained that the 
moments round any three axes not in one plane aie 
each nil. ^ 

Let {I, m, n), (Z', m% n), m", n'") be the direction cosme^ proved, 

of three lines not in one plane, a condition equivalent to non- 
evanescence of the determinant I m' n'— &c. Let X, F\ F" be 
the sums of components of forces along these lines. We have 
F -Z S(X,)-fm %{Y,) + n S(X,)| 

X' =Z'2(X,)-fm':S(F,)-f^'2(X,) [ (3). 

X"=:rS(X,)-f m":S(Fd I 


7—2 
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If eacli of these is zero, each of the components SX, ST, 
must be zero, as the determinant is not zero. The correspond- 
ing proposition is similarly proved for the moments, because 
(§ 233) moments of forces round different a5ces follow the same 
laws of composition and resolution as forces in different direc- 
tions. 

564 . For equilibrium when the body is subjected to one, 
two, three, four, or five degrees of constraint, Equations toe be 
fulfilled by the applied forces, to ensure equilibrium, correspond- 
ingly reduced in number to five, four, three, two or one, are 
foutid with the greatest ease by giving direct analytical expres- 
sion to (§ 289), the principle of work in equilibrium. 

Let ic, 2/, z, ziT, p, o- be “components of the translational velocity 
of a point 0 of the body, and of the angular velocity of the 
body; and (§ 201) let 

Ax-hB^ + Oz-i-Gzu-hJETp-hl cr = 0 1 

A'x + + O'z + (r'zET + H'p ~ I'(T = 0 i (4)^ 

&c., &c., J 

be one, two, three, four, or five equations, representing the con- 
straints. The work done by the applied forces per unit of time is 

x%(X,)+y^{Y,) + z%{Z,) ^ 

+ - Y ,a,) + p2 (Xi«j - Z^x^) + 0-2 ( r,a:, - X^y^)) ' ' ‘ 

or Xx -b Yy -f Zz 4 - Lm + Mp + iW (5'), 

where X, F, Z, L, M, N denote the sums that appear in (5), 
that is to say, the sums of the components of the given forces 
parallel to the axes of co-ordinates, and the sum of their mo- 
ments round these lines. 

This amount of work, (5), must be zero for all values of 
X. y, z, 'ui, p, cr which satisfy equation or equatioi^s./^^^v^ 
by Lagrange’s method of indeterminate multipliers, we fi nd 


2(X.) + X.1 + V.4'+... 

= 0' 

2 (r,) + x£ + \'^' + ... 

-0 

2(.2^,)+XC'+X'C"+... 

-0 

2(^,2/,-r,».)+ \G + \'G' + .. 

. -0 ^ 

2(X,«, - Z,x^ +>JI+ X'W + . 

.. = 0 

2(r,a.-,^X,2/.)4-X/+X7' + .. 

. = 0. 
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and the elimination of A', . . . from these six equations gives 
the correspondingly reduced number of equations of equilibriunj 
among the applied forces. 

% 

To illustrate the use of these equations suppose, for example, 
the number of constraints to be two, and all except four of 
the applied forces be given : the six equations (5) determine 
these four forces, and allow us if we desire it to calculate the 
twcf indeterminate multipliers V. The use of finding the 
values of these multipliers is that 

XA, XB, XC, XG, Xff, XI 

are the components and the moments of the reactions of the 
first constraining body or system on the given body, and 

X'A\ X'B\ VC', VC', X'H\ XI' 
are those of the second. 

555 . When it is desired only to find the equations of equili- 
brium, not the constraining reactions, the easiest and most direct 
way to the object is, to first express any possible motion of the 
body in terms of the five, four, three, two or one freedoms 
(§§ 197, 200) left to it by the one, two, three, four or five con- 
straints to which it is subjected. The description in § 102 of 
the most general motion of a rigid body shows that the most 
general result of five constraints, or the most general way of 
allowing just one freedom, to a rigid body, is to give it guidance 
eqqivalent to that of a nut on a fixed screw shaft. If we unfix 
this shaft and give it similar guidance to allow it one freedom, 
the primary rigid body has two freedoms of the most general 
kind. Its double freedom may be resolved in an infinite 
nun-h: ^^ys (besides the one way in which it is thus com- 
pounded) into two single freedoms. Triple, quadruple, and 
quintuple freedom may be similarly arranged mechanically. 

556 . The conditions of equilibrium of a rigid body with 
single, double, triple, quadruple or quintuple freedom, when 
each of the constituent freedoms is given in the manner speci- 
fied in § 555, are found by writing down the equation or equa- 
tions expressing that the applied forces do no work when the 
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body moves simply according to any one alone of the given 
freedoms. We shall take first the case of a single freedorn of 
the most general kind. 

Let 5 * be the axial motion per radian of^ rotation ; so that 
q^s(d expresses the relation between axial translational velo- 
city, and angular velocity in the possible motion. Let HK be 
the axis of the screw, and the nearest point to it in 
the line of P^, a first of the applied forces. Leif be the incli- 
nation of to HK^ and the distance of from HK. 

At any point in most conveniently at the point 

resolve P^ into two components, parallel to the axis of 

freedom, and Pj sin perpendicular to it. The former compo- 
nent does work only on the axial component of the motion, the 
latter on the rotational; and the rate of work done by the 
two together is 

sw Pj cos P^ sin 

Hence, if 2 denotes summation for all the given forces, the 
equation of equilibrium to prevent them from taking advantage 
of the first freedom is 

52 P, cos \ -f 2ajPj sin = 0. (7) ; 

or, in words, the step of the screw multiplied into the sum of the 
axial components must he equal to the sum of the moments of 
the force round the axis of the screiv. 

The direction taken as positive for the moments in the 
preceding statement is the direction opposite to the rotation 
which the nut would have if it bad axial motion in the dif ac- 
tion taken as positive for those axial components. 

557 . The equations of equilibrium when there are two or more 
freedoms, are merely (7) repeated with accents 
elements corresponding to the several guide-screws other than 
the first. Thus if 5 , s\ s\ &c., denote the screw-steps ; a/, 

afy &c., the shortest distances between the axes of the screws 
and the line of P^; i/', &c., the inclinations of this line to 

the axes; and a/, &c., and i/, &c., corresponding elements 

* The quantity s thus defined we shall, for brevity, henceforth call the 
Bcrevv-step. 
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for the line of the second force, and so on; we have, for the 
equations of equilibrium, 

sSPj cos 4* sin = 0 n 

5'SPj cos \ 4 2a/Pj sin = 0 i . ... 

/'SPj cos i^' + 1,a”P^ sin i/' = 0 ^ 

&c., &c., 

The equations of constraint being, as in § 553, (4), 

Ax 4- By 4- C^i 4- G'm 4 Hp 4- I(t -= 0 1 

A'x + B'y 4 C'z 4- G''st -f H'p -4 Per = 0 > (9)> 


suppose, for example, these equations to be four in number. 
Take two more equations 


ax -\-hy -hez + g'ur -hhp +ia = co 
ax + b'y 4 cz 4 g'sr 4 lip 4 i'o = w' | 


( 10 ), 


where a, . and a\ b\... are any arbitrarily assumed quanti- 
ties: and from the six equations (9) and (10) deduce the fol- 
lowing : 

X =; 4- y — 5^(0 4- 35V, Z = 4- ©V, I n 1 \ • 

zn’ = ^(D + p = 4- li^V, cr ~ $(o 4- 5 V, / * ( / i 


where 35, . . . and 35', . . . are known, being the determi- 
nantal ratios found in solving (9) and (10). Thus the six rect- 
angular component velocities are expressed in terms of fwo 
generalized component velocities w, w', which, in virtue of the 
four equations of constraint (9), suffice for the complete specifi- 
cation of whatever motion the constraints leave permissible. 
In terms of this notation we have, for the rate of working of 
the applied forces, 

4- ^ 4- ZziT 4- Mp 4- iVor 'j 

= + I (12). 

4- (a'X 4- 35'r4. ©'^4- eSrP 4- 3i'if)o)'j 

This must be nil for every permitted motion in order that the 
forces may balance. Hence the equations of equilibrium are 

aX4-35F+€D^4-€iZ: + 

and a'X4-35'F4-©'X4-ffl'i;4-?r^4.rx=oj 
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Similarly with one, or two, or three, or five (instead of our ex- 
ample of four) constraining equations (9), we find five, or four, 
or three, or one equation of equilibrium (13). These equations 
express obviously the same conditions as th#se expressed by (S); 
the first of (13) is identical with the first of (8), the second of 
(13) with the second of (8), and so on, provided w, o)',.*. cor- 
respond to the same components of freedom as the several screws 
of (8) respectively. The equations though identical in substance 
are very dififerent in form. The purely analytical transform gtti on 
from either form to the other is a simple enough piece of ana- 
lytical geometry which may be worked as an exercise by the 
student, to be done separately for the first of (8) and the first 
of (13), just as if there were but one freedom. 

Equilibrant 658 . Any system of forces which if applied to a rigid body 
»nt. ^ * would balance a given system of forces acting on it, is called an 
equilibrant of the given system. The system of forces equal 
and opposite to the equilibrant may be called a resultant of the 
given system. It is only, however, when the resultant system 
is less numerous, or in some respect simpler, than the given 
. system that the term resultant is convenient or suitable. It is 
used with great advantage with respect to the resultant force 
and couple (§ 559 below) to which Poinsot’s method leads, or 
to the two resultant forces which mathematicians before Poinsot 
had shown to be the simplest system to w^hich any system of 
forces acting on a rigid body can in general be reduced. It is 
only when the system is reducible to a single force that the 
term '' resultant ” pure and simple is usually applied. 

559 . As a most useful commentary on and illustration of 
the general theory of the equilibrium of a rigid body, which we 
have completed in §§ 552 — 557, and particularly ^yJdigsppur- 
pose of finding practically convenient resultants in a very 
simple and clear manner, we may now wdth advantage intro- 
duce the beautiful method of Couples y invented by Poinsot. 

Couples. In § 234 we have already defined a couple, and shown that 
the sum of the moments of its forces is the same about all 
axes perpendicular to its plane. It may therefore be shifted to 
any new position in its own plane, or in any parallel plane, 
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559.] 

without alteration of its effect on the rigid body to which Couples, 
it is applied. Its arm may be turned through any angle 
in the plane of the forces, and the length of the arm and the 
magnitudes of th^ forces may be altered at pleasure, without 
changing its effect — provided the moment remaiu unchanged. 

Hence a couple is conveniently specified by the line defined as 
its “axis” in § 234. According to the convention of § 234 the 
axis of a coupl§ which tends to produce rotation in the direc- 
tion contrary to the motion of the hands of a watch, 
must be drawn through the front of the watch and 
vice versd. This may easily be remembered by the 
help of a simple diagram such as we give, in which 
the arrow-heads indicate the directions of rotation, 
and of the axis, respectively. 

669 h. It follows from §§ 233, 234, that couples are to be Composi- 
compounded or resolved by treating their axes by the law of Sup?eR. 
the parallelogram, in a manner identical with that which we 
have seen must be employed for linear and angular velocities, 
and forces. 

Hence a couple the direction cosines of whose axis are 
A, /i, V, is equivalent to the three couples GX^ Gfx^ Gv about the 
axes of X, z respectively. 

669 c. If a force, F, act at any point, A, of a body, it may Force re- 
be transferred to any other point, B. Thus: by the principle of 
superposition of forces, introduce at J5, in the line through it 
parallel to the given force F, a p)air of equal and opposite forces 
i^and — Then at A, and — at B, form a couple, and 
there remains F at B. 

. Fro Ilf we have, at once, the conditions of equilibrium Application 
of a rigid body already investigated in § 552. For, each force im^^oV 
may be transferred to any assumed point as origin, if we intro- 
duce the corresponding couple. And the forces, which now act 
at one point, must equilibrate according to the principles of 
Chap. VI. ; while the resultant couple, and therefore its com- 
ponents about any three lines at right angles to each other, must 
vanish. 
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559 d. Hence forces represented, not merely in magnitude 
and direction, but in lines of action, by the sides of any closed 
polygon whether plane or not plane, are equivalent to a single 
couple. For when transferred to any origin^ they equilibrate, 
by the Polygon of Forces (§§ 27, 256). When the polygon is 
plane, twice its area is the moment of the couple ; when not 
plane, the component of the couple about any axis is twice the 
area of the projection on a plane perpendicular tqthat axis. The 
resultant couple has its axis perpendicular to the plane (§ 2^6) 
on which the projected area is a maximum. 


Forces pro- 559 6, Lines, perpendicular to the sides of a triangle, and 

and perpeii- passing through their middle points, meet: and their mutual 

dicularto f,. ^ . 

the sides of inclinations are equal to the changes oi direction at the corners, 

a triangle. . . ^ 

in travelling round the triangle. Hence, if at the middle points 
of the sides of a triangle, and in its plane, forces be applied all 
inwards or all outwards; and if their magnitudes be proportional 
to the sides of the triangle, they are in equilibrium. The same 
is true of any plane polygon, as we readily see by dividing it 
into triangles. And if forces equal to the areas of the faces be 
applied perpendicularly to the faces of any closed polyhedron, at 
their centres of inertia, all inwards or all outwards, these also 
will form an equilibrating system ; as we see by considering the 
evanescence of (i) the algebraic sum of the projections of the 
areas of the faces on any plane, and of (ii) the algebraic sum of 
the volumes of the rings described by the faces when the solid 
figure is made to rotate round any axis, these volumes being 
reckoned by aid of Pappus' theorem (§ 569, below). 


c^mposi- 559 f. A couple and a force in a given line inclined to its 
forceand plane may be reduced to a smaller couple in a 

dicular to the force, and a force equal and parallel to the given 
force. For the couple may be resolved into two, one in a plane 
containing the direction of the force, and the other in a plane 
perpendicular to the force. The force and the component 
couple in the same plane with it are equivalent fco an equal 
force acting in a parallel line, according to the converse of 
§ 559 c. 
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659 g. We have seen that any set of forces acting on Composi- 
a rigid body may be reduced to a force at any point and a any set of 
couple. Now (§ 559/) these may be reduced to an equal force 
acting in a definite 4ine in the body, and a couple whose plane is 
perpendicular to the force, and which is the least couple ^hich, 
with, a single force, can constitute a resultant of the given set of 
forces. The definite line thus found for the force is called the 
Gentral Axis, iLis the line about which the sum of the moments Central 

« , . axis. 

of the given forces is least. 

With the notation of §§ 552, 553, let us suppose the origin to 
be changed to any point x\ y\ z . The resultant force has still 
the components (A"), 5 (T), 2 (^), or Rm^ Rn, parallel to 
the axes. But the couples now are 

^[Z(y^y')-^Y{z-z% %{X{z-z)-Z{x-x% %[Y{x^x^)^X[y-y')]‘ 
or 

G\ - R {ny - mz), Gfi- R (Jz - nx), Gv - R {mx' - ly). 

The conditions that the resultant force shall be perpendicular to 
the plane of the resultant couple are 

Gk — R {ny - mz') _ Gfx - R {Iz — nx) _Gv — R {mod - ly) 

I on n 

These two equations among x\ y\ z are the equations of the 
central axis. 

We find the same two equations by investigating the con- 
ditions that the resultant couple 

J\Gk—R {ny- \G}x—R ilz — oix)Y-k- \Gv —R {mx — ly’Yf 
may be a minimum subject to independent variations of x\ 

y\ 

560 . '' Sjypombining the resultant force with one of the Reduction 
forces of the resultant couple, we have obviously an infinite forcm 
number of ways of reducing any set of forces acting on a rigid 
body to two forces whose directions do not meet. But there is 
one case in which the result is symmetrical, and which is there- 
fore worthy of special notice. 

Supposing the central axis of the system has been found, Symmetri- 
^draw a line, AA\ at right angles to it through any point C of 
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Symmetri- 
cal case. 


it, and make GA equal to CA\ For R, acting along the central 
axis, substitute (by § 561) at each end of AA\ Then, 
choosing this line A A' as the arm of the couple, and calling it 

m Q 

a, we have at one extremity of it, two forces, — perpendicular 
to the central axis, and parallel to the central axis. Com- 
pounding these we get two forces, each equal to {^R ^ , 

through A and A' respectively, perpendicular to AA\ and 
inclined to the plane through A A' and the central axis, at 

angles on the two sides of it each equal to tan“^ . 

Ra 


Composi- 
tion of 
parallel ' 
forces. 


561. A very simple, l)ut important, case, is that of any 
number of parallel forces acting at different points of a rigid 
body. 


Hei e, for equilibrium, obviously it is necessary and sufficient 
that the algebraic sum of the forces be nil ; and that the sum of 
their moments about any two axes perpendicular to the com- 
mon direction of the forces be also nil. 


This clearly implies (§ 553) that the sum of their moments 
about any axis whatever is nil. 

To express the condition in rectangular coordinates, let 
P,, &c. be the forces; (a:,, y,, &c. j)oints in 

their lines of action; and m, n the direction cosines of a 
line parallel to them all. The general equations [§ 552 (1), (2)] 
of equilibrium of a rigid body become in this case, 


1%P=0, m2P = 0, = 

n%Py - m%Pz — 0, l%Pz — n%Px = 0, m%Px — l^Py — 0. 

These equations are equivalent to but three independent equa- 
tions, which may be written as follows : 


2P = 0, 


^Px_%Py JtPz 
I m n 


•(!)• 


If the given forces are not in equilibrium a single force may 
be found which shall be their resultant. To prove this let, 
if possible, a force —i?, in the direction (l^ m, n), at a point 
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equilibrate the given forces. Bj (1) we have, for Composi- 
the conditions of equilibrium of -~M,P &c., wurellel 

forces. 

P = 2P (2\ 

and 


%Px-Ex _ ^Py-Ry %Pz - R~z 
I m n 


(3). 


Equation (2) determines P, and equations (3) are the equa- 
^tions of a straight line at any point of which a force equal to 
— i?, applied in the direction {I, m, n), will balance the given 
system. 

Suppose now the direction (^, yw, n) of the given forces to be 
varied while the magnitude and one point {x^, y^, z^) in the 
line of application, of each force is kept unchanged. We see by 
(3) that one point (xj y, z) given by the equations 


'^Px - Spy _ SPz 


( 4 ), 


is common to the lines of the resultants. 


The point (x, y, z) given by equations (4) is what is called 
the centre of the system of parallel forces P^ at {x^, y^, 
at y^, z^), &c. : and we have the proposition that a force in 
the line through this point parallel to the lines of the given 
forces, equal to their sum, is their resultant. This proposition 
is easily proved synthetically by taking the forces in any order 
and finding the resultant of the first two, then the resultant of 
this and the third, then of this second force, and so on. The line 
of the first subsidiary resultant, for all varied directions of the 
given forces, passes through one and the same point (that is the 
point dividing the line joining the points of application of the 
first two ^forces, into parts inversely as their magnitudes). 
Similarly w^' see that the second subsidiary resultant passes 
always through one determinate point : and so for the third, 
and so on for any number of forces. 

662. It is obvious, from the formulas of § 230, that if masses Centro of 
proportional to the forces be placed at the several points 
application of these forces, the centre of inertia of these masses 
will be the same point in the body as the centre of parallel 



Centre of 
gravity. 


Parallel 
forces 
whose 
algebraic 
sum is zero, 


Conditions 
of equili- 
brium of 
three 
forces. 


Physical 

axiom. 
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forces. Hence the reactions of the different parts of a rigid 
body against acceleration in parallel lines are rigorously re- 
ducible to one force, acting at the centre of inertia. The same 
is true approximately of the action of gra^ty on a rigid body 
of small dimensions relatively to the earth, and hence the 
centre of inertia is sometimes (§ 230) called the Centre of 
Gravity. But, except on a centrobaric body (§ 534), gravity is 
in general reducible not to a single force bui to a force, and 
couple (§ 559^); and the force does not pass through a point 
fixed relatively to the body in all the positions for which the 
couple vanishes. 


5G3. In one case the proposition of § 561, that the system 
has a single resultant force, must be modified : that is the case 
in which the algebraic sum of the given forces vanishes. In 
this case the resultant is a couple whose plane is parallel to the 
common direction of the forces. A good example of this case 
is furnished by a magnetized mass of steel, of moderate dimen- 
sions, subject to the infl.uence of the earth’s magnetism. The 
amounts of the so-called north and south magnetisms in each 
element of the mass are equal, and are therefore subject to equal 
and opposite forces, parallel in a rigorously uniform field of 
force. Thus a compass-needle experiences from the earth’s 
magnetism sensibly a couple (or directive action), and is not 
sensibly attracted or repelled as a whole. 


564. If three forces, acting on a rigid body, produce equili- 
brium, their directions must lie in one plane ; and must all meet 
in one point, or be parallel. For the proof we may introduce 
a consideration which will be very useful \jo us in investigations 
connected with the statics of flexible bodies and fluicjg. 


If any forces, acting 07i a solid, or fluid body, pj'oduce 
equilibrium, we may suppose any portions of the body to become 
fixed, or rigid, or rigid and fixed, without destroying the equi- 
librium. 


Applying this principle to the case above, suppose any two 
points of the body, respectively in the lines of action of two of 
the forces, to be fixed. The third force must have no moment 
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about the line joining these points ; in other words, its direction Physical 
must pass through that line. As any two points in the lines of 
action may be taken, it follows that the three forces are coplanar. 

And three forces, %i one plane, cannot equiUbrate unless their 
directions are parallel, or pass through a point. 

666. It is easy, and useful, to consider various cases ofEquiUbri. 
equilibrium when no forces act on a rigid body but gravity the 
and the pressufes, normal or tangential, between it and fixed ^ gi’avity. 
supports. Thus if one given point only of the body be fixed, it 
is evident that the centre of. inertia must be in the vertical line 
through this point. For stable equilibrium the centre of inertia 
need not be below the point of support (§ 566). 

566 . An interesting case of equilibrium is suggested by Becking 
what are called Rocking Stones, where, whether by natural or 
""by artificial processes, the lower surface of a loose mass of rock 
is'worn into a convex or concave, or anticlastic form, while the 
bed of rock on which it rests in equilibrium may be convex 
or concave, or of an anticlastic form. A loaded sphere resting 
on a spherical surface bs a particular case. 

Let 0, O' be the centres of curvature of the fixed, and rock- 
ing, bodies respectively, when in the position of 
equilibrium. Take any two infinitely small, 
equal arcs PQ, Pp ; and at Q make the angle 
O'QR equal to POp. When, by displacement, Q 
and p become the points in contact, QR will 
evidently be vertical; and, if the centre of inertia 
Gy which must be in OPO' when the movable 
body is in its position of equilibrium, be to the 
left of QRy the equilibrium will obviously be 
stable. Hence, if it be below iJ, the equilibrium 
is stable, aiM not unless. 

Now if p and cr be the radii of curvature OP, 

OP of the two surfaces, and 6 the angle POp, the angle QOR 

will be equal to — ; and we have in the triangle QOR (§ 112) 

RO' : (T :: sin 0 : sin (6+ — 



a : or + p (approximately). 
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Rocking 

stones. 


Equilibri- 
um^ about 
an axis, 


on a fixed 
surface. 


Hence 


PR^a 


(T p p + O' ’ 


and therefore, for stable equilibrium, 


PG<-^. 

p + cr 

If the lower surface be plane, p is infinite, and the condition 
becomes (as in § 291) * 

PG<a. 

If the lower surface be concave the sign of p must be changed, 
and the condition becomes 


p-<7 

which cannot be negative, since p must be numerically greater 
than cr in this case. 


567 . If two points be fixed, the only motion of which the 
system is capable is one of rotation about a fixed axis. The 
centre of inertia must then be in the vertical plane passing 
through those points. For stability it is necessary (§ 56'6) that 
the centre of inertia be below the line joining them. 

568 . If a rigid body rest on a frictional fixed surface there 
will in general be only three points of contact ; and the 
body will be in stable equilibrium if the vertical line drawn 
from its centre of inertia cuts the plane of these three points 
within the triangle of which they form the corners. For if one 
of these supports be removed, the body will obviously tend to 
fall towards that support. Hence each of the three prevents 
the body from rotating about the line joining tl^^ Either two. 
Thus, for instance, a body stands stably on an inclined plane (if 
the friction be sufficient to prevent it from sliding down) when 
the vertical line drawn through its centre of inertia falls within 
the base, or area bounded by the shortest line which can be 
drawn round the portion in contact with the plane. Hence a 
body, which cannot stand on a horizontal plane, may stand on 
an inclined plane. 
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569. A curious theorem, due to Pappus, but commonly 
attributed to Guldinus, may be mentioned here, as it is em- 
ployed with advantage in some cases in finding the centre of 
gravity (or centre^f inertia) of a body. It is obvious from 
§ 230. If a plane closed curve revolve through any angle about 
an axis in its plane, the solid content of the surface genfjrated is 
equal to the product of the area of the curve into the length of the 
path described ^ the centre of inertia of the area of the curve ; 
and the area of the curved surface is equal to the product 
of the length of the curve into the length of the path described 
by the centre of inertia of the curve, 

570 , The general principles upon which forces of constraint 
and friction are to be treated have been stated above (§§ 293, 
329, 452). We add here a few examples for the sake of illus- 
trating the application of these principleb to the equilibrium 
of a rigid body in some of the more important practical cases 
of constraint. 

671 . The application of statical principles to the Me^ 
chanical Powers, or elementary machines, and to their combi- 
nations, however complex, requires merely a statement of their 
kinematical relations (as in §§79, 85, 102, &c.) and an immediate 
translation into Dynamics by Newton s principle (§ 269) ; or by 
Lagrange’s Virtual Velocities (§§ 289, 290), with special atten- 
tion to the introduction of forces of friction as in § 452. In no 
case can this process involve further difficulties than are implied 
in seeking the geometrical circumstances of any infinitely small 
disturbance, and in the subsequent solution of the equations 
to which the translation into dynamics leads us. We will not, 
therefore, stop to discuss any of these questions ; but will take 
a few examples of no very great difficulty, before quitting for 
a time this part of the subject. The principles already de- 
veloped will be of constant use to us in the remainder of the 
work, which will furnish us with ever-recurring opportunities 
of exemplifying their use and mode of application. 

Let us begin with the case of the Balance, of which we 
promised (§431) to give an investigation. 

VOL. II. 


Pappus’ 

theorem. 


Mechanical 

powers. 


8 
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Sensibility. 


Examples. 
Eod with 
friction! esB 
ocmstralnt. 


[572. 

572. Ex. I. The centre of gravity of the beam must not 
coincide with the knife-edge, or else the beam would rest in- 
differently in any position. We shall suppose, in the first place, 
that the arms are not of equal length. / 

Let 0 be the fulcrum, G 
the centre of gravity of the 
beam, M its mass ; and sup- 
pose that with^loads P and Q 
in the pans the beam rests 
(as drawn) in a position 
making an angle 6 with the 

horizontal line. 

Taking moments about" 0, and, for convenience (see § 220), 
using gravitation measurement of the forces, we have 

Q(AB cos ^ + OA sin 0)-hM, OG sin 0= F(AC cos 0— OA sin 0), 

From this we find 

, P.AG^Q.AB 

tan ^ Q-g- 

If the arms be equal we have 

tnTi ft - (-P - Q) AB _ 

(P4 Q) OA + M.OG' 

Hence the Sensibility (§ 431) is greater, (1) as the arms are 
longer, (2) as the mass of the beam is less, (8) as the fulcrum 
is nearer to the line joining the points of attachment of the 
pans, (4) as the fulcrum is nearer to the centre of gravity of 
the beam. If the fulcrum be in the line joining the points of 
attachment of the pans, the sensibility is the same for the same 
difference of loads in the pans. 

Ex. II. Find the position of equilibrium of a rod AB 
resting on a frictionless horizontal rail P, its lower end pressing 
against a frictionless vertical wall AG parallel to the rail. 

The figure represents a vertical section through the rod, 
which must evidently be in a plane perpendicular to the wall 
and rail. The equilibrium is obviously unstable. 



Q 
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The only forces acting are three, R the pressure of the wall 
on the rod, horizontal ; S that of the rail on the rod, perpendi- 
cular to the rod ; W the weight 
of the rod, acting Vertically 
downwards at its centre of 
gravity. If the half-length of 
the rod be a, and the distance 
of the rail fron:^ the wall 5, 
these are given — and all that 
is wanted to fix the position of 

equilibrium is the angle, GAB, which the rod makes with the 

wall. If we call it 6 we have AD = ^ . 

sin 6 



Resolving horizontally, R -- 8 cos 6 — 0 (1), 

- vertically, Tf — 6' sin 6 — 0 (2). 

Taking moments about A 

8 . AD — IT . a sin ^ = 0, 

or 8,h- IF.asin"6> = 0 (3). 


there are only three unknown quantities R, 8, and 6, these 
three equations contain the complete solution of the problem. 
By (2) and (3) 


sin^ 6 — - , which gives 


6 . 


And by (2) 



and by (1) 


R — 8 cos 6 = TV cot 6. 


Ex. III. As an additional example, suppose the wall and 
rail to be frictional, and let ya be the coefficient of statical 
friction for both. If the rod be placed in the position of equi- 
librium just investigated for the case of no friction, none will 
be called into play, for there will be no tendency to motion to 
be overcome. If the end A be brought lovrer and lower, more 

8—2 
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Examples, aud more friction will be called into play to overcome the tend- 
strained by encv of the rod to fall between the wall and the rail, until we 

frictional t*. .. • - i 

surfaces, come to a limiting position in which motion is about to com- 

mence. In that position the friction at .4 i^ /t times the pres- 
sure on the wall, and acts upwards. That at i) is /l 6 times the 
pressure on the rod, and acts in the direction DB. Putting 
CAD = 6^ in this case, our three equations become 

€ 

jBj + /i/Sj sin — /Sfj cos =0 (l^), 

W ~ — Sj sin 6^ — cos = 0 .(2^), 

8p — Wa sin* 6^ =0 (3^). 

The directions of both the friction-forces passing through A, 
neither appears in (3J. This is why A is preferable to any 
other point about which to take moments. 

By eliminating R^ and 8^ from these equations we get 

1 — ~ sin® = yu, ^ sin* 6^ (2 cos 9^ — (jl Bind ^ (4j), 

from which is to be found. Then 8^ is known from (S^), 
and jBj from either of the others. 

If the end A be raised above the position of equilibrium 
without friction, the tendency is for the rod to fall outside the 
rail ; more and more friction will be called into play, till the 
position of the rod {6^ is such that the friction reaches its 
greatest value, fjb times the pressure. We may thus find 
another limiting position for stability; and in any position 
between these the rod is in equilibrium. 

It is useful to observe that in this second case the direction 
of each friction is the opposite to that in the former. Hence 
equations of the first case, with the sign of /jl changed, serve 
for the second case. Thus for 6^, by (4^), 

1 — j sin® 9^=^ — sin* 9^ (2 cos 9^-h p sin 
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Ex. IV. A rectangular block lies on a frictional horizontal 

^ n T”" frictiona] 


plane, and is acted on by a liori 
zontal force whose line of action 
is midway betweeii two of the 
vertical sides. Find the mag- 
nitude of the force when just 
suflScient to produce motion, 
and whether tj;ie motion will 
be of the nature of sliding or 
overturning. 




' ' ■ V ; , 

\ '' 


\; 


’4, ' 

' ■■ 'f 


TV' 





plane. 


If the force P is on the point of overturning the body, it is 
evident that it will turn about the edge A, and therefore the 
pressure, i?, of the plane and the friction, S, act at that edge. 
Our statical conditions are, of course, 

Wh = Fa, 


where b is half the length of the solid, and a the distance of P 
from the plane. From these we have S = ^'W. 

Now S cannot exceed llR, whence we must not have - 

^ ' a 

greater than if it is to be possible to upset the body by a 

horizontal force in the line given for P. 


A simple geometrical construction enables us to solve this 
and similar problems, and will be seen at once to be merely a 
graphic representation of the above process. Thus if we pro- 
duce the directions of the applied force, and of the weight, to 
meet in JT, and make at A the angle BAK whose co-tangent 
is the coefficient of friction : there will be a tendency to upset, 
or not, according as H is above, or below, AK, 


Ex, V. A mass, such as a gate, is supported by two rings, 
A and P, which pass loosely round a vertical post. In equi- 
librium, it is obvious that at A the part of the ring nearest the 
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Examples, ttiass, and at B the part farthest from it, will be in contact with 

Ma Riirt. 

the post. The pressures exerted 
on the rings, R and 8^ will evi- 
dently be hi the directions AC\ 
CBy indicated in the diagram^ 
which, if no other force besides 
gravity act on the mass, must 
meet in the ve^rtica] through its 
centre of inertia. And it is obvious that, however small be the 
coeflScient of friction, provided there be any force of friction at 
all, equilibrium is always possible if the distance of the centre 
of inertia from the post be great enough compared with the 
distance between the rings. 

When the mass is just about to slide down, the full amount 
of friction is called into play, and the angles which R and ;Si 
make with the horizon are each equal to the sliding angle. If 
the centre of inertia of the gate be farther from the post than 
the intersection of two lines drawn from A, jB, at the sliding 
angles, it will hang stably held up by friction ; not unless. A 
force pushing upwards at Q^, or downwards at Q^, will remove 
the tendency to fall ; but a force upwards at Qg, or downwards 
at will produce sliding. 

A similar investigation is easily applied to the jamming of a 
sliding piece or drawer, and to the determination of the proper 
point of application of a force to move it. 

573. Having thus briefly considered the equilibrium of a 
rigid body, we propose, before entering upon the subject of the 
deformation of elastic solids, to consider certain intermediate 
cases, in each of which we make a particular assumption the 
basis of Ihe investigation, and thereby avoid a very considerable 
amount of analytical difficulty. 

EquiUbrium ^74. Very excellent examples of this kind are furnished by 
andSe?t?n- the statics of a flexible and inextensible cord or chain, fixed 
Bible cord. ends, and subject to the action of any forces. The 

curve in which the chain hangs in any case may be called a 
Catenary. Catenary, although the term is usually restricted to the case of 
a uniform chain acted on by gravity only. 


norfced bv 
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576. We may consider separately the conditions of equi- Three 
librium of each element; or we may apply the general condition Svesti^-^ 
(§ 292) that the whole potential energy is a minimum, in the 
case of any conselNk^ative system of forces ; or, especially when 
gravity is the only external force, we may consider the equi- 
librium of a finite portion of the chain treated for the time as 
a rigid body (§ 564). 

576. The first of these methods gives immediately the Eqaationsof 

,r n . • n -ti • n i * equilibrium 

three lollowing equations oi equilibrium, for the catenary in ^ith^er- 

general : — tangent and 

° osculating 

plane. 

(1) The rate of variation of the tension per unit of length 
along the cord is equal to the tangential component of the 
applied force, per unit of length. 

(2) The plane of curvature of the cord contains the normal 
component of the applied force, and the centre of curvature is 
on the opposite side of the arc from that towards which this 
force acts. 

(8) The amount of the curvature is equal to the normal 
component of the applied force per unit of length at any point 
divided by the tension of the cord at the same point. 

The first of these is simply the equation of equilibrium of 
an infinitely small element of the cord relatively to tangential 
motion. The second and third express that the component of 
the resultant of the tensions at the two ends of an infinitely 
small arc, along the normal through its middle point, is directly 
opposed and is equal to the normal applied force, and is equal 
to,the whole amount of it on the arc. For the plane of the 
tangent lines in which those tensions act is (§ 8) the plane 
of curvature. And if 6 be the angle between them (or the in- 
finitely small angle by which the angle between their positive 
directions falls short of tt), and T the arithmetical mean of 
their magnitudes, the component of their resultant along the 
line bisecting the angle between their positive directions is 
2T sin rigorously : or TO, since 6 is infinitely small. Hence 
TO = Nhs, if 85 be the length of the arc, and Nhs the whole 
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^ubrium^ amount of normal force applied to it. 

With refer- 

be the radius of curvature ; and therefore 

1 N 


ence to 
tangent and 
osculating 
plane. 


But (§ 9) 0 = 



P 




which is the equation stated in words (3) above. 


Integral for 577. From (1) of § 576, we see that if the applied forces 
teuROB. each particle of the cord constitute a conservative system, 

and if the cord be homogeneous, the difference of the tensions 
of the cord at any two points of it when hanging in equi- 
librium, is equal to the difference of the potential (§ 485) of the 
forces between the positions occupied by these points. Hence, 
whatever be the position where the potential is reckoned zero, 
the tension of the string at any point is equal to the potential 
at the position occupied by it, with a constant added. 


Cartesian 578, Instead of considering forces along and perpendicular 
^ufiibriu^ to the tangent, we may resolve all parallel to any fixed direc- 
tion: and we thus see that the component of applied force per 
unit of length of the chain at any point of it, must be equal to 
the rate of diminution per unit of length of the cord, of the 
component of its tension parallel to the fixed line of this com- 
ponent. By choosing any three fixed rectangular directions we 
thus have the three differential equations convenient for the 
analytical treatment of catenaries by the method of rectangular 
co-ordinates. 


These equations are 




if s denote the length of the cord from any point of it, to a point 
P ; X, y, z the rectangular co-ordinates of P; X, Y, Z the com- 
ponents of the applied forces at P, per unit mass of the cord ; cr 
the mass of the cord per unit length at P ; and T its tension at 
this point. 
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These equations afford analytical proofs of § 576, (1), (2), and Cartesian 
(3) thus : — Multiplying the fii’st by dx, the second by dy, and equU^nm! 
the third by dz, adding and observing that 

dx ydx d'^Ay dz Az - , ddt^ + d'tf + d7^ ^ 


we have 

dT= - o- {Xdx + Ydy + Zdz) - - o- + 


^ds..\% 


which is (1) of § 576. Again, eliminating dT and we have 

+ y (pp .. pdP + 2 (pdp - pdp) =0 ( 3 ). 

\ds ds ds ds J \ds ds ds ds J \d8 ds ds ds J ' ^ 

which 9, 26) shows that the resultant of X, F, X is in the 
osculating plane, and therefore is the analytical expression of 

§ 576 (2). Lastly, multiplying the first hy d^, the second by 

as 

dit dz 

d — , and the third by ^^d adding, we find 


ixd^^Yd%^ZdP^i 

ds ds ds/ 


which is the analytical expression of §576 (3). 


579. The same equations of equilibrium may be derived Method oi 
from the energy condition of equilibrium; analytically witli 
ease by the methods of the cah.ulus of variations. 

Let V be the potential at (x, y, z) of the applied forces per catenary 
unit mass of the cord. The potential energy of any given length 
of the cord, in any actual position between two given fixed points, 
will be J Vo-ds. 

This integral, extended through the given length of the cord 
between the given points, must be a minimum ; while the in- 
definite integral, s, from one end up to the point (cc, y, z) remains 
unchanged by the variations in the positions of this point. 

Hence, by the calculus of variations, 

SJ Vcrds + jXBds — 0, 

where X is a function of x, y, z to be eliminated. 
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Oatenary. Now o- is a function of 5, and therefore as s does not vary 

when a:, y, z are changed into y + ^Vi z+Sz^ the co-ordinates 

of the same particle of the chain in another position, we have 

8 (o- F) - 0-8 F= - o- (XSx + YSy ^Zlz), 

Using this, and 

dxdZx -f- dyd^y + dzdhz 

> octs — y * 

ds 

in the variational equation ; and integrating* the last term by 
parts according to the usual rule ; we have 




Energy 
equation of 
equilibrium 


whence finally 



0 , 


1 

ds 



<^y] 

ds j 


Y<t = 0, 


which, if T be put for Fcr + A, are the same as the equations (1) 
of§ 578. 


Common 580 . The form of the common catenary (§ 574) may be of 
course investigated from the differential equations (§ 578) of 
the catenary in general. It is convenient and instructive, 
however, to work it out ab initio as an illustration of the third 
method explained in § 575. 

Third method . — The chain being in equilibrium, any arc of il 
may be supposed to become rigid without disturbing the equi- 
librium. The only forces acting on this rigid body are the 
tensions at its ends, and its weight. These forces being three 
in number, must be in one plane (§ 564), and hence, since one 
of them is vertical, the whole curve lies in a vertical plane. In 
this plane let s^, s^, belong to the two ends of the 

arc which is supposed rigid, and T^, the tensions at those 
points. Resolving horizontally we have 
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Hence is constant throughout the curve. Resolving verti* 
cally we have 

^a),- 

the weight of unit of mass being now taken as the unit of force. 

cLti 

Hence if be the tension at the lowest point, where ~ — 
s = 0, and T the tension at any point (a?, %) of the curve, we have 


ds ds 


.( 1 ). 


Hence 


or 


» 


Integrating we have 


{dz 




and the constant is zero it we take the origin so that cc = 0, when 
dz 

— = 0, i.e.. w^here the chain is horizontal. 
dx 


Hence 


whence 


dz 

dx 





dz .. If ^ 


and by integrating again 


r/7 ^ ^ 


This may be written 


!= Aa(€<»+e “) 


■W, 


the ordinary equation of the catenary, the axis of x being taken 
T 

at a distance a or below the horizontal element of the chain, 
cr 


Cftten»ry 

common. 



Oatenary : 
ootnmon. 


Eelative 

kinetic 

probletn 


Kinetic 
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relative to 
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The co-ordinates of that element are therefore a! = 0 , 

T 

z- — = a. The latter shows that 

(7 

or the tension at the lowest point of the chain (and therefore 
also the horizontal component of the tension throughout) is the 
weight of a length a of the chain. 

• 

iTow, by (1), T—T^-^—dZ^ by (4), and therefore 

the tension at any point is equal to the weight of a portion of 
the chain equal to the vertical ordinate at that point. 

581 . From § 576 it follows immediately that if a material 
particle of unit mass be carried along any catenary with a velo- 
city, h, equal to T, the numerical measure of the tension at any 
point, the force upon it by which this is done is in the same 
direction as the resultant of the applied force on the catenary at 
this point, and is equal to the amount of this force per unit of 
length, multiplied by T. For, denoting by 8 the tangential 
and (as before) by N the normal component of the applied 
force per unit of length at any point P of the catenary, we 
have, by § 576 (1), 8 for the rate of variation of s per unit 
length, and therefore Sh for its variation per unit of time. That 
is to say, 

s^ 8 h^ 81 \ 

or (§ 259) the tangential component force on the moving 
particle is equal to 8T. Again, by § 576 (3), 



or the centrifugal force of the moving particle in the circle of 
curvature of its path, that is to say, the normal component of 
the force on it, is equal to NT, And lastly, by (2) this force 
is in the same direction as iV. We see therefore that the 
direction of the whole force on the moving particle is the 
same as that of the resultant of 8 and N ; and its magnitude 
is T times the magnitude of this resultant. 
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ff- 

Or, bj taking 



Kinetic 
question 
relative to 
catenajy. 


. in the differentiSi equation of § 578, we hai^e 


d^x 

df 


- - T<tX, 


d^y 

df 


= -T<rY, 


de 


■ = -TaZ, 


which proves the same conclusion. 

When o- is constant, and the forces belong to a conservative 
system, if V be the potential at any point of the cord, we have, 
by § 578 (2), T = a-V+C. 

Hence, if £/“ = J(o’F + Cy, these equations become 

de'^~ dx^ le df~ dz ' 

The integrals of these equations which agree with the catenary, 
are those only for which the energy constant is such that 2 U, 


682 . Thus we see how, from the more familiar problems Examples, 
of the kinetics of a particle, we may immediately derive curious 
cases of catenaries, ibr instance : a particle under the in- 
fluence of a constant force in parallel lines moves (Chap, viil.) 
in a pai'abola with its axis vertical, with velocity at each point 
equal to that generated by the force acting through a space 
equal to its distance from the directrix. Hence, if z denote 
this distance, and / the constant force, 

T=J^z 


in the allied parabolic catenary ; and the force on the catenary 
is parallel to the axis, and is equal in amount per unit of 
length, to 


f_ 


or V 


/ 

2z' 


Hence if the force on the catenary be that of gravity, it must 
have its axis vertical (its vertex downwards of course for stable 
equilibrium) and its mass per unit length at any point must be 
inversely as the square root of the distance of this point above 
the directrix. From this it follows that the whole weight of 
any arc of it is proportional to its horizontal projection. Or, 



Examples. 


Catenary. 

Inverse 

problem. 


Catenary 

uniform 

strength. 
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% 

again, as will be proved later with reference to the motions of 
comets, a particle moves in a parabola under the influence of a 
force towards a fixed point varying inversely as the square of 
the distance from this point, if its velocity 1^ that due to falling 

from rest at an infinite distance. This velocity being 

distance r, it follows, according to § 581, that a cord will hang 
in the same parabola, under the influence of^a force towards 
the same centre, and equal to 


tfL 






If, however, the length of the cord be varied between two 
fixed points, the central force still following the same law, the 
altered catenary will no longer be parabolic: but it will be 
the path of a particle under the influence of a central force 
equal to 






since (§581) we should have, 


T.,r+o.-^j^/£,ir + 


instead of 




583. Or if the question be, to find what force towards a 
given fixed point, will cause a cord to hang in any given plane 
curve with this point in its plane; it may be answered imr 
mediately from the solution of the corresponding problem in 
central forces.'’ 

But the general equations, § 578, are always easily ap- 
plicable; as, for instance, to the following curious and interest- 
ing, but not practically useful, inverse case of the gravitation 
catenary : — 

Find the section, at each point, of a chain of uniform 
material, so that when its ends are fixed the tension at each point 
may he proportional to its section at that point. Find also the 
form of the Curve, called the Catenary of Uniform Strength, in 
which it will hang. 
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Here, as the only external force is gravity, the chain is in a Catenary of 
vertical plane — in which we may assume the horizontal axis of x strength, 
to lie. If /tz be the weight of the chain at the point (a;, z) 
reckoned per unit of length ; our equations [§ 578 (1)] become 



But, by hypothesis Too fz. Let it be bfx. Hence, by the first 
equation, if be the value of /a at the lowest point 



From this form of the equation we see that the curve has vertical 
asymptotes at a horizontal distance irb from each other. Hence 
7 rb is tne greatest possible span, if the ends are on the same 
level, or the horizontal projection of the greatest possible span 
if they be not on the same level ; b denoting the length of a 
uniform rod or wire of the material equal in weight to the 
tension of the catenary at any point, and equal in sectional area 
to the sectional area of the catenary at the same point. The 
greatest possible value of b is the “ length modulus of rupture 
(§§ 687, 688 below). 
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pi^bie 584:. When a perfectly flexible string is stretched over a 

smwth smooth surface, and acted on by no other force throughout its 
length than the resistance of this surface, it will, when in 
stable equilibrium, lie along a line of minjinum length on the 
surface, between any two of its points. For (§ 564) its equili- 
brium can be neither disturbed nor rendered unstable by 
placing staples over it, through which it is free to slip, at any 
two points where it rests on the surface : aiyl for the inter- 
mediate part the energy criterion of stable equilibrium is that 
just stated. 

There being no tangential force on the string in this case, 
auj^ the normal force upon it being along the normal to the 
surface, its osculating plane (§ 576) must cut the surface every- 
where at right angles. These considerations, easily translated 
into pure geometry, establish the fundamental property of the 
geodetic lines on any surface. The analytical investigations 
of §§ 578, 579, when adapted to the case of a chain of not given 
length, stretched between two given points on a given smooth 
surface, constitute the direct analytical demonstration of this 
property. 

In this case it is obvious that the tension of the string is 
the same at every point, and the pressure of the surface 
upon it is [§ 576 (3)] at each point proportional to ihe curvature 
of the string. 

Oil rough 585. No real surface being perfectly smooth, a cord or chain 
may rest upon it when stretched over so great a length of a 
geodetic on a convex rigid body as to be not of minimum length 
between its extreme points : but practically, as in tying a cord 
round a ball, for permanent security it is necessary, by staples 
or otherwise, to constrain it from lateral slipping at successive 
points near enough to one another to make each free portion a 
true minimum on the surface. 

iU)pe coiled 586. A Very important practical case is supplied by the 

Consideration of a rope wound round a rough cylinder. We 
may suppose it to lie in a plane perpendicular to the axis, as we 
thus simplify the question very considerably without sensibly 
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injuring the utility of the solution. To simplify still further, we Hope ooUed 

11 i n . rough 

saall suppose that no forces act on the rope, but tensions and cylinder* ^ 
the reaction of the cylinder. In practice this is equivalent to 
the supposition that^^he tensions and reactions are very large 
compared with the weight of the rope or cham ; which, how- 
ever, is inadmissible in some important cases; especially such 
as occur in the application of the principle to brakes for laying 
submarine cable^ to dynamometers, and to windlasses (or 
* capstans with horizontal axes). 

Tf .|ibe the normal reaction of the cylinder per unit of length 
of the cord, at any point; T and T+ST the tensions at the 
extremities of an arc & ; hO the inclination of these lines ; we 
have, as in § 576, 

^ ne = Rhs. 

And the friction called into play is evidently equal to hT. 

When the rope is about to slip, the friction has its greatest 
value, and then 

ST= fjbItSs = fjiTBO, 

This gives, by integration, 

T/\ 

shelving that, for equal successive amounts of integral curva- 
ture (§ 10), the tension of the rope augments in geometrical 
progression. To give an idea of the magnitudes involved, 
suppose jjb- 0 25, 6= 27r, then 

T= = 4-81 1\ approximately. 

Hence if the rope be wound three times round the post or 
cylinder the ratio of the tensions of its ends, when motion is 
about to commence, is 

(4 81)^: 1 or about 111 : 1. 

Thus w^e see how, by the aid of friction, one man may easily 
check the motion of a large ship, by the simple expedient of 
coiling a rope a few times round a post. This application of 
friction is of great importance in. many other uses, especially 
for dynamometers. 

VOL. II. 


9 
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Rope coiled 587 . With the aid of the preceding investigations, the 
sttident may easily work out for himself the formulae expressing 
the solution of the general problem of a cord under the action 
of any forces, and constrained by a rough surface ; they are 
not of sufficient importance or interest to find a place here. 

Eiasticwire. 588 . An elongated body of elastic material, which for 
brevity we shall generally call a Wire, bent or twisted to any 
degree, subject only to the condition that the radius of curva* 
and the reciprocal of the twist (§ 119) are everywhere 
very great in comparison with the greatest transverse dimem' 
sion, presents a case in which, as we shall see, the solution of 
the general equations for the equilibrium of an elastic solid is 
either obtainable in finite terms, or is reducible to compara-j 
lively easy questions agreeing in mathematical conditions witli’ 
some of the most elementary problems of hydrokinetics, elec- 
tricity, and thermal conduction. And it is only for the deteir- 
raination of certain constants depending on the section of tie 
wire and the elastic quality of its substance, which measure its 
flexural and torsional rigidity, that the solutions of these pro- 
blems are required. When the constants of flexure and torsion 
are known, as we shall now suppose them to be, whether from 
theoretical calculation or experiment, the investigation of the 
form and twist of any length of the wire, under the influence 
of any forces which do not produce a violation of the condition 
stated above, becomes a subject of mathematical analysis in- 
volving only such principles and formulae as those that con- 
stitute the theory of curvature (§§ 5 — 13) and twist (§§ 119— 
123) in geometry or kinematics. 

589 . Before entering on the general theory of elastic solids, 
we shall therefore, according to the plan proposed in § 573, 
examine the dynamic properties and investigate the c&ditions^ 
of equilibrium of a perfectly elastic wire, withoi^. admitting 
any other condition or limitation of the circum^nces than 
what is stated in § 588, and without assuming any special 
quality of isotropy, or of crystalline, fibrous or laminated struc- 
ture in the substance The following short geometrical digres- 
sion is a convenient preliminary : — 
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690. The geometrical composition of curvatures with onecomposi- 

^liother, or with rates of twist, is obvious from the definition solution of 
and principles regarding curvature given above in §§ 5 — ISjnacunred 
and twist in §§ 119 — 123, and from the composition of angular 
velocities explained in § 96. Thus if one line, of a rigid 

body be always held parallel to the tangent, PT, at a point P 
t moving with unit velocity along a curve, whether plane or 
tortuous, it will have, round an axis perpendicular to and 

to the radius of curvature (that is to say, perpendicular to the 
osculating plane), an angular velocity numerically equal to the 
curvature. The body may besides be made to rotate with any 
angular velocity round Thus, for instance, if a line of it, 

be kept always parallel to a transverse (§ 120) PAy the 
component angular velocity of the rigid ])ody round will 
at every instant be equal to the “ rate of twist ” (§ 120) of the 
transverse round the tangent to the curve. Again, the angular 
velocity round ©^ may be resolved into components round 
tviiD lines ©3£t, ©H, perpendicular to one another and to ©® ; 
and the whole curvature of the curve may be resolved accord- 
ingly into two component curvatures in planes perpendicular 
to those two lines respectively. The amounts of these com- 
ponent curvatures are of course equal to the whole curvature 
multiplied by the cosines of the respective inclinations of the 
osculating plane to these planes. And it is clear that each 
component curvature is simply the curvature of the projection 
of the actual curve on its plane*. 

691. Besides showing how the constants of flexural and 
torsional rigidity are to be determined theoretically from the 
form of the transverse section of the wire, and the proper data 
as to the elastic qualities of its substance, the complete theory 
simply indicates that, provided the conditional limit (§ 588) 
of deformation is not exceeded, the following laws will be 
obeyed by the wire under stress : — 

* The curvature of the projection of a curve on a plane inclined at an 
angle a to the osculating plane, is (l//o) cos a if the plane be parallel to the 
tangent; and l/pcos^a if it be parallel to the principal normal (or radius of 
absolute curvature). There is no difficulty in proving either of these expres- 
sions. 


9—2 
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Laws of ■ Let the whole mutual action between the parts of the 

torsion. ’yvire ou the two sides of the cross section at any point (being of 

course the action uf the matter infinitely near this plane on one 
side, upon the matter infinitely near it cga the other side), be 
reduced to a single force through any point of the section and a 
single couple. Then — 

I. The twist and curvature of the wire in the neighbourhood 
of this section are independent of the force, and depend solely 
on the couple, 

II. The curvatures and rates of twist producible by any 
several couples separately, constitute, if geometrically com- 
pounded, the curvature and rate of twist which are actually 
produced by a mutual action equal to the resultant of those 
couples. 

592. It may be added, although not necessary for our 
present purpose, that there is one determinate point in ftie 
cross section such that if it be chosen as the point to which 
the forces are transferred, a higher order of approximation is 
obtained for the fulfilment of these laws than if any other 
point of the section be taken. That point, which in the case 
of a wire of substance uniform through its cross section is the 
centre of inertia of the area of the section, w^e shall generally 
call the elastic centre, or the centre of elasticity, of the section. 
It has also the following important property: — The line of 
elastic centres, or, as we shall call it, the elastic central hne, 
remains sensibly unchanged in length to whatever stress within 
our conditional limits (§ 588) the wdre be subjected. The elon- 
gation or contraction produced by tlie neglected resultant force, 
if this is in such a direction as to produce any, will cause the 
line of rigorously no elongation to deviate only infinitesimally 
from the elastic central line, in any part of the wire finitely 
curved. It will, however, clearly cause there to be no line of 
rigorously unchanged length, in any straight part of the wire : 
but as the whole elongation would be infinitesimal in compari- 
sion with the effective actions with which we are concerned, 
this case constitutes no exception to the preceding statement. 
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693. ConsideriDg now a wire of uniform constitution and warpingof 
figure throughout, and naturally stmight; let any two planes SonTy 

of reference perpendicular to one another through its elastic 
central line when straight, cut the normal section through 
P in the lines PK and PL, These two lines (supposed to 
belong to the substance, and move with it) will remain in- 
finitely nearly at right angles to one another, and to the tan- 
gent, PT, to the^ central line, however the wire may be bent 
or twisted within the conditional limits. Let k and \ be the , 

flexure and 

component curvatures (§ 590) in the two planes perpendicular t^oreion. 
to PK and PL through PTy and let r be the twist (§ 120) of 
the wire at P, We have just seen (§ 590) that if P be moved 
a unit rate along the curve, a rigid body with three rectan- 
gular axes of reference ©1L, kept always parallel to 

PjK^ PL, PT, will have angular velocities /c, X, t round those 
axes respectively. Hence if the point P and the lines PT, 

PK, PL be at rest while the wire is bent and twisted from its 
unstrained to its actual condition, the lines of reference P'K', 

PIL\ PT' through any point P' infinitely near P, will ex- 
perience a rotation compounded of k,PP' round P'K\ X.PP' 
round P'L', and r. PP' round PT. 

694. Considering now the elastic forces called into action. Potential 

, . p I . . energy of 

we see that if these constitute a conservative system, the work elastic force 

1 1 1 f /> . m bent and 

required to bend and twist any part of the wire from its un- twisted 

^ . . . . ^ . . wire. . 

^ strained to its actual condition, depends solely on its figure in ' 
these two conditions. Hence if w . PP' denote the amount of 
this work, for the infinitely small length PP' of the rod, w ' 
must be a function of k, X, t; and therefore if K, L, T denote 
the components of the couple-resultant of all the forces which 
must act on the section through P' to hold the part PP' in its 
..strained state, it follows, from §§ 240, 272, 274, that 

KSk = LZx = B^w, TBt = BrW ( 1 ), 

where B^w, B^w, BrW denote the augmentations of w due respec- 
tively to infinitely small augmentations S/c, BX, Br, of /c, X, r. 

696. Now however much the shape of any finite length of 
the wire may be changed, the condition of § 588 requires 
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potential clearly that the changes of shape in each infinitely small part, 
is to sav, the strain (§ 154) of the substance, shall beT 
fisted everywhere very small (infinitely small in order that the theory 
may be rigorously applicable). Hence the principle of super- 
position [§ 591, TT.] shows that if /c, \, r be each increased or 
diminished in one ratio, K, i, T will be each increased or 
diminished in the same ratio: and consequently w in th^ 
duplicate ratio, since the angle through which each couple acts 
is altered in the same ratio as the amount of the couple; or, in 
algebraic language, -iv is a homogeneous quadratic function of 

fCi X, T. 

Thus if Aj B, C, a, 6, c denote six constants, we have 

^{Ak^ 4- £\^ f (7 t* 4 - 2a\T + 2bTK -h 2ck\) (2). ' 

Hence, by § 594 (1), 

K= Ak+ c\+ br 
L = Ck 4- B\ 4- (It 
T ^ bK 4- aX f (7 t 

By the known reduction of the homogeneous quadratic function, 
these expressions may of course be reduced to the following 
simple forms : — 

^ 

where are linear functions of k, X, t. And if these h 

functions are restricted to being the expressions for the com- ^ 
ponents round three rectangular axes, of the rotations k, X, r 
viewed as angular velocities round the axes PA", PA, PP, the 
positions of the new axes, P(?i, P^g, P^s, and the values of A 
A^, A 2 are determinate ; the latter being the roots of the deter* 
minant cubic [§ 181 (11)] founded on (A, B, (7, a, 5, c). Hence 
we conclude that 

ci^iornor- general three determinate rectangulai 

Sforsi^n P Q^y PQ^y P Qsy through any point P of the middle 

andflexpe. line of a wire, such that if opposite couples be applied to any ^ 
two parts of the wire in planes perpendicular to any one of 
them, every intermediate part will experience rotation in a 
princiDai plane parallel to those of the balanced couples. The moments 



Compo- 
nents of 
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of the couples required to produce unit rate of rotation round 
these three axes are called the rigidities 

^of the wire. They are the elements denoted by A^, A^ in 
the preceding analysit;. 

. 697. If the rigid body imagined in § 593 have moments of 
inertia equal to A^, A^, round three principal axes through 
© kept always ^parallel to the principal torsion-flexure axes 
through P, while P moves at unit rate along the wire, its 
moment of momentum round an}- axis (§§ 281, 23G) will be 
equal to the moment of the component torsion-flexure couple 
round the parallel axis through P. 

698. The form assumed by the wire wdien balanced under 
the influence of couples round one of the three principal axes 
is of course a uniform helix having a line parallel to it for axis, 
and lying on a cylinder whose radius is determined by the 
condition that the whole rotation of one end of the wire from 
its unstrained position, the other end being held flxed, is equal 
to the amount due to the couple applied. 

Let I be the length of the wire from one end, P, held fixed, to 
the other end, P', where a couple, L, is applied in a plane per- 
pendicular to the principal axis FQ^ through any point of the 

wire. The rotation being [§ 595 (4)] at the rate , per unit 

of length, amouncs on the whole to I — . This therefore is the 

angular space occupied by the helix on the cylinder on which it 
lies. Hence if r denote the radius of this cylinder, and the 
inclination of the helix to its axis (being the inclination of FQ^ 
to the length of the wire), we have 

LI . 
r -j = 6 sin ; 

A,sint. 

^ ~ — ! i 

L 
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599 . In the most important practical cases, as we shall 
see later, those namely in which the substance is either “ iso- 
tropic,” as is the case sensibly with common metallic wires, 
or, as in rods or beams of fibrous or cryartalline structure, with 
an axis of elastic symmetry along the length of the piece, one. 
of the three normal axes of torsion and flexure coincides 
with the length of the wire, and the two others are perpendi- 
cular to it; the first being an axis of pure torsion, and the two 
others axes of pure flexure. Thus opposing couples round the 
axis of the wire twist it simply without bending it ; and op- 
posing couples in either of the two principal planes of flexure, 
bend it into a circle. The unbent straight line of the wire, 
and the circular arcs into which it is bent by couples in the 
tw’o principal planes of flexure, are what the three principal 
spirals of the general problem become in this case. 

A simple proof that the twist must be uniform (§ 123) is 
found by supposing the whole wire to turn round its curved 
axis; and remarking that the work done by a couple at one 
end must be equal to that undone at the other. 

600 . In the more particular case in which two principal 
rigidities against flexure are equal, every plane through the 
length of the wire is a principal plane of flexure, and the 
rigidity against flexure is equal in ail. This is clearly the case 
with a common round wire, or rod: or with one of square 
section. It will be shown later to be the case for a rod^i^f 
isotropic material and of any form of normal section which is 
“kinetically symmetrical,” § 285, round all axes in itl" plane 
through its centre of inertia. 

601 . In this case, if one end of the rod or wire be held 
fixed, and a couple be applied in any plane to the other end, , 
a uniform spiral (or helical) form will be produced round ^ 
axis perpendicular to the plane of the couple. The lines of th^ 
substance parallel to the axis of the spiral are not, however, 
parallel to their original positions, as (§ 598) in each of the , 
three principal spirals of the general problem: and lines 
traced along the surface of the wire parallel to its length ‘ 
when straight, become as it were secondary spirals, circling 
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round the main spiral formed by the central line of the 
deformed wire ; instead of being all. spirals of equal step, as in 
each one of the principal spirals of the general problem. Lastly, 
in the present cast, if we suppose the noimal s^ion of 4ihe 
wire to be circular, and trace uniform spirals along its surface 
when deformed in the manner supposed (two of which, for 
instance, are the lines along which it is touched by the in- 
scribed and tlte circumscribed cylinder), these lines do not 
become straight, but become spirals laid on as it were round 
the wire, when it is allowed to take its natural straight and 
untwisted condition. 

Let, in § 595, coincide with the central line of the wire, 
and let — A, and A^ = A^ — B \ so that A measures the rigidity 
of torsion and B that of flexure. One end of the wire being . 
held fixed, let a couple G be applied to the other end, round an 
axis inclined at an angle 6 to the length. The rates of twist and 
of flexure each per unit of length, according to (4) of § 595, 
will be 

G cos 6 , G sin B 

— and 

respectively. The latter being (§ 9) the same thing as the 
curvature, and the inclination of the spiral to its axis being B, it 

follows (§ 126, or § 590, footnote) that - - is the radius of 

(jr 

curvature of its projection on a plane perpendicular to this line, 
that is to say, the radius of the cylinder on which the spiral lies. 

602. A wire of equal flexibility in all directions may clearly wire 
be held in any specified spiral form, and twisted to any stated any given 
degree, by a determinate force and couple applied at one end, twist, 
the other end being held fixed. The direction of the force 
must be parallel to the axis of the spiral, and, with the couple, 
must constitute a system of which this line is (§ 559) the 
central axis: since otherwise there could not be the same 
system of balancing forces in every normal section of the 
spiral. All this may be seen clearly by supposing the wire to 
be first brought by any means to the specified condition of 
strain; then to have rigid planes rigidly attached to its two 
ends perpendicular to its axis, and these planes to be rigidly 
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connected by a bar lying in this line. The spiral wire now 
left to itself cannot but be in equilibrium: although if it be 
too long (according to its form and degree of twist) the equili- 
brium may be unstable. The force along tke central axis, and 
the couple, are to be determined by the condition that, when 
the force is transferred after Poinsot’s manner to the elastic 
centre of any normal section, they give two couples together 
equivalent to the elastic couples of flexure and tcrsion. 

Let a be the inclination of the spiral to the plane perpendicular 
to its axis ; r the radius of the cylinder on which it lies ; t the 
rate of twist given to the wire in its spiral form. The curvature 

is (§ 126) equal to ; and its plane, at any point of the 

spiral, being the plane of the tangent to the spiral and the 
diameter of the cylinder through that point, is inclined at the 
angle a to the plane perpendicular to the axis. Hence the com- 
ponents in this plane, and in the plane through the axis of the 
cylinder of the flexural couple, are respectively 

B cos* a - B cos* a . 

cos a, ana sin a. 

r r 


Also, the components of the torsional couple, in the same planes, 
are A r sin a, and — At cos a. 

Hence, for equilibrium, 


.geos* a . . 

Or = cos a -I- At sin a 

r ( 

^ jgc0S*a . , ( 

- Jir sin a - At cos a 


•( 6 ): 


wliich give explicitly the values, G and B, of the ooupJe and force 
lequired, the latter being reckoned as positive when its direction 
is such as to pull ou( the spiral, or when the ends of the rigid bar 
supposed above are pressed imoards by the plates attached to the 
ends of the spiral. 

If we make i? = 0, we fall back on the case considered previ- 
ously (§ 601). If, on the other hand, we make (t== 0, we have 

1 B cos® a 
r A sin a ’ 


and 


B cos* a At 
‘' sin a r cos a 


from which wo conclude that 
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■ 603. A wire of equal flexibility in all directions may be y^istde- 
held in any stated spiral form by a simple force along its axis 
between rigid pieces rigidly attached to its two ends, provided single force, 
that, along with ins spiral form, a certain degree of twist-'be 
given to it. The force is determined by the condition that its 
moment round the perpendicular through any point of the 
spiral to its osculating jilane at that point, must be equal 
and opposite tm the elastic unbending couple. The degree of 
twist is that due (by the simple equation of torsion) to the 
moment of the force thus determined, round the tangent at 
any point of the spiral. The direction of the force being, 
according to the preceding condition, such as to press together 
the ends of the spiral, the direction of the twist in the wire is 
opposite to that of the tortuosity (§9) of its central curve. 

604. The principles and formulae (§§ 598, 603) with which spiral 
we have just been occupied are immediately applicable to the 
theory of spiral springs ; and we shall therefore make a short 
digression on this curious and important practical subject before 
completing our investigation of elastic curves. 

A common spiral spring consists of a uniform wire shaped 
permanently to have, when unstrained, the form of a regular ' 
helix, with the principal axes of flexure and torsion everywhere 
similarly situated relatively to the curve. When used in the 
proper manner, it is acted on, through arms or plates rigidly at- 
tached to its ends, by forces such that its form as altered by them 
is still a regular helix. This condition is obviously fulfilled if 
(one terminal being held fixed) an infinitely small force and 
infinitely small couple be applied to the other terminal along 
the axis and in a plane perpendicular to it, and if the force and 
couple be increased to any degree, and always kept along and , 
in the plane perpendicular to the axis of the altered spiral. It 
would, however, introduce useless complication to work out the 
details of the problem except for the case (§ 599) in which one 
of the principal axes coincides with the tangent to the central 
line, and is therefore an axis of pure torsion; as spiral springs 
in practice always belong to this case. On the other hand, a very 
interesting complication occurs if we suppose (a thing easily 
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realized in practice, though to be avoided if merely a good 
spring is desired) the normal section of the wire to be of such a ^ 
figure, and so situated l elatively to the spiral, that the planes 
of greatest and least flexural rigidity are oblique to the tangent 
plane of the cylinder. Such a spring when acted on in the 
regular manner at its ends must experience a certain degree of 
turning through its whole length round its elastic central curve 
in order that the flexural couple developed may4)e, as we shall 
immediately see it must be, precisely in the osculating plane of 
the altered spiral. But all that is interesting in this very'^ 
curious effect will be illustrated later (§ 624) in full detail in the 
case of an open circular arc altered by a couple in its own plane, 
into a circular arc of greater or less radius; and for brevity 
and simplicity we shall confine the detailed investigation of 
spiral springs on which we now enter, to the cases in which 
either the wire is of equal flexural rigidity in all directions, or 
the two principal planes of (greatest and least or least and 
greatest) flexural rigidity coincide respectively with the tangent 
plane to the cylinder, and the normal plane touching the central ’ 
curve of the wire, at any point. 

605 . The axial force, on the moveable terminal of the spring, 
transferred according to Poinsot's method (§ 555) to any point 
in the elastic central curve, gives a couple in the plane through 
that point and the axis of the spiral. The resultant of this and 
the couple which we suppose applied to the terminal in the 
plane perpendicular to the axis of the spiral is the effective 
bending and twisting couple : and as it is in a plane perpen- 
dicular to the tangent plane to the cylinder, the component of 
it to which bending is due must be also perpendicular to this 
plane, and therefore is in the osculating plane of the spiral. 
This component couple therefore simply maintains a curvature ' 
different from the natural curvature of the wire, and the other, 
that is, the couple in the plane normal to the central curve, ^ 
pure torsion. The equations of equilibrium merely express 
this in mathematical language. 

Eesolving as before (§ 602) the flexural and the torsional 
couples each into components in the planes through the axis ot 
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the spiral, and perpendicular to it, we have 

^ ^ /cos“ a cos^ a \ , . . ^ 

G — ( — ' ) cos a 4- At sin a , 

' \ ^ ro / 

I -(4 


Spiral 

springs. 


and, by § 126 , 


cos a sin a 


r 


cos sin 


where A denotes the tc»rsional rigidity of the wire, and its 
flexural rigidity in the osculating plane of the spiral; the in- 
clination, and the radius of the cylinder, of the spiral when 
unstrained ; a and r the same parameters of the spiral when 
under the influence of the axial force Id and couple G ; and t the 
degree of twist in the change from the unstrained to the strained 
condition. 


These equations give explicitly the force and couple required 
to produce any stated change in the spiral ; or if the force and 
couple are given they determine a', the parameters of the 
altered curve. 


As it is chiefly the external action of the spring that we are 
concerned with in practical applications, let the parameters a, r 
of the spiral be eliminated by the following assumptions : — 


X — I sin a. 


= I sin 


<#> = 
<^ 0 - 


I cos a 
r 

I cos a,. 


] 


( 8 ), 


where I denotes the length of the wire, ^ the angle between 
planes through the two ends of the sj^iral, and its axis, and x the 
distance between planes through the ends and perpendicular to 
the axis in the strained condition ; and, similarly, for the 

unstrained condition; so that we may regard (^, a?) and x^ 
as the co-ordinates of the movable terminal relatively to the 
fixed in the two conditions of the spring. Thus the preceding 
equations become 
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Here we see that Ld(ji + JRdx is the diffei'ential of a function of 
the two independent variables, x, <f>. Thus if we denote 41iis 
function by E, we have 




J _dE j^ dE 


a conclusion which might have been inferred gt once from the 
general principle of energy, thus : — 


606. The potential energy of the strained spring is easily 
seen from § 595 (4), above, to be 

if A denote the torsional rigidity, B the flexural rigidity in tlie 
plane of curvature, zr and zr^ the strained and unstrained cur- 
vatures, and T the torsion of the wire in the strained condition, 
the torsion being reckoned as zero in the unstrained condition. 
The axial force, and the couple, required to hold the spring to 
any given length reckoned along the axis of the spiral, and to 
any given angle between planes through its ends and the axes, 
are of course (§ 272) equal to the rates of variation of the"" 
potential energy, per unit of variation of these co-ordinates 
respectively. It must be carefully remarked, however, that, if 
the terminal rigidly attached to one end of the spring be 
held fast so as to fix the tangent at this end, and the motion of 
the other terminal be so regulated as to keep the figure of the 
intermediate spring always truly spiral, this motion will be 
somewhat complicated ; as the radius of the cylinder, the in- 
clination of the axis of the spiral to the fixed direction of the 
tangent at the fixed end, and the position of the point in the 
axis in which it is cut by the plane perpendicular to it through 
the fixed end of the spring, all .vary as the spring changes in 
figure. The effective components of any infinitely small motion 
of the moveable terminal are its component translation along, 
and rotation round, the instantaneous position of the axis of 
the spiral (two degrees of freedom), along with which it will 
generally have an infinitely small translation in some direction 
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and rotation round some line, each perpendicular to this axis. Spiral 
to he determined from the two degrees of arbitrary motion, by 
the condition that the curve remains a true spiral. 


607. In the practical use of spiral springs, this condition is 
not rigorously fulfilled : but, instead, either of two plans is 
generally followed: — (1) Force, without any couple, is applied 
pulling out or pressing together two definite points of the two 
terminals, eachr as nearly as may be in the axis of the unstrained 
spiral ; or (2) One terminal being held fixed, the other is 
allowed to slide, without any turning, in a fixed direction, being 
as nearly as may be the direction of the axis of the spiral when 
unstrained. The preceding investigation is applicable to the 
infinitely small displacement in either case : the couple being 
put equal to zero for case (1), and the instantaneous rotatory 
motion round the axis of the spiral equal to zero for case (2). 


For infinitely small displacements let <f> = and 

£c = ajj, + Siu, in (10), so that now 




clE 



Then, retaining only terms of the lowest degree relative to 8x 
and in each formula, and writing x and instead of and 
we have 




V — X j 

A* = \ {(a ^ + (^ - A) 

X = ^ {{A — B) x<f>Sx + [A {1° — x‘) + Ax‘'\ 8<p} 


Mil)- 


Example 1. — For a spiral of 45® inclination we have 
a?=\r and 


and the formulie become 

A = [(-4 + A) 8x + (j1 - A) r84>] 

L = ^^[{A-B)Bx + {A + B) r8<#.] 


( 12 ). 
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A careful study of this case, illustrated if necessary by a model 
easily made out of ordinary iron or steel wire, will be found very 
instructive. 

Example 2. — Let ^ be very small. Neglecting, therefore, its 

/ E \ A 

square, we have = and = and R = 

The first of these is simply the equation of direct flexure (§ 595). 
The interpretation of the second is as follows 

608 . In a spiral spring of infinitely small inclination to the 
plane perpendicular to its axis, the displacement produced in 
the moveable terminal by a force applied to it in the axis of the 
spiral is a simple rectilineal translation in the direction of the 
axis, and is equal to the length of the circular arc through 
which an equal force carries one end of a rigid arm or crank 
equal in length to the radius of the cylinder, attached per- 
pendicularly to one end of the wire of the spring supposed 
straightened and held with the other end absolutely fixed, and 
the end which bears the crank free to turn in a collar. This 
statement is due to J. Thomson*, who showed that in pulling 
out a spiral spring of infinitely small inclination the action 
exercised and the elastic quality used are the same as in a 
torsion- balance with the same wire straightened (§ 433). This 
theory is, as he proved experimentally, sufficiently approximate 
for most practical applications; spiral springs, as commonly 
made and used, being of very small inclination. There is no 
difficulty in finding the requisite correction, for the actual incli- 
nation in any case, from the preceding formulae. The funda- 
mental principle that spiral springs act chiefly by torsion seems 
to have been first discovered by Binet in 1814‘|-. 

609 . In continuation of §§ 590, 593, 597, we now return 
to the case of a uniform wire straight and untwisted (that is, 
cylindrical or prismatic) when free from stress. Let us suppose 
one end to be held fixed in a given direction, and no force ' 
from without to influence the wire except that transmitted to it 
by a rigid frame attached to its other end and acted on by a 

* Camb. and Dub, Math. Jour, 1848. 
t St Venant, Comptes llendus. Sept. 1864. 
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force, JB, in a given line, AB^ and a couple, (?, in a plane per- 
"pendicular to this line. The form and twist it will have when 
in equilibrium are determined by the condition that the torsion Barchhoffs 
and flexure at any p^oint, P, of its length ar#' those due to tjhe parison. 
cquple Q compounded with the couple obtained by bringing i2 
to P. It follows that the rigid body of § 597 will move 
exactly as there specified if it be set in motion with the proper 
angular velocity^ and, © being held fixed, a force equal and 
parallel to R be applied at a point ©, fixed relatively to the 
body at unit distance from ©, in the line 

This beautiful theorem was discovered by Kirchhoff; to whom 
also the first thoroughly general investigation of the equations 
of equilibrium and motion of an elastic wire is due 

To prove the theorem, it is only necessary to remark that 
the rate of change of the moment of R round any line through 
P, kept parallel to itself as P moves along the curve, in the 
elastic problem, is equal simply to the moment round the parallel 
line through ©, of P at © in the kinetic analogue. It may be 
G of the elastic problem corresponds to the constant 
■“inument of momentum round the line through © parallel to 
the constant direction of R in the kinetic analogue. 

610 . The comparison thus established between the static 
problem of the bending and twisting of a wire, and the kinetic 
problem of the rotation of a rigid body, affords highly interest- 
ing illustratioris, and, as it were, graphic representations, of the 
circumstances of either by aid of the other ; the usefulness of 
which in promoting a thorough mental appropriation of both 
must be felt by every student who values rather the physical 
subject than the mechanical process of working through mathe- 
matical expressions, to which so many minds able for better 
things in science have unhappily been devoted of late years. 

When particularly occupied with the kinetic problem in 
chap. IX., we shall have occasion to examine the rotations 
corresponding to the spirals of §§ 601 — 603, and to point out 
"also the general character of the elastic curves corresponding 
to some of the less simple cases of rotatory motion. 

♦ Crelle's Journal, 1859, TJeber das Gleichgewicht und die Bewegung eines 
unendlicli diinren elastischen Stabes. 

VOL. II. . 
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' 'S 

611, For the present we confine ourselves to one example, 
vvhich, so far as the comparison between the static and kinetii?^ 
problems is concerned, is the simplest of all — the Elastic Curve 
of James Bernoulli, and the common pendulum. A uniform 
straight wire, either equally flexible in all planes through its 
length, or having its directions of maximum and minimum 
flexural rigidity in two planes through its whole length, is acted 
bn by a force and couple in one of these planeo, applied either 
directly to one end, or by means of an arm rigidly attached to 
it, the othdr end being held fast. The force and couple may, 
of course (§ 558), be reduced to a single force, the extreme case^ 
of a couple being mathematically included as an infinitely small 
force at an infinitely great distance. To avoid any restriction 
of the problem, we must suppose this force applied to an arm 
rigidly atta/clied to the wire, although in any case in which the^ 
line of the force cuts the wire, the force may be applied directly 
at the point of intersection, without ali‘=^ring the circumstances 
of the wire between this point and tiie fixed end. The wire 
will, in those circumstances, be bent into a curve 
out in the plane through its fixed end and the line of the 
and (§ 599) its curvatures at different points will, as was first 
shown by James Bernoulli, be simply as their distances from 
this line. The curve fulfilling this condition has clearly just 
two independent parameters, of which one is conveniently re- 
garded as the mean proportional, a, between the radius of 
curvature at any point and its distance from the line of force, 
and the other, the maximum distance, 6, of the wire from the 
line of force. By choosing any value for each of these para- 
meters it is easy to trace the corresponding curve with a very 
high approximation to accuracy, by commencing with a small 
circular arc touching at one extremity a straight line at the 
given maximum distance from the line of force, and continuing 
by small circular arcs, with the proper increasing radii, accord- 
ing to the diminishing distances of their middle points from 
the line of force. The annexed diagrams are, however, not' 
so drawn ; but are simply traced from the forms actually 
assumed by a flat steel spring, of small enough breadth not to 
be much disturbed by tortuosity in the cases in which different 
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parts of it cross one another. The mode of application of the 

force is sufficiently explained by the indications in the 

Jr j cuxra 

diagram. 

Let the line of force be the axis of x, and let p he the radius 
of curvature at any point (x, y) of the curve. The dynamical 
condition stated above becomes 

B , 

= = ( 1 )» 

where B denotes the flexural rigidity, T the tension of the cord, 
and a a linear parameter of the curve depending on these 
elements. Hence, by the ordinary formula for p“^, 

, d'v 

(■"W 

Multiplying by ^dy and integmting, -we have 

■(-©* 

and finally, 

a,= [ -4N 

J{4:a*-C‘ + 2Gi^-y*)i 

which is the equation of the curve expressed in terms of an 
elliptic integral. 

If, in the first integral, (3), we put ^ h^d 

y=^{G^2af- (5), 

the upper sign within the bracket giving points of maximum, ond 
the lower, points, if any real, of minimum distance from the axis. 
Hence there are points of equal maximum distance from the line of 
force on its two sides, but no real minima when G < 2a*; which 
therefore comprehends the cases of diagrams 1 ... 5. But there are 
real minima as well as maxima when 0 > 2a*, which is therefore 
the case of diagram 7. In this case it may be remarked that 
the analytical equations comprehend two equal and similar de- 

10—2 
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tached curves symmetrically situated on the two sides of the line Bqaatlon ot 

the plane 

of force ; of which one onl y is shown in the diagram, elastic 

eorve. 

The intermediate case, C = 2a®, is that of diagram 6. For it 
the final integral .degrades into a logarithmic form, as follows jr— 


X = 



f 2a^dy 


or, with the integrations effected, and the constant assigned to 
make the axis of y be that of symmetry, 


X 


(4a®-?/®)^ + alog 


2a+(4a®~y®)^ 


,( 6 ). 


This equation, when the radical is taken with the sign indicated, 
represents the branch proceeding from the vertex, first to the ^ 
negative side of the axis of y^ crossing it at the double point, and 
going to infinity towards the positive axis of x as an asymptote. 
The other branch is represented by the same equation with the 
sign of the radical reversed in each place. 


It may be remarked that in (3) the sign of 



only change, for a point moving continuously along the curve, 


when ^ becomes infinite. 
dx 

putting 

dy 


The interpretation is facilitated by 




which reduces (3) to 

y^=2a^cosO + 0 (7). 


Here, when C > 2a® (the case in which, as we have seen above, 
there are minimum as well as maximum values of y on one side 
of the line of force), there is no limit to the value of 0, It in- 
creases, of course, continuously for a point moving continuously 
along the curve; the augmentation being 27r for one complete 
period (diagram 7). 

When G < 2a®, 0 has equal positive and negative values at the 
points in which the curve cuts the line of force. These values 
being given by the equation 

cos 0 , 

2a' 


( 8 ). 
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are obtuse when C is positive (diagram 3), and acute when (7, is 
negative (diagram 1). The extreme negative value of C is of 
course - 2a®. 


If we take C=-2a® + 6®, , 


will be the maximum positive or negative value of y, as we, 
see by (7) ; and if we suppose h to be small in comparison with 
a, we have the case of a uniform spring bent, as a bow, but 
slightly, by a string stretched between its ends^. 


Bow slightly 612. An important particular case is that of figure 1, which 
Vi corresponds to a bent bow having the same fiexural rigidity 
throughout. If the amount of bending be small, the equation 
is easily integrated to any requisite degree of approximation. 
We will merely sketch the process of investigation. 


Let e be the maximum distance from the axis, correspondfng 
to £c = 0. Then y = e gives ^ Q-i^d (3) becomes 




7 - 


dx\ 


whence 


^ e^+ / 

dx 2a® — e® + 2/® 


(9). 


For a first approximation, omit e® — 'if in comparison ^ iih a* 
where they occur in the same factors, and we have 


or, since y — e, when a; = 0, 

2/ = «cos~ (10), 

the harmonic curve, or curve of sines, which is the simplest form 
assumed by a vibrating cord or pianoforte wire. 

For a closer approximation we may substitute for in tho^ 
factors where it was omitted, the value given by (10); ^nd so on. 
Thus we have 


dx 


■ a V 


sin® 




612 .] 


STATICS. 


151 


dx /- 3e* 2.x\ 

or -j=d== = — ( 1 + - YTr-g cos — ) , 

_ y 2 a \ 16a 16a* a/^ 

from which, by iutegi ation, 

-iV 3e* \ 3e* . 2x 

cos ' ^ - 1 + ) - - -- sin — 

e a\ 16a/ o2a a 

j (x/ 3i?*\) Se^ . X . 2x 

and (1 + ie^j / - - Bin - • 


Sowslightljr 

bent. 


613 . As we choose particularly the common pendulum for Plane 
the corresponding kinetic problem, the force acting on theundcom- 
rigid body in the comparison must be that of gravity in 
the vertical througlj its centre of gravity. It is convenient, 
accordingly, not to take unity as the velocity of the point 
travelling along the bent wire, but the velocity gravity would 
generate in a body falling through a height equal to half the 
.constant, a, of § 611 : and this constant, a, will then be the 
length of the isochronous simple pendulum. Thus if an elastic 
.curve be held with its line of force vertical, and if a point, P, ' 
be moved along it with a constant velocity equal to J ga, {a 
denoting the mean proportional between the radius of curvature, 
at any point and its distance from the line of force,) the tangent 
at P will keep always parallel to a simple pendulum, of length 
a, placed at any instant parallel to it, and projected with the 
same angular velocity. Diagrams 1...5 correspond to vihror- 
tions of the pendulum. Diagram 6 corresponds to the case in 
which the pendulum would just reach its position of unstable 
equilibrium in an infinite time. Diagram 7 corresponds to 
cases in which the pendulum flies round continuously in one 
direction, with periodically increasing and diminishing velocity. 

The extreme case, of the circular elastic curve, corresponds to 
a pendulum flying round with infinite angular velocity, which of 
course experiences only infinitely small variation in the course 
of the revolution. A conclusion worthy of remark is, that the 
rectification of the elastic curve is the same analytical problem 
as finding the time occupied by a pendulum in describing any 
given angle. 
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■Wire of any 614. Hitherto we have confined our investigation of the, 
form and twist of a wire under stress to a portion of the whole 
wire not itself acted on by force from without, but merely 
engaged in transmitting force between two equilibrating systems 
applied to the wire beyond this portion; and we have, thus, 
not included the very important practical cases of a curve 
deformed by its own weight or centrifugal force, or fulfilling 
such conditions of equilibrium as we shall h^ve to use after- 
wards in finding its equations of motion according to D’Alem* 
bert’s principle. We therefore proceed now to a perfectly 
genj^al investigation of the equilibrium of a curve, uniform or 
not uniform throughout its length; either straight, or bent and 
twisted in any way, when free from stress ; and not restricted 
by any coudition as to the positions of the three principal 
flexure-torsion axes (§ 596); under the influence of any dis- 
tribution whatever of foice and couple through its whole 
length. 

Lrt a, Pj y he the components of the mutual force, and 77 , ^ 
those of the mutual couple, acting between the matter on the 
two sides of the normal section through (cr, y, z). Those for the 
normal section through {x + Sa?, y + 2 ; + hz) will be 

da ^ ^ dp ^ dy . 






t+-hs. 

as 


Hence, if X 8 s, Y8s, ZSs, and LSs, MBs, NBs be the e€sn]|jC>n!ents 
of the applied force, and applied couple, on the portion Bs of the 
wire between those two normal sections, we have (§ 551) for the 
equilibrium of this part of the wire 


.Z = 


da 

Ts' 


-7 = 


dp 




dy 

ds ’ V * ’ 


•( 1 ), 


and (neglecting, of course, infinitely small terms of the second 
order, as 8 ySs) 

dU 


— LBs = — '8s + yBy - pBz, etc. ; 

(a8 


cr 


^ di dy ^dz dr) dz dx ndx dy 


ds^ 


dj ds ^ ds 


ds ^ ds 


ds 



STATICS. 


153 


We may eliminate a, y from these six equations by means of 
the following convenient assumption — 


dx f.dy dz ^ 


( 3 ). 


Longitudi* 
Dal texudon. 


T meaning the component of the fOue acting across the normal 
section, along the tangent to the middle line. From this, and 
the second and third of (2), we have 

ds \ dsj ds \ dsj ds 

This, and the symmetrical expressions for /3 and y, used in (1)^ 
give 



We have besides, from (2), 



(5). 


To complete the mathematical expression of the circumstances, 
it only remains to introduce the equations of torsion-flexure. 
For this purpose, let any two lines of reference for the substance 
of the wire, FK, PL, be chosen at right angles to one another in 
the normal section through P, Let Kq, \ be the components of 
the curvature (§ 589) in the planes perpendicular to these lines, 
and through the tangent, PT, when the wire is unstrained ; and 
#c, X what they become under the actual stress. Let denote 
the rate of twist (§ 119) of either line of reference round the 
tangent from point to point along the wire in the unstrained ( 
condition, and r in the strained, so that t ~ is the rate of twist 
produced at P by the actual stress. Thus [§ 595 (3)] we have 


+ rj7n ■+■ =A (k-k^) + c (X — X^) + 5 (t - t^) 
7]7ti + Cn' =c{k -If J +L (X - \) + a(r- 


’ ds 


( 6 ). 


Equations 
of torsion- 
flexure. 
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Eqimtions 
of toi?gioii- 
flexure. 


where (^, m, {1% m', n'), denote the directions 

of PK, PL, PT, so that 


,dx dy dz ^ j,dx ,dy ,dz _ 

4-w-~ + n — = 0, 4- w -/-i-TiV =0 

ds ds ds 

U+ 7iim'’^nn- 0 

f 1, P+ 1 


•(7). 


Torsion, 
and two 
components 
of curvature, 
of wire (or 
component 
an^ar 
velocities 
of rotating 
solid). 


Now if lines O^K, OJj, OT, each of unit length, be drawn, as in 
§ 593, always parallel to PK, PL, PT, and if P'be carried at 
unit velocity along the curve, the component velocity of Jj 
parallel to 0^1\ or that oi T parallel to O^K with its sign changed, 
is (§ 593) equal to /c; and similar statements apply to \ and t. 
Hence, 



Equations (7) reduce (/, m, rt), (/', m, v!) to one variable element, 
being the co-ordinate by which the position of the substance of 
the wire, round the tangent at any point of the central curve, is 
specified : and (8) express k, A, t in terms of this co-ordinate, 
and the three Cartesian co-ordinates x, y, z of P. The specih*j 
cation of the unstrained condition of the wire gives k^, 
functions of s. Thus (6) gives rj, ^ each in terms of and 
the four co-ordinates, and their differential coefficients relatively 
to s. Substituting these in (4j aud (5) we have four differential 
equations which, with 


dx^ d'if dz^ 


(9), 


constitute the five equations by which the five unknown functions 
(the four co-ordiuates, and the tension, T) are to be determined 
in terms of s, or by means of which, with s and T eliminated, 
the two equations of the curve may be found, and the co-ordinate 
for the position of the normal section round the tangent deteiv ' 
mined in terms of x, y, z. 
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■ , ‘ 'f f ‘ 

The terminal conditions for any specified circumstances are Termmsl 
easily expressed in the proper mathematical terms, by aid of 
equations (2). Thus, for instance, if a given force and a given 
couple be directly applied to a free end, or if the problem be 
limited to a portion of the wire terminated in one direction at a 
point Q, and if, in virtue of actions on the wire beyond, we have 
a given force (a^, y^) and a given couple Q acting on 

the normal section through Q of the portion under consideration, 
and if is tfie length of the wire from the zero of reckoning for 
8 up to the point Q, and the values of L, M, N at this 

point, the equations expressing the terminal conditions will be 



From these we see, by taking Xy = 0, i/o==0, = 


615. For the simple and important case of a naturally 
straight wire, acted on by a distribution of force, but not of- 
couple, through its length, the condition fulfilled at a perfectly 
free end, acted on by neither force nor couple, is that the curva- 
ture is zero' at the end, and it? rate of variation from zero, per 
unit of length from the end, is, at the end, zero. In other words, 
the curvatures at points infinitely near the end are as the 
squares of their distances from the end in general (or, as some 
higher power of these distances, in singular cases). The same 
statements hold for the change of curvature produced by the 
stress, if the unstrained wire is not straight, but the other 
circumstances the same as those just specified. 


;;^' 616 . As a very simple example of the equilibrium of ag^a^aight 
wire subject to forces through its length, let us suppose the 
natural form to be straight, and the applied forces to be 
lines, and the couples to have their axes ail perpendicular to 
‘its length, and to be not great enough to produce more than 
an infinitely small deviation from the straight line. Further, 
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straisriit in order ttat these forces and couples mav produce no twist, 
little let the three flexure-torsion axes be perpendicular to and 
along the wire. But we shall not limit the problem further 
by supposing the section of the wire to be uniform, as we 
should thus exclude some of the most important practical 
applications, as to beams of balances, levers in machinery, 
beams in architecture and engineering. It is more instructive 
to investigate the equations of equilibrium directly for this 
case than to deduce them from the equations worked out above 
for the much more comprehensive general problem. The par- 
ticular principle for the present case is simply that the rate of 
variation of the rate of variation, per unit of length along the 
wire, of the bending couple in any plane through the length, is 
equal, at any point, to the a'pplied force per unit of length, with 
the simple rate of variation of the applied couple subtracted. 
This, together with the direct equations (§ 599) between the 
component bending couples, gives the required equations of 
equilibrium. 

The diagram representing a section of the wire in the plane 
xy, let OP ~Xj PP'=hx, Let Y and N be the components 



in the plane of the diagram, of the applied force and couple, 
each reckoned per unit of length of the wire; so that Yhx 
and Nhx will be the amounts of force and couple in this 
plane, actually applied to the portions of the wire between P 
and F, , 

Let, as before (§ 614), ^8 and y denote the components parallel 
to OF and OZ of the mutual force and I and r) the components 

* These forces, being each in the plane of section of the solid separating the.,, 
portions of matter between which they act, are of the kind called shearing forceif 
See below, § 662. 
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in the plane XOY^ XOZ, of the mutual couple, between the straight 
portions of matter on the two sides of the normal section through uuie 
P; and jS', y and the same for jP. The matter between 
these two sections is balanced under these actions from t^e 
matter contiguous to it beyond them, and the force and couple 
applied to it from without. These last hare, in the plane XOY^ 
components respectively equal to Y^x and N'^x : and hence for 
the equilibrium of the portion FF\ 

- ^ 4- Y^x + - 0, by forces parallel to 0 Y, 

and — S + XSx + + /38x = 0, by couples in plane XO Y, 

the term ^Sx in this second equation being the moment of the 
couple formed by the infinitely nearly equal forces jS, ^ in the 
dissimilar parallel directions through F and P. Now 

y8' - yS = 8a;, and T- ^ ^ Bx. 

ax dx 


Hence the preceding equations give 
dx 

dx j 

and these, by the elimination of 
ddd dx 


( 1)5 



Similarly, by forces and couples in the plane XOZ, 
dx^ dx 


( 3 ), 


couples in this plane being reckoned positive when they tend to 
turn from the direction of OX to that of OZ-, which is opposite 
to the convention (551) generally adopted as being proper when 
the three axes are dealt with symmetrically. 

Since the wire deviates infinitely little from the straight line 
OX^ the component curvatures are 

in the plane XOY^ 



straight 
beam infi- 
nitely little 
hm%» 


Case of in- 
dependent 
flexure in 
two planes. 
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Hence the equations of flexure are 
dry d*z 

dry ^ d^z 


( 4 ). 


where B and G are the flexural rigidities (§ 596) in the planes 
xy and xz, and a the coefficient expressing the couple in either 
produced by unit curvature in the other ; three quantities which 
are to be regarded, in general, as given functions of x. Substi- 
tuting these expressions for ^ and rj, in (2) and (3), we have 
the required equations of equilibrium. 


617. If the directions of maximum and minimum flexural 
rigidity lie throughout the wire in two planes, the equations'" 
of equilibrium become simplified by these planes being chosen 
as planes of leference, XOY, XOZ, The flexure in either plane 
then depends simply on the forces in it, and thus the problem 
divides itself into the two quite independent problems of in- 
tegrating the equations of flexure in the two principal planes^ 
and so finding the projections of the curve on two fixed planes'’ 
agreeing with their position when the rod is straight. 


In this case, and with XOY, XOZ so chosen, we have a — 0. 
Hence the equations of flexure (4) become simply 






' 12 - 


and the differential equations of the curve, found by using these 
in (2) and (3), 


where 



ddtr 








( 3 ), 

( 6 ). 


Here ^ and % are to be generally regarded as known functions 
of given explicitly by (6), being the amounts of component 
simple forces perpendicular to the wire, reckoned per unit of its 
length, that would produce the same figure as the distribution of 
force and couple we have supposed actually applied throughout 
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the length. Later, when occupied with the theory of magnetism, Case of m- 
we shall meet with a curious instance of the relation expressed flexure in 
by (6). In the meantime it may be remarked that although the 
figure of the wire does not sensibly differ when the simple distri- 
bution of force is substituted for any given distribution of force 
and couple, tlie shearing forces in normal sections become 
thoroughly altered by this change of circumstances, as is shown 
by (1). When the wire i^ uniform, B and C are constant, and 
the equations of equilibrium become 

B^ dx^~ a 


cl^ 

dx* 


The simplest example is obtained by taking and S each piauk bent 
constant, a very interesting and useful case, being that of a weight'"^ 
uniform beam influenced only by its own weight, except where 
held or pressed by its supports. Confining our attention to 
flexure in the one principal plane, JTOF, and supposing this to 
be vertical, so that = gWy if w be the mass per unit of length ; 

we have, fur the complete integral, of course 

y = ^ + Ka? + K'a? + K"x + K'") (8), 


where AT, K\ etc., denote constants of integration. These, four 
in number, are determined by the terminal conditions ; which, 

for instance, may be that the value of y and of ^ is given for 

each end. Or, as for instance in the case of a plank simply 
resting with its ends on two edges or trestles, and free to turn 
round either, the condition may be that the curvature vanishes 
at each end : so that if OX be taken as the line through the 
points of support, we have 


y = 0 j 

d^y > when a; = 0 and when x~l. 


Flank sup* 
ported by 
Its ends. 


I being the length of the plank. The solution then is 

+ (9). 

QW 51* 

Hence, by putting x - we find 2/ = ^ . TgT 24 distance 
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Plank bup- 
portedby 
Its endsi 


by its 
middla 


by which the middle point is deflected from the straight line 
joining the points of support. 

Or, as in the case of a plank balanced on a trestle at its middle 
(taken as zero of x), or hung by a rope tied round it there, we 
may have 

2/-=0| 

dy ^ ^ when 05 » 0, 
dx I 


and 


^ = ol 

dx^ 


dxj 

when 05= [see above, § 614 (10)]. 

—^ = 0 I 

dx^ j 

The solution in this case is, for the positive half of the plank, 




.( 10 ). 


By f .itting x = ll, we find v ~ • Hence 


U* 


Droops coni' 
pared. 


618 . When a uniform bar, beam, or plank is balanced on% 
single trestle at its middle, the droop of its ends is only | of the 
droop which its middle has when the bar is supported on trestles 
‘ at its ends. From this it follows that the former is f and the 
latter -| of the droop or elevation produced by a force equal to « 
half the weight of the bar, applied vertically downwards 
upwards to one end of it, if the middle is held fast in 
zontal position. For let us first suppose the whole to restt' w'a 
trestle under its middle, and let two trestles be placed under 
its ends and gradually raised till the pressure is entirely taken 
off from the middle. During this operation the middle remains' 
fixed and horizontal, while a force increasing to half the weight, 
applied vertically upwards on each end, raises it through a 
height equal to the sum of the droops in the two cases above 
referred to. This result is of course proved directly by com* 

Plank sup- paring the absolute values of the droop in those two cases as 
ported by Its ^ ^ 

found above, with the deflection from the tangent at the end of 

the cord in the elastic curve, figure 2, of § 611, which is 

cut by the cord at right angles. It may be stated otherwise 
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thus : the droop of the middle of a uniform beam resting on Pian)c 
trestles at its ends is increased in the ratio of 5 to 13 by laying 
a*mass equal in weight to itself on its middle : and, if the 
beam is hung by its middle, the droop of the ends is increased 
in the ratio of 3 to 11 by hanging on each of thorn a mass 
equal to half the weight of the beam. 

619. The imjjortant practical problem of finding the distri- by three or 
bution of the weight of a solid on points supporting it, when 
more than two of these are in one vertical plane, or when 
there are more than three altogether, which (§ 568) is indeter* 
minate* if the solid is perfectly rigid, may be completely solved 
for a uniform elastic beam, naturally straight, resting on three 
or more points in rigorously fixed positions all nearly in one 
horizontal line, by means of the preceding results. 

If there are i points of support, the i — 1 parts of the rod 
between them in order and the two end parts will form i + 1 
curves expressed by distinct algebraic equations [§ 617 (8)], each 
involving four arbitrary constants. For determining these con- 
stants we have 4^ -f 4 equations in all, expressing the following 
conditions : — 

I. The ordinates of the inner ends of the projecting parts of 
the rod, and of the two ends of each intermediate part, are 
respectively equal to the given ordinates of the corresponding 
points of support [2i equations]. 

II. The curves on the two sides of each support have co- 
incident tangents and equal curvatures at the point of transi- 
tion from one to the other [2i equations]. 

III. The curvature and its rate of variation per unit of 
length along the rod, vanish at each end [4 equations]. 

Thus the equation of each part of the curve is completely 
determined: and then, by § 616, we find the shearing force 
in any normal section. The difference between these in the 

* It need scarcely be remarked that indeterminateness does not exist in 
nature. How it may occur in the problems of abstract dynamics, and is obvi- 
ated by taking something more of the properties of matter into account, is 
instructively illustrated by the circumstances referred to in the text. 

VOL. II. 
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neighbouring portions of the rod on the two sides of a point 
of support, is of course equal to the pressure on this pdnt. 


Plank BTip- 
portedbyits 
ends and 
middle. 


620. The solution for the case of this problem in which 
two of the points of support are at the ends, and the third 
midway between them either exactly in the line joining them, 
or at any given very small distance above or below it, is found 
at once, without analytical work, from the particular results 
stated in § 618. Thus if we suppose the beam, after being 
first supported wholly by trestles at its ends, to be gradually 
pressed up by a trestle under its middle, it will bear a force 
simply proportional to the space through which it is raised 
from the zero point, until all the weight is taken off the ends, 
and borne by the middle." The \vhole distance through which 


the middle rises during this process is, as we found, ; 


and this whole elevation is f of the droop of the middle in the 
first position. If therefore, for instance, the middle trestle be 
fixed exfiotiy in the line joining those under the ends, it will 
bear of the whole weight, and leave to be borne by each 
end. And if the middle trestle be lowered from the line join- 
ing the end ones by of the space through which it would 
have to be lowered to relieve itself of all pressure, it will bear 
just I of the whole weight, and leave the other two thirds to 
be equally borne by the two ends. 


Rotation of 621. A wire of equal flexibility in all direction^, and 

wire round , l o 

n oentrffime wlien freed from stre.ss, offers, when bent and twisted 

in any manner whatever, not the slightest resistance to being 
V turned round its elastic central curve, as its conditions of 
equilibrium are in no way affected by turning the whole wirq 
fo^Sr§i 89 . equally throughout its length. The useful application pf 
^ this principle, to the maintenance of equal angular motion in 

two bodies rotating round different axes, is rendered somewhat 
difficult in practice by the necessity of a perfect attachment 
and adjustment of each end of the wire, so as to have the tan- 
gent to its elastic central curve exactly in line with the axis 
of rotation. But if this condition is rigorously fulfilled, and 
the wire is of exactly equal flexibility in every direction, and 
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exactly straight when free from stress, it will give, against any Eqimbie 
constant resistance, an accurately uniform motion from one to tafciag joint, 
another of two bodies rotating round axes which may be in- 
clined to one another at any angle, and need not be in one 
plane. If they are in one plane, if there is no rt‘sistance to 
the rotatory motion, and if the action of gravity on the wire 
is insensible, it will take some of the varieties of form (§ 612) 
of the plane elsiBtic curve of James Bernoulli. But however 
much it is altered from this ; whether by the axes not being in 
one plane ; or by the torsion accompanying the transmission of 
a couple from one shaft to the other, and necessarily, when the 
axes are in one plane, twisting the wire out of it; or by gravity; 
the elastic central curve will remain at rest, the wire in every 
normal section rotating round it with uniform angular velocity, 
equal to that of each of the two bodies which it connects. 

Under Properties of Matter, we shall see, as indeed may be 
judged at once from the performances of the vibrating spring 
of a chronometer for twenty years, that imperfection in the 
elasticity of a metal wire does not exist to any such degree as 
, to prevent the practical application of this principle, even in 
mechanism recpiired to be durable. 

It is right to remark, however, that if the rotation be too 
rapid, the equilibrium of the wire rotating round its unchanged 
elastic central curve may become unstable, as is immediately dis- 
covered by experiments (leading to very curious phenomena)^ 
when, as is often done in illustrating the kinetics of ordinary 
rotation, a rigid body is hung by a steel wire, the upper end of 
which is kept turning rapidly. 

622. If the wire is not of rigorously equal flexibility in all 

inequalities. 

directions, there will be a periodic inequality in the communi- 
cated angular motion, having for period a half turn of either 
body : or if the wire, when unstressed, is not exactly straight, 
there will be a periodic inequality, having the whole turn for 
its period. In other words, if <j) and cj}' be angles simultane- 
ously turned tlirough by the two bodies, with a constant work- 
ing couple transmitted from one to the other through the wire, 
will not be zero, as in the proper elastic universal 

11—2 
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Practical flexure joint, but will be a function of sin 2(f> and cos 2<f) if the 
inequalities. defect alone exists ; or it will be a function of sin and 
cos <f> if there is the second defect whether alone or along with 
the first. It is probable that, if the bend in the wire when 
Elastic ro- Unstressed is not greater than can be easily provided against 
tatmg joint. actual construction, the inequality of action caused by it 

may be sufficiently remedied without much difficulty in 
practice, by setting it at one or at each end, scmewhat inclined 
to the axis of the rotating body to which it is attached. But 
these considerations lead us to a subject of much greater interest 
in itself than any it can have from the possibility of usefulness 
in practical applications. The simple cases we shall choose 
illustrate three kinds of action which may exist, each either 
alone or with one or both the others, in the equilibrium of a 
wire not equally flexible in all directions, and straight when 
unstressed. 

Rotation 623 . A uniform Vvdre, straight when unstressed, is bent till 
^sUot-en- its two eiids meet, which are then attached to one another, with 
of a straight the elastic central curve through each touching one straight 
intoahoop. line: so that whatever be the form of the normal section, and 
the quality, crystalline or non-crystalline, of the substance, the 
whole wire must become, when in equilibrium, an exact circle 
(gravity being not allowed to produce any disturbance). It is 
required to find what must be done to turn the whole wire 
uniformly through any angle round its elastic central circle. 

If the wire is of exactly equal flexibility in all directions*, it 
will, as we have seen (§ 621), offer no resistance at all to this 
action, except of course by its own inertia; and if it is once 
set to rotate thus uniformly with any angular velocity, great or 
small, it would continue so for ever were the elasticity perfect, 
and were there no resistance from the air or other matter 
touching the axis. 

To avoid restricting the problem by any limitation, we must 
suppose the wire to be such that, if twisted and„ bent in any * 
way, the potential energy of the elastic action developed, per 

* In this case, clearly it might have been twisted before its ends were put 
together, without altering the cii’cular form tal^n when left with its ends joined. 
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unit of length, is a quadratic function cf the twist, and two com- flotation 
ponents of the curvature (§§ 590, 595), with six arbitrarily given elastic ceu- 
coefficients. But as the wire has no twist*, three terms of this of a^s^ght 
function disappear in the case before us, and there remain only into a hoop, 
three terms, — those involving the squares and the product of , 
the components of curvature in planes perpendicular to two 
rectangular lines of reference in the normal section through 
any point. Th^ position of these lines of reference may be 
conveniently chosen so as to make the product of the com- 
ponents of curvature disappear: and the planes perpendicular 
to them will then be the planes of maximum and minimum 
flexural rigidity when the wire is kept free from twist There 
is no difficulty in applying the general equations of § 614 to 
express these circumstances and answer the proposed question. 

Leaving this as an analytical exercise to the student, we take a 
shorter way to the conclusion by a direct application of the 
principle of energy. 

Let the potential energy per unit of length be C\^)y 

when K and X are the component curvatures in the planes of 
maximum and minimum flexural rigidity: so that, as in § 617, 

B and C are the measures of the flexural rigidities in these 
planes. Now if the wire be held in any way at rest with these 
planes through each point of it inclined at the angles and 
Jtt — <#> to the plane of its elastic central circle, the radius of this 

circle being r, we should have /c = ^ cos </>, X = isin<^, Hence, 
since 27rr is the whole length, 



* Wliicli we have supposed, in order that it may take a circular form; 
although in the important case of equal flexibility in all directions this condition 
would obviously be fulfilled, even with twist. 

+ When, as in ordinary cases, the wire is either of isotropic material (see § 677 
below), or has a normal axis (§ 596) in the direction of its elastic central line, 
flexure will produce no tendency to twist: in other words, the products of twist 
into the components of curvature will disappear from the quadratic expressing 
the potential energy; or the elastic central line is an axis of pure torsion. 
But, as shown in the text, the case under consideration gains no simplicity 
from this restriction. 



Rotation 
round its 
elastic cen- 
tral circle, 
of a straignt 
wire maae 
into a hoop. 


Rotation 
round its 
elastic cen- 
tral circle, 
of a hoop of 
wire equally 
flexible in all 
directions, 
but circular 
when un- 
^►trained. 
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Ijet us now suppose every infinitely small part of the wire to 
be acted on by a couple in the normal plane, and let L be the 
amount of this couple per unit of length, which must be uniform 
all round the ring in order that the circular form may be re- 
tained, and let this couple be varied so that, rotation being once 
ccmmenced, </* may increase at any uniform angular velocity. 
The equation of work done per unit of time (§§ 240, 287) is 


^ dE dE • 


And therefore, by (1), 


- A = — ^2— sin cji cos cp = 


which shows that the couple required in the normal plane 
through every point of the ring, to hold it with the planes of 
greatest flvxural rigidity touching a cone inclined at any angle, 
</), to the plane of the circle, is proportional to sin 2(f > ; is in the 
direction to prevent <f) from increasing; and when <^ = ^7r, 
B ^ G 

amounts to per unit length of the circumference. From 

^ ... ... 

this we see that there are two positions of stable equilibrium, 

— ^being those in which the plane of least flexural rigidity lies 
in the plane of the ring ; and two positions of unstable equili- 
brium, — being those in which the plane of greatest flexural 
rigidity is in the plane of the ring. 


624. A wire of uniform flexibility in all directions, so shaped 
as to be a circular arc of radius a when free from stress, is bent 
till its ends meet, and these are joined as in § 623, so that the 
whole becomes a circular ring of radius r. It is required to 
find the couple which will hold this ring turned round th^/’ 
central curve through any angle </> in every normal section, ^ 
from the position of stable equilibrium (which is of course that 
in which the naturally concave side of the wire is on the 
concave side of the ring, the natural curvature being either 
increased or diminished, but not reversed, when the wire is 
bent into the ring). Applying the principle of energy exactly 
as in the preceding section, we find that in this case the couple 
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IS proportional to sin <f>, and that when <f> = W, its amount per Rotation 

^ ro^nd its 

unit of length of the circumference is — , if ^ denote the traicS-de!” 

dV of a hoop of 

flexural riofidity. flexible in 

® all diiec- 

For in this case we have the potential energy circular 

when un- 
strained. 


, E = {(1 - i cos .^) + (1 sin ^)“}= ^rB (i, - 1 cos ^ + i)<2), 


.and 


Z 


27rr d(l> ar 



If every part of the ring is turned half round, so as to bring 
the naturally concave side of the wire to the convex side of the 
ring, we have of course a position of unstable equilibrium. 


625. A wire of unequal flexibility in different directions is Wireun. 
formed so that, when free from stress, it constitutes a circular ^elni^. 
arc of radius a, with the plane of greatest flexural rigidity at 
each point touching a cone inclined to its plane at an angle a. 

Its ends are then brought together and joined, as in SS 628, 624, bent to an- 
SO that the whole becomes a closed circular ring, of any given py baiahc- 

^ ® ing couples 

jadius r. It is required to find the changed inclination, to 
the plane of the ring, whi«h the plane of greatest flexural 
rigidity assumes, and the couple, (?, in the plane of the ring, 
which acts between the portions of matter on each side of any 
normal section. 


The two equations between the components of the couple 
and the components of the curvature in the planes of greatest 
and least flexural rigidity determine the two unknown quantities 
of the problem. 


These equations are 




since — cos a and - sin a are the components of natural curva- 
a a 

ture in the principal planes, and therefore - cos — - cos a, and 



Wire un- 

flex- 
ible in differ- 
ent direc- 
tions, and 
circular 
when un- 
strained, 
bent to an- 
other circle 
by balanc- 
ing couples 
applied to 
its ends. 
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- sin <i) — sin a, are the changes from the natural to the actual 
r ^ a 

curvatures in these planes maintained bj the corresponding com- 
ponents G cos and G sin <j> of the couple G, 

The problem, so far as the position into which the wire turns 
round its elastic central curve, may be solved by an application 
of the principle of energy, comprehending those of §§ 623, 624 
as particular cases. ^ 

Let L be the amount, per unit of length of the ring, of the 
couple which must be applied from without, in each normal 
section, to hold it with the plane of maximum flexural rigidity 
at each point inclined at any given angle, </>, to the plane of the 
ring. We have, as before (§§ 623, 624), for the potential energy 
of the elastic action in the ring when held so, 


E —TTV 



Hence 


cos a 
a 



-)’} » 


1 (IE f ^/cosd> cos a\ sin 6 ^ 

— -j- ^ ) - + C 

[ V ^ a / r 

This equated to zero is the satfffe as (4) with G eliminated, and 
determines the relation between cf) and r, in order that the ring 
when altered to radius r instead of a may be in equilibrium in 
itself (that is, without any application of couple in the nomal 
section). The present method has the advantage of facilitating 
the distinction between the solutions, as regards stability or insta- 
bility of the equilibrium, since (§ 291) for stable equilibrium 
-5^ is a minimum, and for unstable equilibrium a maximum. 

As a particular case, let (7 = oo , which simplifies the problem 
very much. The terms involving (7 as a factor in (5) and (6) 
become nugatory in this case, and require of course that 

^ sin 0 sin a ^ 
r 


/sin 6 sin a\ cos 6) 

1-7 7-j— 


But the former method is clearer and better for the present case; 
jis this result is at once given by the second of equations (4) ; and 
then the value of Gy if required, is found from the first. We 
conclude what is slated in the following section: — 
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626. Let a uniform hoop, possessing flexibility only in one cjom'cai 
tangent plane to its elastic central line at each point, be given, Seveio^ble 
so shaped that when under no stress (for instance, when cut 
through in any normal section and uninfluenced by force from 

other bodies) it rests in the form of a circle of radius a, with * 
its planes of inflexibility all round touching a cone inclined 
to the plane of this circle. This is very nearly the case with 
a common hoo^ of thin sheet-iron fitted upon a conical vat, 
or on either end of a barrel of ordinary shape. Let such a 
hoop be shortened (or lengthened), made into a circle of radius 
a by riveting its ends together (§ 623) in the usual way, and 
left with no force acting on it from without. It will rest with 
its plane of inflexibility inclined at the angle (j> = sin'^ (rsin a/a) 
to the plane of its circular form, and the elastic couple acting 
in this plane between the portions of matter on the two sides 
of any normal section will be 

^ B /cos <f> cos a\ 
cos (f)\ r a / 

These results we see at once, by remarking that the component 
curvature in the plane of inflexibility at each point must be 
invariably of the same value, sin a/a, as in the given unstressed 
condition of the hoop : and that the component couple, Q cos (f>, 
in the plane perpendicular to that of inflexibility at eacli 
point, must be such as to change the component curvature in 
this plane from cos a/a to cos 

The greatest circle to which such a hoop can be changed is 
of course that whose radius is a/sin a : and for this (f> = ^tt, or the 
surface of inflexibility at each point (the surface of the sheet- 
metal in the practical case) becomes the plane of the circle: > 
and therefore (? = oo , showing that if a hoop approaching 
infinitely nearly to this condition be made, in the manner ex- 
plained, the internal couple acting across each normal section 
will be infinitely great, which is obviously true. 

627. Another very important and interesting case readily 
dealt with by a method similar to that which we have applied 
to the elastic wire, is the equilibrium of a plane elastic plate 
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Flexure of a bent to a shape differing infinitely little from the plane, by any 
gaue elastic subject to certain conditions stated below (§ 632). Some 

definitions and preliminary considerations may be conveniently 
taken first. 

Definitions. (1) A surface of a solid is a surface passing through ahyays 
the same particles of the solid, however it is strained. i 

(2) The middle surface of a plate is the ^surface passing 
through all those of its particles which, when it is free from 
stress, lie in a plane midway between its two plane sides. 

(3) A normal section of a plate, or a surface normal to a 
plate, is a surface wdiich, when the plate is free from stress, 
cuts its sides and all planes parallel to them at right angles, 
being therefore, when unstrained, necessarily either a single 
plane or a cylindrical (or prismatic) surface. 

(4) The deflection of any point or small part of the plate, is 
the distance of its middle surface there from the tangent plane 
to the middle surface at any conveniently chosen point of 
reference in it. 

(5) The inclination of the plate, at any point, is the inclina- 
tion of the tangent plane of the middle surface there to the 

^ tangent plane at the 2 :>oint of reference. 

(6) The curvature of a plate at any point, or in any part, is 
the curvature of its middle surface there. 

(7) In a surface infinitely nearly plane the curvature is said 
to be uniform, if the curvatures in every two parallel normal" 
sections are equal. 

^ (8) Any diameter of a plate, or distance in a plate infinitely 

nearly plane, is called finite, unless it is an infinitely great mul- 
tiple of the least radius of curvature multiplied by the greatest 
inclination. 

Choosing XO Y as the tangent plane at the point of reference, 
let (Xy y, z) be any point of its middle surface, i its inclination 

there, and - its curvature in a normal section through that 

T 


Geometrical 

prelimi- 

aaries. 
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point, inclined at an angle <f> to ZOX, We have 



and, if i be infinitely small, 

1 

r dx 


•(iX 


2 . o . . , d^z . , 

cos + 2 ^ ^ sin cf> cos (j> + sin <p .... 


( 2 ). 


Goometrical 

prelimi- 

naries. 


To prove these, let >7, ^ be the co-ordinates of any point of the 
surface infinitely near {x^ y, 2;). Then, by the elements of the 
differential calculus, 


dz , dz J .2 « 


d^z 

dxdy 



Let i — p cos y] — p sin 

so that we have 


^ = Ap -t where A = ~ cos ~ sin 

CIX 


dy 


in 


, Tj d^z 2 , ^ d 

and B = cos 6 + 2 — - c 
ax ax a?/ 


. , JL • 2 i 

sin 6 cos 6 + sin d> 
^ ^ dy^ ^ 


(S). 


Then by the formula for the curvature of a plane curve (§ 9), 

1 — — :? — or, as A is infinitely small, i = 

^nd thus (2) is proved. 

It follows that the surface represented by 

z = ^ (Ax^ + 2cxy -h Bif) (4), 

is a surface of uniform curvature if -4, B^ c be constant through- 
out the admitted range of values of (x, y) ; these being limited 
by the condition that Jx + cy, and cx-^By must be everywhere 
infinitely small. 


628 . When a plane surface is bent to any other shape than 
a developable surface (§ 139), it must experience some degree 
of stretching or contraction. But an essential condition for the 
theory of elastic plates on which we are about to enter, is that 
the amount of the stretching or contraction thus necessary in 
the middle surface is at most incomparably smaller than the 
stretching and contraction of the two sides (§ 141) due to cur- 
vature. It will be shown in § 629 that this condition, if we 
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exclude the case of bending into a surface differing infinitely 
little from a developable surface, is equivalent to the fol- 
lowing : — 1 *^ 

Limitation The deflection [§ 627 Def. (4)] is, at all places flmtely 
notlofmpiy [§ 627 Def. (8)] distant from the point of reference, incom- 
of middle varahlv smaller than the thickness, 

surface ^ 

of And if we extend the signification of “ deflection *’ from that 
either side. ^ 4 ^ Qf g g27, to distance from some truefdevelopable sur- 

, face, the excluded case is of course brought under the statement. 

Although the truth of this is obvious, it is satisfactory to 
prove it by investigating the actual degrees of stretching and 
conti action referred to. 


stretchin?^ 629. Let US suppose a given plane surface to be bent to 

ofaplanfby , . ^ ^ « 

synciastic some curved form wutnout any stretching or contracting of 

oranticlas- i*. /. • ^ ^ ^ 

tic flexure. Imes radiating from some particular point of it, 0; and let it 
be required to find the stretching or contraction in the cir- 
cumfereiice of a circle described from 0 as centre, with any 
radius a, on the unstrained plane. If the stretching in each 
part of the circumference, and not merely on the whole, is to be 
found, something more as to the mode of the bending must be 
specified; which, for simplicity, in the first place, we shall 
suppose to be, that any point P of the given surface moves in 
a plane perpendicular to the tangent plane through 0, during 
the straining. 

Let a, 0 be polar co-ordinates of F in its primitive position, 
and r, 6 those of the projection on the tangent plane through 0, 
of its position in the bent surface, and let z be the distance of 
this position from the tangent plane through 0. An element, 
aclO, of the unstrained circle, bec6mes 

(rW+ dr‘ + dz^)* 

on the bent surface; and, therefore, for the stretching* of this 
element we have 


'r® dr^ dz^ 


( 1 ). 


Ratio of the elongation to the unstretched length. 
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Hence if e denote the ratio, of the elongation of the whole cir- ^ret^n^ 

cumference to its unstretched leni^th, or the mean stretching: of synclastic 

° ° orantidas- 

the circumference, tic llexura 


e = 


27r 



dr^ 

aW 




where we must suppose z and r known functions of $, Confining 
ourselves now to distances from 0 within which the curvature 
of the surface is sensibly uniform, we have 


z- 7 ^ y and r = 
Jp 


: p Sill 


ill ^ ^ ^ + etc.^ 


.( 3 ), 


if p be the radius of curvature of the normal section through Q 
and jP: and, if we take as the zero line for 6 that in which the 
tangent plane is cut by one of the principal normal planes (§ 130), 

^ i cos^ 6 + - sin^d = i f ^ + i f - - cos 2^ .. . (4), 

9 9, Pa \Pi 92/ \9i 9j ^ ^ 


where pj, p^ are the principal radii of curvature. Hence the 
term dr^/a^dO^ under the radical sign disappears if we include no 
terms involving higher powers than the first, of the small fraction 
a*/p* ; and, to this degree of approximation 

(l - J ^ (1 - ij'sm'D oc'o}*- 1 = . . (1 - 


or, by (4), and reductions, finally 


Using this in (2) we find 
e — 


a® 

P1P2 


( 6 ). 


The whole amount of stretching thus expressed will, it follows 
from (5), be discributed uniformly through the circumference, if, 
instead of compelling each point F to remain in the plane through 
0, perpendicular to XOY, we allow it to yield in the direction 
of the circumference through a space equal to 




From (6) we conclude that 


( 7 ). 



stretching 
of & plane 
hj synclas- 
tio or aiiti- 
clastio 
fiex«re. 


Stretching 
of a curved 
surface by- 
flexure not 
fulftlling 
Gauss’s 
condition. 


Gauss's 

theorem 

r^arding 

flexure. 
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630 . If a plane area be bent to a uniform degree of curva- 
ture throughout, without any stretching in any radius through 
a certain point of it, and with uniform stretching or contraction 
over the circumference of every circle described from the same 
point as centre, ihe amount of this contraction (reckoned 
negative where the actual effect is stretching) is equal to the 
ratio of one-sixth of the square of the radius of the circle, to 
the rectangle under the maximum and minirnmni radii of cur- 
vature of normal sections of the surface ; or which is the same 
thing, the ratio of two-thirds of the rectangle under the maxi- 
mum and minimum deflections of the circumference from the 
tangent plane of the surface at the centre, to the squ^e 
of the radius ; or, which is the same, the ratio one-third of 
the maximum deflection to the maximum radius of curva- 
ture. 

If the surface thus bent be the middle surface of a plate of 
uniform thickness, and if each line of particles perpendicular 
to this surface in the unstrained plate remain perpendicular to 
it Avhen bent, the stretching on the convex side, and the con- 
traction on the concave side, in any normal section, is obviously 
equal to the ratio of half the thickness, to the radius of curva- 
ture. The comparison of this, with the last form of the pre- 
ceding statement, proves that the second of the two conditions 
stated in § 628 secures the fulfilment of the first. 

631 . If a surface already bent as specified, be again bent to 
. a different shape still fulfilling the prescribed conditions, or if 

a surface given curved be altered to any other shape by bend- 
ing according to the same conditions, the contraction pro- 
duced in the circumferences of the concentric circles by this 
bending, will of course be equal to the increment in the value 
of the ratio stated in the preceding section. Hence if a curved . 
surface be bent to any other figure, without stretching in any 
part of it, the rectangle under the two principal radii of curva- 
ture at every point remains unchanged. This is Gauss’s cele- " 
brated theorem regarding the bending of curved surfaces, of 
which we gave a more elementary demonstration in our intro- 
ductory Chapter (see §§ 138, 150). 
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-- ' 632. Witfetnirtufther preface we now 
of the flexure of a plane elastic plate with the promised (§ 627) 
statement of restrictinof conditions. * be Emitted 

(1) Of the forces applied from without to any part of the 
plate, bounded by a normal surface [§ 627 (S)], the components 
parallel to any line in the plane of the plate are either evan- 
escent or ^re reducible to couples. In other words the algebraic 
sum of such components, for any part of the plate bounded by 
a normal surface, is zero. 


(2) The principal radii of curvature of the middle surface are 
everywhere infinitely great multiples of the thickness of the 
plate. 


(3) The deflection is nowhere, within finite distance from the 
point of reference, more than an infinitely small fraction of the 
thickness. This condition has a definite meaning for an infi- 
nitely large plate, which may be explained thus : — it would be 
necessary to go to a distance equal to a large multiple of the 
product of the least radius of curvature into the greatest incli- 
nation, to reach a place wliere the deflection is more than a 
very small fraction of the thickness of the plate. The conside- 
ration of this condition, is of great importance in connection 
with’ the theory of the propagation of waves through an infi • 
nite plane eiastic plate, but scarcely belongs to our present 

^ subject. 

(4) Neither the thickness of the plate nor the moduluses of 
elasticity of its substance need be uniform throughout, but if 
they vary at all they must vary continuously from place to 
place ; and must not any of them be incomparably greater in 
one place than in another within any finite area of the plate. 


633. The general theory of elastic solids investSgated later Results of 
shows that when these conditions are fulfilled the distribution 
of strain through the plate possesses the following properties, 

‘the statement of which at present, although not necessary for 
the particiilaiT problem on which we are entering, will promote 
a thorough understanding and appreciation of the principles 
involved. 
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Q') q^Vip c4-^:^L:xig 01 any part ot ine imddie surtace is iu- 
fchem^. finitely small in comparison with that of either side, in every 
advaaoe, part of tjie plate where the curvature is finite. 

(2) The particles in any straight line perpendicular to the 
plate when plane, remain in a straight line perpendicular to 
the curved surfaces into which its sides, and parallel planes of 
the substance between them, become distorted^ when it is bent. 
And hence the curves in which these surfaces are cut by any 
plane through that line, have one point in it for centre of curva- 
ture of them all. 


(3) The whole thickness of the plate remains unchanged, at 
every point ; but the half thickness on one side (which when 
the cuivature is synclastic is the convex side) of the middle 
surface becomes diminished and on the other side increased, by 
equal amounts comparable with the elongations and shorten- 
ings of lengths equal to the half thickness, measured on the 
two side surfaces of the plate. ^ 

634. The conclusions from the general theory on which we 
shall found the equations of equilibrium and motion of an 
elastic plate are as follows : — 

Laws for Let a naturally plane plate be bent to any surface of uni- 
eiastfc plate form curvature [§ 627 (7)] throughout, the applied forces and - 
SIace.“^ the extents of displacement fulfilling the conditions and restric- 
tions of § 632 : Then — 


(1) The force across any section of the plate is, at each"^*' 
point of it, in a line parallel to the tangent plane to the middle 
surface in the neighbourhood. 

(2) The*forces across any set of parallel normal sections are 
equally inclined to the directions of the normal sections at all 
points (that is to say, are in directions which would be parallel 
if the plate were bent, and which deviate actually from parallel- 
ism only by the infinitely small deviations produced in the 
normal sections of the flexure). 

(3j The amounts of force across one normal section, »or any 
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set of parallel normal sections, on equal infinitely small areas, Iaws for 
are simply proportional to the distances of these areas firom the eStfo ptLc 
middle surface of the plate. 

(4) .. The component forces in the tangent planes of the nor- 
mal sections are equal and in dissimilar directions in sections 
which are perpendicular to one an- 
other. For proof, see § 661. The 
meaning of ''dissimilar directions’’ 
in this expression is explained by 
the diagram; where the arrow-hoads 
indicate the directions in which 
the portions of matter on the two 
sides of each normal section would 
yield if the substance were actually 

divided, half way through the plate from c-ne side, by each of 
the normal sections indicated by dotted lines. 

(5) By the law of suf)erposition, we see that if the applied 
forces be all doubled, or altered in any other ratio, the curva- 
ture in every normal section, and all the internal forces specified 
in (1), (2), (3), (4), are changed in the same ratio ; and the 
potential energy of the internal forces becomes changed accord- 
ing to the square of the same ratio. 



636 . From § 634 (3) it follows immediately that the forces 
experienced by any portion of the plate bounded by a normal 
section through the circumference of a closed polygon or curve 
of the middle surface, from the action of the contiguous matter 
of the plate all round it, may be reduced to a set of couples stress- % 
by taking them in groups over infinitely small rectangles 
into which the bounding normal section may be imagined as^^S^^ 
divided by normal lines. From § 634 (2) it follows that the 
distribution of couple thus obtained is uniform along each 
straight portion, if any there is, of the boundary, and equal 
per equal lengths in all parallel parts of the boundary. 


Tvdgwng 

636 . From § 634 (4) it follows that the component couples 
round axes perpendicular to the boundary are equal in parts 
of the boundary at right angles to one another, and are in ^ 
VOL. II. # 12 
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‘ .r 

directions related to one another 
in the manner indicated by the . 
circular arrows in the diagram; 
that is to say, in such directions 
that if the axis is, according to 
the rule of § 234, drawn outwards.^ 
from the portion of the plate 
under consideration, for one point 
of the boundary it must be drawn 
inwards for every point where the boundary is perpendicular to 
its direction at that point. 



Principa! 637. We mav now prove that there are two normal sections, 

{LX6S of ^ ^ ^ 

tiding at right angles to one another, in which the component couples 
round axes perpendicular to them vanish, and that in these 
sections the component couples round axes coincident with the 
sections are of maximum and minimum values. 


Principal 
axes or 
bending 
stress in- 
vestigated. 


Li t OAB be a right-angled triangle of the plate. Let A and n 

be the two com- 
ponent couples 
acting on the 
side OA ; K and 
n those on the 
side OB', and G 
and H those on 
the side AB ; 
the amount of 
each couple be- 
ing reckoned per 
unit of length ; 
of the side on which it acts, and the axes and directions of the 
several couples being as indicated by the circular arrows when 
each is reckoned as positiva^'^viThen, ii A B — a, and BAO = the 
whole amounts of the couples on th^fcree sides are respectively 



Aa cos 0, Tla cos 0, 


Ka sin (f), lia sin 0, 
Ga, Ha: 
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Resolving the two latter round OX and OF, we have 
Ga cos (f) - ffa sin <j> round OX, 
and Ga sin + Na cos ,, OF. 

But if the portion in question, of the plate, were to become rigid, 
its equilibrium would not be disturbed (§ 564); and therefore 
we must have 

Ga cos </) — Ha sin^ = Ka cos ^ + Ha sin (f> by couples round OX ^ 

and i (1). 

Ga sin + Ha cos 0 = Ka sin 4 - Ila cos <!> » „ or] 

From these we find immediately 

O = A cos^<^ 4 2n sin cos <^ + K sin®<^, 'j 
H— (K — A) sin cos <j6 + IT (cos^<^ — sin® (^) j 

Hence the values of <^, which make H v^anish, give to G its 
maximum and minimum values, and being determined by the 
equation 

. . . n 


Prinolpa] 
axescK 
bending 
stress in- 
vestigated. 


tan — 


J(K-A) 


differ from one another by Jtt. 

A modification of these formulse, which we shall find valuable, 
is obtained by putting 

2 = i(K + A), ®=|(K-A) ,....(4). 

This reduces (2) to 

6*^ = 2 + n sin 2<^ — © cos 2 < 5 {> ) 

H~ 11 cos 2^ + 0 sin 2c^/ 

which again become 

G = + Q cos 2(cl>— a))^ 

Ar=-nsin2(<^-a) J " 

where a [being a value of given by (3)], and O are taken so 

that n = Q sin 2a, © = - O cos 2a, | 

so that, of course, 0= (11®+®®)^ j 

This analysis demonstrates the following convenient synthesis of 
the whole system of internal force in question : — 

12—2 
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638. The action experienced by each part of the plate, in 
virtue of the internal forces between it and the surrounding 
contiguous matter of the plate, being called a stress [in accord- 
ance with the general use of this term defined below (§ 658)], 
may be regarded as made up of two distinct elements — (1) a 
synclastic stress, and (2) an anticlastic stress; as we shall call 
them. 

(1) Synclastic stress consists of equal direct bending action 
round every straight line in the plane of the plate. Its amount 
may be conveniently regarded as measured by the amount, 2, 
of the mutual couple between the j)ortions of matter on the two 
sides of any straight normal section of unit length. Its effect 
would be to produce equal curvature in all normal sections 
(that is to say, a spherical figure) if the plate were equally 
flexible in all directions. 

Anticlastic (2) Anticlastic stress consists of two simple bending stresses 

ferred to its of equal amounts in opposite directions round two sets of 
principal ■* 

axesj parallel straight lines perpendicular to one another in the 
plane of the plate. Its effect would be uniform anticlastic 
curvature, with equal convexities and concavities, if the plate 
were equally flexible in all directions. Its amount is reckoned 
as the amount, fl, of the mutual couple between the portions 
of matter on the two sides of a straight normal section of unit 
length, parallel to either of these two sets of lines. It gives 
rise to couples of the same amount, H, between the portions of 
referred to matter Oil each side of a normal section of unit length parallel 
cfmed^to to either of the sets of lines bisecting the right angles between 

those ; but the couples now referred 
to are in the plane of the normal 
section instead of perpendicular to. 
it. This is proved and illustrated 
by the annexed diagram, represent- 
ing [a particular case of the diagram 
and equations (1) of § 637] the equi- 
librium of an isosceles right-angled 
triangle under the influence of couples,, 
each equal to OVi, applied to it round axes coinciding with 



Synclastic 
«nd anti- 
clastic 
stresses de- 
fined. 
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its legs, and a third couple, II round an axis perpendicular to 
its hypotenuse. 

If two pairs of rectangular axes, each bisecting the right Octantai re- 
angles formed by the other, be chosen as axes of reference, an comfosition 

. , , T . , . , . 11* /. ofantidas- 

anticlastic stress having any third pair ot rectangular lines for tic stress. 

its axes may, as the preceding formulae [§ 637 (5)] show, be 

resolved into two having their axes coincident with the two 

pairs of axes o^ reference respectively, by the ordinary cosine 

formula with each angle doubled. Hence it follows that any 

two anticlastic stresses may be compounded into one by the Constmc- 

same geometrical construction as the parallelogram of forces, mueiog^. 

made upon lines inclined to one another at an angle equal to 

twice that between the corresponding axes of the two given ^ 

stresses; and the position of the axes of the resultant stress 

will be indicated by the angles of this diagiam each halved. 

639. Precisely the same set of statements are of course Geometrical 
applicable to the curvature of a surface. Thus the proposition 
proved in § 637 (3) for bending stresses has. for its analogue 
in curvature, Euler’s theorem proved formerly in § 130; and 
analogues to the series of definitions and propositions founded 
on it and derived from it may be at once understood without 
more words or proof. 

Let z = i(KX^ + 2mx7j + X7f) (1) Twocylm. 

drical cur- 

be the equation of a curved surface infinitely near a point 0 at 
which it is touched by the plane TOX, Its curvature may be pendicular 

^ axes, and an 

regarded as compounded of a cylindrical curvature, A, with axis 

parallel to OX, a cylindrical curvature, k, with axis parallel to round axis 
OY, and an anticlastic curvature, zet, with axis bisecting the their ri^t 
angles XOY, YOX', Thus, if zor and A each vanished, the surface 
would be cylir drical, with 1/k for radius of curvature and gene- 
rating lines parallel to 0 Y, Or, if k and A each vanished, there 
would be anticlastic curvature, with sections of equal maximum 
curvature in the two directions, bisecting the angles XOY and 
YOX', and radius of curvature in those sections equal to 1 Jm, 

If now we put 

tr=i(K + X), a = i(«-X) 


( 2 ). 
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or a spberi* 
cal oun^a- 
ture and 
¥iim> anti- 
dai^tic cur- 
vatures; 


or a spheri- 
cal and one 
anticlastic 
curvature. 


Wo^k done 
in bending. 


the equation of the surface becomes 

«= I {cr +^{x^- y^) + ^v:xy\ (3); 

or, if a? = r cos 2 / = ^ sin ] 

z - ^{(T + ^ cos 2(j> + m sm2^}r^ \ ^ 

or, lastly, {<r + o cos 2 ((^ - a)} | . 

= CO cos 2a, ST = 0 ) sin 2a j ' 

In these formulae a measures the spherical curvature j and ^ and 
zT two components of anticlastic curvature, relerred to the pair 
of axes X'Xj T F, and the other pair bisecting their angles. The 
re^ultant of ^ and m is an anticlastic curvature o>, with axes in- 
clined, in the angle XOY at angle a to OX, and in YOX' at 
angle a to OY, 


640 . The notation of '§§ 637, 639 being retained, the work 
done on any area A of the plate experiencing a change of cur- 
vature (3/r, 8\, Sur) under the action of a stress (K, A, 11), is 


(K8k-i- A 8X + 2ri8tc)d (1); 

or (2^8o- + 200 -Er -f 2i'l8ur) .1 (2), 

if, as before, 


+ 0 = J(K-A), = + 

Let PQP'Q' be a rectangular portion of the plate with ?la 
centre at 0, and its sides Q'P, P'Q parallel to OX, and Q P\ PQ 
parallel to OZ. If 

z = ^ (rf + 2'uyxy + Xy^) 

be the equation of the curved surface, we have 


dz 


dz 


and therefore the tangent plane at {x, y) deviates in direction 
from XOY by an infinitely small rotation 

KX-huiy ronndi OY \ 

and taix + Xy ,, OX ) ' 

Hence the rotation from XOY to the mean tangent plane for all 
points of the side PQ or Q'F is 


=F J Q'P . K round 0 F, 
^IQ'P,^! „ OX, 


and 
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Hence if the tangent plane, XOYy at 0 remains fixed, while the work done 
curvature changes from (#c, ^*r, \) to (k + Sk, -ct -f- Sw^ X + 8X), the “ 
work done by the couples jPQ, K round OF, and FQ. 11 round 
OX, distributed over the side P©, will be 

and an equal amount will be done by the equal and opposite 
couples distributed over the side undergoing an equal and 
opposite rotji4ion. Similarly, we find for the whole work done 
on the sides and ()P, 


(118^3-4- ASX). 

Hence the whole work done on all the four sides of the rectangle 
is P§ . O'jP . (K8k + 2nStir + A8X) ; 

whence the proposition to be proved, since any given area of the 
plate may be conceived as divided into infinitely small rectangles. 

It is an instructive exercise to verify the result by beginning 
with the consideration of a portion of plate bounded by any 
given curve, and using the expressions (1) of § 637, by which 
we find, for the couples on any infinitely short portion, ds, of its 
boundary, specified ia position by (x, y). 



But, as w^e have just seen in (4), the rotation experienced by the 
tangent plane to the plate at (x, y), when the curvature changes 
from (k, ts, X) to (k + 8k, ‘27 + 827, X + 8X), is 

£cS 27 + 2/8X round OX) 

and ojSk + ^Sot „ OF) ^ 

the tangent plane to the plate at 0 being supposed to remain un- 
changed in position; and therefore the work done on the portion 
ds of the edge is 

2 ° S - ^ S) 2/8^)} ds. 

The required work, being the integral of this over the whole 
of the bounding curve, is therefore 

(K8K+2n827 + ASX)A; 
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Work done since 

m bending. 

s/£ds = A, 

■ s, 

and 

fx ds = 0 , {y^-ds-Oy 



each integral being round the whole closed curve. 


Partiflidif- 641 Considering now the elastic forces called into action 
|quations by the flexure («, ct, \) -reckoned from the uns^-ressed condition 
bendmg plate (plane, or infinitely nearly plane), and denoting by 

^f^eiastic w the whole amount of their potential energy, per unit area of 
the plate, we have, as in the case of the wire treated in § 594, 

KS/c = ASX = 2 IISES' = (7) ; 

or, according to the other notation, 

2SS(7 - 20S^ = h^Wy 2 ns®- = (8) ; 

where, as above explained, K and A denote the simple bending 
stresses (measured by the amount of bending couple, per unit 
of length) round lines parallel to OF and OX respectively: FI 
the anticlastic stress with axes at 45® to OA and OF: and 
and 0 the synclastic stress and the anticlastic stress with OX 
and OF for axes, together equivalent to K and A. Also, as in 
§ 595, we see that whatever be the character, eolotropic or iso- 
tropic, § 677, of the substance of the plate, it must be a homo- 
Potentiai geneous quadratic function of the three components of curva- 
SScpkte ture, whether (a:, X, ®-) or (cr, ®-). From this and (7), or (8), 
it follows that the coefficients in the linear functions of the 
three components of curvature which express the components 
of the stress required to maintain it, must fulfil the ordinary 
conservative relations of equality in three pairs, reducing the 
whole number from nine to six. 

Thus A, By Cy ay 5, c denoting six constants depending on the 
quality of the solid substance and the thickness of the plate, we 

have w = ^{Ak^ + BX^ + + 2aXm+ 2hwK + 2ckX) (9); 

and hence, by (7), 

K = + cA, + \)w "1 

A= CK +BX-ham y 
2n = 6 k + aX+ Cw j 


( 10 ). 
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Transforming these by § 640 (3) we have, in ter ms of o*, tzr, 
w=^^{{A + B+2c)o^ + (A + B-2c)^^^C'm^ 

•^2 (b~a)^'m+2(b-ha) am + 2(A-B) o*^} (11), 

and 22 = (^ + ^ + 2c)(r+(^--^)3^ + (6 + a)^Er1 

2^ = {A-B)<T + {A+B^2c)^-^(b-^a)'nT[ (12). ^ 

2II= (b + a)cr+ (b-a)^+ 0 zd-J 

These second forms are chiejfly useful as showing immediately the 
relations which must be fulfilled among the coefficients for the 
important case considered in the following section. 


Potential 
enerj^j? of an 
elastic plate 
held bent. 


642. If the plate be equally flexible in all directions, a Case of 
synclastic stress must produce spherical curvature; an anti- 
clastic stress having any pair of rectangular lines in the plate 
for its axes must produce anticlastic curvature having these 
lines for sections of equal greatest curvature on the opposite 
sides of the tangent plane: and in either action the amount of 
the curvature is simply proportional to the amount of the 
stress. Hence if and h denote two coefficients depending on syuciw^po 
the bulk-modulus and rigidity of the substance if isotropic (see clastic ri’ 
^ 677, 680, below), and on the thickness of the plate, we have 

2 = 0 = TT = kzir (13)* 

And therefore [§ 640 (2)] 

'Z4;=Fka-"-fk(y + tJ7^) (14). 

Hence the coefficients in the general expressions of § 641 fulfil, 
in the case of equal flexibility in all directions, the following 
conditions : — 

a = 0, 6 = 0, A = B, 2(A-c)=0 (15); 

and the newly-introduced coefficients f) and It are related to them 
thus: — A+c = i, |(7 = .4-c = fe (16). 


643. Let us now consider the equilibrium of an infinite i»iate besit 
plate, disturbed from its natural plane by forces applied to it foiS 
in any way, subject only to the conditions of § 682. The sub- 
stance may be of any possible quality as regards elasticity in 
different directions: and the plate itself need not be homo- 
geneous either as to this quality, or as to its thickness, in 
different parts ; provided only that round every point it is in 
both respects sensibly homogeneous [§632 Def. (4)] to distances 
great in comparison with the thickness at that point. 



Plate bent 
fay any 
forces. 


Conditions 
of equi- 
Ufarium. 


Equations 
of equili- 
brium of 
plate bent 
by any 
forces, in- 
vestigated. 
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644. Let OXy OF be rectangular axes of reference in the 
plane of the undisturbed plate ; and let be the infinitely small ^ 
displacement from this plane, of the point {w, y) of the plate, 
when disturbed by any forces, specified in their effective com- 
ponents as follows : — Take a portion, Ey of the plate bounded by 
a normal surface cutting the middle surface in a line en- 
closing an infinitely small area cr in the neighbourhood of the 
point (Xy y)y and let Za denote the sum of ^ the component 
forces perpendicular to XOY on all the matter of E in the 
neighbourhood of the point (Xy y) : and Zo-, Ma the component 
couples round OX and OF obtained by transferring, according 
to Poinsot, the forces from all points of the portion Ey supposed 
for the moment rigid, to one point of it which it is convenient 
to take at the centre of inertia of the area, o*, of the part of the 
middle surface belonging to it. This force and these couples, 
along with the internal forces of elasticity exerted on the 
matter of Ey across its boundary, by the matter surrounding 
it, must (§ 564 ) fulfil the conditions of equilibrium for E treated 
as a rigid body. And Ey being not really rigid, must have the 
curvature due, according to § 641 , to the bending stress coii-i^ 
stituted by the last-mentioned forces. These conditions ex- 
pressed mathematically supply five equations from which, four 
elements specifying the internal forces being eliminated, we 
have a single partial differential equation for z in terms of x 
.and 2 /, which is the required equation of equilibrium. 


Let 


be a rectangle FQP'Q\ ’with sides 8x parallel to OX 

and Sy parallel to OF, 
Let aSy, a8y be the in- 
finitely nearly equal shear- 
ing forces perpendicular 
to the plate in the nonnal 
surfaces through PQ' and 
QP' respectively : and let 
/?, /?' be the corresponding 
X notation for PQy P'Q\ 



Q' 

P 

o\^i 

PJ 



P 

M. 


ox 


O 

We shall have, of course, 


da. 
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The results of these actions on the portion, of the plate, con- Equations 
sidered as rigid, are forc'js a'Sy, fi'hx through the middle points of biium of 
QP\ Q'F\ in the direction of z positive, and forces ahy^ j88aj Sy 
through the middle points of PQ\ PQ^ in the direction of z 
negative. Hence, towards the equilibrium o£ E as ii rigid 6odj, 
they contribute 

(a'~'a)8y+(/3'-^)Sx, or SxSy^ component force parallel to OE, 

aSy . 8a; couple round 0 F, 
and /3Sx . Sy „ „ OX; 

(in these last two expi^essions the difference between a and a* 
and between J3 and J3' are of course neglected). Again, if K, 

A, n specify, according to the system of § 637, the bending 
stress at (oj, y), we shall have couples infinitely nearly equal 
and opposite, on the pairs of opposite sides, of which, estimated 
in components round OX and OX, the differences, representing 
the residual turning tendencies on X as a rigid body, are as 
follows : — 


round OX, 


round OX, 


from sides PQ, Q'P\ hj . Bx, 

„ „ FQ’,QP',^^ 8 x. 82 /, 

from sides PQ, Q'P’, ~ 8y . 8x, 
ay 

,, ,, PQ!,QP',^^.hj-, 


or in all. 


round OX, 


dj^ ^ 
dy dx , 


/m 

^ \dy ^ dx 


'^BxSy, 
) SxSy. 


” ■ dx ) — 

The equations pf equilibrium, therefore, between these and the Equations 
applied forces on E treated as a rigid body give, if we remove niate^n? 
the common factor, BxBy, 


z+ 

doi 



dx 

dy 

.y3 + 

dK 

dn 

dy 

^ dx 


dU. 

dK 

■ ft + 

dy 

* dx 



Bqnations 
of -stress in 
plate bt lit 
by any 
forces. 


Equations 
connecting 
stress and 
curvature. 


Partial dif- 
ferential 
equation of 
the bent 
surface. 


Boundary 

conditions; 
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The first of these, with a and p replaced in it by their values 
firom the second and third, becomes 


d^K. n dM 

dx^ ^ * dxdy ^ d^ dx 


dX 

dy 


(2)^ 


Now K, A, cr denoting component curvatures of the plate, accord- 
ing to the system of § 639, we have of course 


d^z 


X = 


d^z 


dx^^ dif 

and hence (10) of § 641 give 


d^z 

dxdy ' 


d^z d^z d^z 1 

d^z ^d^z d^z 

^ dx^ dy^ ^ ^ dxdy 

OTT ^ d^z 

2n = 6 — + a-y-24 (7-r— , 
ax dy dxdy j 


.(3), 


,(4). 


Using these in (2) we find the required differential equation of 
the disturbed surface. On the general supposition (§ 643) we 
must regard A, (7, a, 6, c as given functions of x and y. 
In the important practical case of a homogeneous plate they are 
constants ; and the required equation becomes the linear partial 
differential equation of the fourth order with constant coefiB- 
cients, as follows : — 



d^z 

dx^dy 


+ ((7+ 2c) 


d'^z ^ ^ d^z j^d*z 


dM 

dx 



For the case of equal flexibility in all directions, according to 
§ 642 (13), this becomes 


or 


j /dz* ^ d^z d*z\ ^ dM dL'\ 

\d^'^ ~l,y I 

a(^ -7 ^ ! 

\cfo;“ ^ dy’) ^ dx dy J 


( 6 ). 


646. To investigate the boundary conditions for a plate of 
limited dimensions, we may first consider it as forming part of 
an infinite plate bounded by a normal surface drawn through a 
closed curve traced on its middle surface. The preceding in- 
vestigation leads immediately to expressions for the force and 
couple on any portion of the normal bounding surface. If then 
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the portion in question be actually cut out from the surround- Boundary 
ing sheet, and if a distribution of force and couple identical 
with that so found be applied to its edge, its elastic condition 
will remain absolutely unchanged throughout up to the ^ery 
normal edge. To fulfil this condition requires three equations, 
expressing (1) that the shearing force applied to the edge (that Poi»»o0^» 
is, the applied tangential force in the normal surface constitut- 
ing the edge], which is necessarily in the direction of the 
normal line to the plate, must be equal to the required amount, 
and (2) and (3) that the couple applied to any small part of the 
edge must have components of the proper amounts round any 
two lines in the plane of the plate. These three equations 
were given by Poisson as necessary for the full expression of 
the boundary condition ; but Kirchhoff has demonstrated that 
they express too much, and has shown that two equations 
suffice. This shall prove by showing that when a finite 
plate is given in any condition of stress, or free from stress, we 
may apply, round axes eveiywhere perpendicular to its normal 
surface-edge, any arbitrary distribution of couple without pro- 
ducing any change except at infinitely small distances from 
the edge, provided a certain distribution of force also, calcu- 
lated from the distribution of couple, be applied to the edge, 
perpendicularly to the plate. 

Let JTF, ~Bs, be an infinitely small element at a pomt (x, y) 
of a curve traced on the middle surface of an 
• infinite plate; and, FX and PY being parallel 
to the axes of x and y, let YXF = cf). Then, 
if denote the shearing force in the normal 
surface to the plate through 8s, and, as before 
(§ 644), a. PY and p . PX be those in normal 
surfaces through PY and PXy we must have, 
for the equilibrium of the triangle YPX 
supposed rigid (§ 564), 

= a. Pr + p . PXf whence f = a sin cos <^. 

Using here for a and /3 their values by (1) of § 644, we have 

dU dK\ . ^ /j. cfA <in\ . ,,, 


KircWioff*a 
boundary 
equations 
investi* ^ 
gated. 
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J^rchli^’8 Next, if GBs and BBs denote the components round JTF, and 

^^ions round an axis perpendicular to it in the plane of the plate, of ' 

gated. the couple acting across the normal surface through 8s , we have 


[(2) of § 637], 

G-A cos^<t> + 211 sin (fiC0S(f> + K sin® (2), 

AT- (K - A) sin cos ^ + II (cos® <j> - sin® <^) (3). 


If (^, G, B) denoted the action experienced by the edge in virtue , 
of applied forces, all the plate outside a closed curve, of which Ss 
is an element, being removed, these three equations would ex- 
press the same as the three boundary equations given by Poisson, 
Lastly, let ^8s, GSs, ^f£}8s denote the force perpendicular to the 
plate, and the components of couple, actually applied at any 
point (sc, y) of a free edge on the length Ss of the middle curve. 

As we shall immediately see 648), if 

= 0 (4), 

the plate will be in the same condition of stress throughout, ex- 
cept infinitely near the edge, as wdth (^, G, B) for the action on 
the edge. Hence, eliminating I and B between these four equa- 
tions, there remain to us (2) unchanged and another, or in all 
these two — 

6^ = A cos®<;(> -h 2n sin cos + K sin®^, and 
*+ ^ + ein0- p+ — + — jcos<(.+^[(K-A)sm0coB^+n(ooB^0-BmV)3 

which are Kirchhoff^s boundary equations. 

Distribu- 646. The proposition stated at the end of last section is 
«h^riiig equivalent to this: — That a certain distribution of normal^ 

mined, shearing force on the bounding edge of a finite plate may be 

Tp'lnp.Vi ^ ( 

produces determined which shall produce the same effect as any given 

fl0Xlir6 ^ V v-7 

as a given distribution of ceuple, round axes everywhere perpendicular to 

distribution ^ 

of couple the normal surface supposed to constitute the edge. To prove 

round axes ^ ^ ^ ..... » 

dfcuS'to equal forces act in opposite directions in lines EF, KF' 

boundary on each side of the middle line and parallel to it, constituting 
the supposed distribution of couple. It must be understood 
that the forces are actually distributed along their lines of 
action, and not, as in the abstract dynamics of ideal rigid bodies, ' 
applied indifferently at any points of these lines; but the 
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amount of the force per unit of length, though equal in the 
neighbouring parts of the two lines, must differ from point to 
point along the edge, to constitute any other than a uniform 
distribution of couple. Lastly, 
we may suppose the forces in 
the opposite directions to be not 
confined to two lines, as shown 
in the diagram, ^ut to be diffused 
over the two halves of the edge 
on the two sides of its middle 
line; and further, the amount of 
them in equal infinitely small 
breadths at different distances 
from the middle line must be 
proportional to these distances, 
as stated in § 634 (3), if the given 
distribution of couple is to be thoroughly such as JET of § 645. 



Distribu- 
tion of 
shearing 
force deter- 
mined, 
which 
produces 
same flexure 
as a ^ven 
distribution 
of couple 
round axes 
perpen- 
dicular to 
boundary. 


Let now the whole edge be divided into infinitely small 
rectangles, such as AB CD in the diagram, by lines drawn per- 
pendicularly across it. In one of these rectangles apply a 
balancing system of couples consisting of a diffused couple 
equal and opposite to the part of the given distribution of 
couple belonging to the area of the rectangle, and a couple 
of single forces in the lines AD, OB, of equal and opposite 
moment. This balancing system obviously cannot cause any 
sensible disturbance (stress or strain) in the plate, except 
within a distance comparable with the sides of the rectangle ; 
and, therefore, when the same thing is done in all the rectangles 
into which the edge is divided, the plate is only disturbed to 
an infinitely small distance from the edge inwards all round. 
But the given distribution of couple is thus removed (being 
directly balai ce I by a system of diffused force equal and 
opposite everywhere to that constituting it), and there remains 
only the set of forces applied in the cross lines. Of these there 
are two in each cross line, derived from the operations per- 
formed in the two rectangles of which it is a common side, and 
their difference alone remains effective. ,Thus we see that if 
the given distribution of couple be uniform along the edge, it ^ 



Uniform 
distribution 
of twisting 
couple pro- 
duces no 
flexure. 
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may be removed without disturbing the condition of the plate 
except infinitely near the edge : in other words, 

647. A uniform distribution of couple along the whole edge 
of a finite plate, everywhere round axes in the plane of the plate, 
and perpendicular to the edge, produces distortion, spreading to 
only infinitely small distances inwards from the edge all round, 
and no stress or distortion of the plate as a whole. The truth of 
this remarkable proposition is also obvious when we consider 
that the tendency of such a distribution of couple can only be 
to drag the two sides of the edge infinitesimally in opposite 
directions round the area of the plate. Later (§ 728) we shall 
investigate strictly the strain, in the neighbourhood of the edge, 
produced by it, and we shall find (§ 729) that it diminishes with 
extreme rapidity inwards from the edge, becoming practically in- 
sensible at distances exceeding twice the thickness of the plate. 

648. A distribution of couple on the edge of a plate, round 
axes eve ''y where in the plane of the plate, and perpendicular to 
the edge, of any given amount per unit of length of the edge, may 
he removed, and, wstead, a distribution of force perpendicula'** to 
the plate, equal in amount per unit length of the edge, to the rate 
of variation per unit length of the amount of the couple, without 
altering the flexure of the plate as a whole, or producing any dis- 
turbance in its stress or strain except infinitely near the edge. 

In the diagram of § 646 let AB = hs. Then if S be the 
amount of the given couple per unit length along the edge, be- 
tween AB, BC, the amount of it on the rectangle .4 is Hhs, 
and tlierefore ZTmust be the amount of the forces introduced alonw 

O 

AD, CB, in order that they may constitute a couple of the requi- 
site moment. Similarly, if H'^s denote the amount of the couple 
in the contiguous rectangle on the other side of BC, the force in 
BG derived from it will be //' in the direction opposite to H. 
There remains effective in BG a single force equal to the differ* 
ence, E'-H. 

If from A ioBhe the direction in which we suppose s, a length 
measured along the edge from any zero point, to increase, we have 

dH 
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Thus W 0 are left with single forces, equal to Bs, applied in 

^ sbearinff 

lines perpendicularly across the edge, at consecutive distances 
Ss from one another : and for this we Uiay substitute, with- 
out causing disturbance except infinitely near the edge, a con- 
tinuous distribution of transverse force, amounting to dHjds per conpl©^ 
unit length ; which is the proposition to be proved. The direc- 
tion of this force, when dH Jds is positive, is that of negative : 
whence immediately the form of it expressed in (4) of § 645, , 


649 . As a first example of the application of these equa- Ca8eof<Jir- 

. ^ colar stmjii. 

tions, we shall consider the very simple case of a uniform 
plate of finite or infinite extent, symmetrically influenced in 
concentric circles by a load distributed symmetrically, and by 
proper boundary appliances if required. 


Let the origin of co-ordinates be chosen at the centre of sym- 
metry, and let r, 0 be polar co-ordinates of any point P, so that 

x~T cos y=r sin d. 


The second member of (6), § 644, will be a function of r, which 
for brevity we may now denote simply by Z (being the amount 
of load per unit area when the applied forces on each small part 
are reducible to a single normal force through some point of it). 
Since z is now a function of r, and, as we have seen before 


[§49i («)]. 


1 d 



when u is any function of r, equation (6) of § 644 becomes 

A d ( d d d ci?2:\ 
r dr ( dr Lr dr \ dr) 

Hence 



j r jyjr^dr^iC(logr-l)rUlG'r^-i-C''logr+G'"...(2), 

which is the complete integral, with the four arbitrary constants 
explicitly shown. The following expressions, founded on inter- 
mediate integrals, deserve attention now, as promoting a thorough 
comprehension of the solution ; and some of them will be required 
later for expressing the boundary conditions. The notation of 
(7) will be explained in § 650 ; — 
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Plate . 

circularly 

etrained. 


^inclination, divided by radius ; or curvature in' 


normal section perpendicular to radius ) 


*■- S) + 40' + S 

(curvature in radial section) 

(sum of curvatures in rectangular sections) 





if curvatures in rectangular sections) j 
, = jj~jrZdr+Clogr + C' j 


-{0)f 


A-c 

'Ar^ 


. (Fz dz ^ 
^ ^ rdr 
[dzi 


jrdr j ^ jrZdr+ jrZdr-\-^C {(-4 + c) log r+ J(^ — c)} 

+ ^0'(A + c)~C"(A-c)^_ 


JI=0 


...(G), 


%v 


. d^z , dz 


(7). 

€ = c-j-j + A - 

d^^ rdr 


\^dG .d , ' 

1 

! 


(rZdr + C- 

!> 

(8). 


Of these (6) and (8) express, according to the notation of § 645, 
the couple and the shearing force acting on the normal surface 
cutting the middle surface of the plate in the circle of radius r. 
Tiiey are derivable analj^tically from our solution (2) by means of 
(2), (3), and (1) of § 645, with (4) of § 644, and (15) of § 642. 
The work is of course much shortened by taking y~0, and 
x = r, and using (3) and (4) of the present section. The student 
may go through this process, with or without the abbreviation, as 
an analytical exercise ; but it is more instinctive, as well as more 
direct, to investigate cd) initio the equilibrium of a plate sym- 
metrically strained in concentric circles, and so, iu the course 
of an independent demonstration of (6) § 644, for this case, 
or (1) § 649, to find expressions for the flexural and shearing 
stresses. 
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650, It is clear that, in every part of the plate, the normal 
sections (§ 687) of maximum and minimum, or minimum 
maximum, bending couples are those through and perpen- strain, 
dicular to the radius drawn from 0 the centre of symmetry. 

At distance r from 0, let L and Q he the bending couples in 
the section through the radius, and in the section perpen- 
dicular to it ; so that, if \ and k be the curvatures in these 
sections, we hav^, by (10) of § 641 and (15) of § 642, 

L = 4" CK .qv 

G^ck 

Let also f be the shearing force (§ 616, footnote) in the 
circular normal section of radius n The symmetry requires 
that there be no shearing force in radial normal sections. 

Considering now an element, J?, bounded by two radii 
making an infinitely small angle hO with one another, and 
two concentric circles of radii r — and r + we see 
that the equal couples LSr on its radial normal sections, round 
axes falling short of direct opposition by the infinitely small 
angle hd, have a resultant equal to LSrBd round an axis per- 
pendicular to the middle radius, in the negative direction when 
L is positive; and the infinitely nearly equal couples on its 
outer and inner circular edges have a resultant round the same 

axis, equal to ^ (GrBO) Sr, being the difference of the values taken 

^ by GrSd when r — and r 4- are put for r. There is also 
the couple of the shearing forces on the outer and inner edges, 
each infinitely nearly equal to ^rSO ; of which the moment is 
^rSOSr, Hence, for the equilibrium of U under the action of 
these couples, 

- LhrBe + -- {Or) hrB0 + ^rheZr = 0, 

or -i + |;((?r) + ?r=0 (10), 

if, as we may now conveniently do, we suppose no couples to 
be applied from without to any part of the plate except its 
bounding edges. Again, considering normal forces on E, we 

18-2 
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dent raves- have (trS0) Sr for the sum of those acting on it from the con- 
tigationfcr dr ^ ' 

strain. tiguous matter of the plate, and Zrodor from external matter 
if, as above, Z denote the amount of applied normal force per 
unit area of the plate. Hence, for the equilibrium of these 
forces, 

= 0 ( 11 ). 

Substituting for f in (11) by (10) ; for L and in the result 
by (9) ; and, in the result of this, for \ and k their expressions 
by the differential calculus, which are dzjrdr and d^z/dr^, since 
the plate is a surface of revolution differing infinitely little from 
a plane perpendicular to the axis, we arrive finally at (1) the 
differential equation of the problem. Of the other formulae of 
§ 649, (6), (7), (8) follow immediately from (9) and (10) now 
proved : except H = 0, which follows from the fact that the 
radial and circular normal sections are the sections of maximum 
and minimum, or minimum and maximum, curvature. 

Interpre- 651 . We are now able to perceive the meaning of each of 

tationof 1 « 1 * ^ ^ 

terms in the four arbitrary constants. 

integral. 

(1) C'* is of course merely a displacement of the plate 
without strain. 

(2) G ' log r is a displacement which produces anticlastic 

curvature throughout, with ± G " for the curvatures in the two 
principal sections : corresponding to which the bonding couples,. 
L, Gy are equal to ± (A — c) An infinite plane plate, with 

a circular aperture, and a uniform distribution of bending couple 
applied to the edge all round, in each part round the tangent as 
axis, would experience this effect ; as we see from the fact that 
the stress in the plate, due to G'\ diminishes according to the 
inverse square of the distance from the centre of symmetry. 
It is remarkable that although the absolute value of the deflec- 
tion, 0" log r, is infinite for infinite values of r, the restrictive 
condition (3) of § 632 is not violated provided (7" is infinitely 
small in comparison with the thickness : and it may be readily 
proved that the law (1) of § 633 is, in point of fact, fulfilled by 
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this deflection, even if the whole displacement has rigorously 
this value, C" log r, and is precisely in the direction perpen- 
dicular to the undisturbed plane. For this case or there 
is no shear. 

(3) is a displacement corresponding to spherical 
curvature : and therefore involving simply a uniform syuclastiq 
stress [§ 638 (1)], of which the amount is of course [§ 641 
(10) or (11)] equal to A -he divided by the radius of curva- 
ture, or (A+c) X agreeing with the equal values given 
for L and G by (6) and (7) of § 649. In this case also f = 0, or 
there is no shearing force. A finite plate of any shape, acted 
on by a uniform bending couple all round its edge, becomes 
bent thus spherically. 

(4) ^C(log r — l)r^ is a deflection involving a shearing force 
equal to — ACjr, and a bending couple, 

iC'{(^ + c)logr + i(^-c)}, 
in the circle of distance r from the centre of symmetry. 


652. It is now a problem of the merest algebra to find Symmetri- 

'*■ ^ Cfi»l flCXllT© 

the flexure of a flat ring, or portion of plane plate bounded by of flat rim?, 
two concentric circles, when acted on by any given bending 
couples and transverse forces applied uniformly round its 
out^ and inner edges. For equilibrium, the forces on the 
outer and inner edges must be in contrary directions, and of 
equal amounts. Thus we have three arbitrary data: the 
amounts of the couple applied to the two edges, each reckoned 
per unit of length, and the whole amount, Fy of the force on 
either edge. By (4), § 651, or (8) of § 649, we see that 


F 


•( 12 ); 


and there remain unknown the two constants, G' and C'\ to be 
determined from the two equations given by putting the ex- 
pression for G [(6) of § 649] equal to the equal values for the 
values of r at the outer and inner edges respectively. 

Example , — A circular table (of isotropic material), with a 
concentric circular aperture, is supported by its outer edge. 
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Symmetric which rests simply on a horizontal circle ; and is deflected by 
of flat ring, a load Uniformly distributed over its inner edge (or vice ve?^sdt 
inner for outer). To find the deflection due to this load , (which 
of course is simply added to the deflection due to .the Weight, 
determined below). Here G must vanish at each edge. 

The radii of the outer and inner edges being a and a\ the 
equations are 

* 1 

10 {(A 4- c) log a + - c)}+ iC\A + c) - C'\A - c) = 0, 

ti 


and the same with a' for a. Hence 


Flexure of 
flat ring 
equilibrat'^d 
by forces 
symmetri- 
cally distri- 
buted over 
its edges ; 


arid 

I G’ ( J + c) [a? - a'2) = _ I C [(^ + c) (a- log a - log a') + J (A - c) (a^ - a'®)] : 
and tlids, using for C its value (12), we find [(2) § 649] 


'2wA 


b 


-log r+l-f 


log a - a'^ log a' 


a^a'^ log - 


-f 




Putting the factor of r® into a more convenient form, and assign- 
ing C'" so that the deflection may be reckoned from the level of 
the inner edge, we have finally 



a^a log - 2 ,2 

^ A + c a , r , a a . a 

+ i b 77“ tog -7 — 4 “o lOii — ; ~ 

^A~c a —a a ^a^-a a 


3/1 + C ,a 

- . 

/I + c 



Towards showing the distribution of stress through the breadth 
of the ring, we have from this, by § 649 (6), 


^ F .. . x/ 1 a T a 1\ 


which, as it ought to do, vanishes when r = a\ and when r = a. 
Further, by § 649 (8), 



which shows that, as is obviously true, the whole amount of tlie 
transverse force in any concentric circle of the ring is equal to F. 
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653. The problem of § 652, extended to admit a load dis- and with 
tribnted in any symmetrical manner over the surface of the metrSiiiy 

. . 1/, /.i spread over 

ring instead of merely confined to one edge, is solved its area, 
algebraically in precisely the same manner, when the ter|ns 
dependent on Z, and exhibited in the several expressions of 
§ 649, are found by integration. One important remark we 
have to make however : that much needless labour is avoided 
by treating ^ ast a discontinuous function in these integrations 
in cases in which one continuous algebraic or transcendental 
function does not express the distribution of load over the 
whole portion of plate considered. Unless this plan were 
followed, the expression for .sr, dzjdr, Gy and would have to be 
worked out separately for each annular portion of plate through 
which Z is continuous, and their values equated on each side 
of each separating circle. Hence if there were i annular 
portions to be thus treated separately there would be 
arbitrary constants, to be determined by the 4 {i — 1) equations 
so obtained, and the 4 equations expressing that at the outer 
and inner bounding circular edges G has the prescribed values 
(whether zero or not) of the applied bending couples, and that 
z and f have each a prescribed value at one or other of these 
circles. But by the more artful method «(due to Fourier and 
Poisson), the complication of detail required in virtue of the 
discontinuity of Z is confined to the successive integrations; 
and the arbitrary constants, of which there are now but four, 
are determined by the conditions for the two extreme bounding 
edges. 

Example. — A circular table (of isotropic material), with a 
concentric circular aperture, is borne by its outer or inner edge 
which rests simply on a horizontal circular support, and is 
loaded by matter uniformly distributed over an annular area of 
its surface, extending from its inner edge outwards to a con- 
centric circle of given ladius, o. It is required to find the 
flexure. 

First, supposing the aperture filled up, and the plate uniform 
from outer edge to centre, let the whole circle of radius c be 
uniformly loaded at the rate tt?, a constant, per unit of its area. 
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We liave 


/= 

JrZdr= 

fjfrZdr= 

II 

fffrdrf^frZdr^ 

w 

0 

0 

0 

0 

w 





0 

Iwc^ 

log 

^4r- log ^ + c® 

(2r*log~r2+c®log^ + |e>) 

I. 

11. 

in. 

IV. 

V, 


Circular 
table of 
isotropic 
matenal, 
supported 
symmetri- 
cally on its 
edge, and 
strained 
cmly by its 
own weight 


Of these results, v. used in (2) gives the general solution; and 
IV., III., and II. in (6) and (8) give the corresponding expressions 
for Q and C Kj first, we suppose the value of G thus found to 
have any given value for each of two values, r\ t'\ of r, and f to 
have a given value for one of these values of r, we have three 
simple algebraic equations to find (7, C”; and we solve a more 

general problem than that proposed ; to which we descend by 
maldng the prescribed values of G and I zero. The power of 
mathematical expression and analysis in dealing with discon- 
tinuous functions, is strikingly exemplified in the applicability 
of the result not only to the contemplated case, in which c is in- 
termediate between r and but also to cases in which c is less 
than either (w^hen we fall back on the previous case, of § 652), 
or c greater than either (when we have a solution more directly 
obtainable by taking Z=w ior all values of r). 

If the plate is in reality continuous to its centre, and uniformly 
loaded over the whole area of the circle of radius c, we must 
have (7 = 0 and (7" = 0 to avoid infinite values of I and G at the 
centre: and the equation G = Q for the outer boundary of the 
disc gives C at once, completing the determination. If, lastly, 
we suppose c to be not less than the radius of the disc, we have 
the solution for a uniform circular disc uniformly supported 
round its edge, and strained only by its own weight. 


Beduotion 654. If now we consider the general problem, — to deter- 
mine the flexure of a plate of any form, with an arbitrary 
S2dov?r^ distribution of load over it, and with arbitrary boundary 
appliances, subject of course to the condition that all the 
applied forces, when the data are entirely of force, must con- 
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stitute an equilibrating system ; we may immediately reduce Reduction 
this problem to the simpler one in which there is no loadprffim^ 
distributed over the area, but arbitrary boundary appliances i^over 
only. We shall merely sketch the mathematical investigatign. 

First it is easily proved, as for a corresponding expression for 
three independent variables in § 491 (c), that 

^ 


where p* is any function of two independent variables, x\ y*\ 
p the same function of x, y\ D denotes — + {y — y*y}f 

and /J denotes integration over an area comprehending all values 
of x\ y\ for which p does not vanish. Hence 


if 



+ 


df) 


u — Z 


u = ~ JJdx'dy' log Djjdx"dy"Z" log D' 

4Tr'“ 


( 2 ), 

( 3 ), 


where D' J{{x'' -xy {y” -yy}] and if Z" and Z denote 
the values for (x'\ y') and (x, y) of any arbitrary function of two 
independent variables. Let this function denote the amount of 
load per unit of area, which we may suppose to vanish for all 
values of the co-ordinates not included in the plate; and to avoid 
trouble regarding limits, let all the integrals be supposed to 
extend from -oo to -foo. We thus have, in z = u^ a solution 
of our equation (2): and therefore z — u must satisfy the same 
equation with the second member replaced by zero : or, if j 
denote a general solution of 



then (d) 

is the general solution of (2). The boundary conditions for i are 
of course had by substituting w+j for « in the directly prescribed 
boundary equations, whatever they may be. 

656. Mathematicians have not hitherto succeeded in solving piatjoircu- 
this problem with complete generality, for any other form of 
plate than the circular ring (or circular disc with concentric wived, 
circular aperture). Having given (§§ 640, 653) a detailed 
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solution of the problem for this case, subject to the restriction of 
symmetry, we shall merely indicate the extension of the analysis 
to include any possible non-symmetrical distribution of strain. 
The same analysis, under much simpler conditions, will occur to 
us again and again, and will be on some points more minutely 
detailed, when we shall be occupied with important practical 
problems regarding electric influence, fluid motion, and electric 
and thermal conduction, through cylindrical spsices. 

Taking the centre of the circular bounding edges as origin for 
polar co-ordinates, let 

a; = rcos^, y — r^AxiO, 


We easily find by transformation 


dx^ dy^ r dr \ ~dr) r^ 

— (6). 

If we put log r ^ or r = 

(7), 

tlus i.e.omes = e ' 

d^ d® 

Hence if, as before, denote > 

(8)- 

^ ^ wy ■■ 

(9). 

This equated to zero gives 


d-} cT'i ^ 



(10), 

if V denote any solution of 


d^v d^v 

dtf ^ 

....... .(11). 


We shall see, when occupied with the electric and other problems 
relerred to above, that a general solution of this equation, appro- 
priate for our present problem as for all involving the expression 
of arbitrary functions of 0 for particular values of is 

v~ 2S{(.diCOS i^ + ^fSin i6) + (^^cos i6 + 33jSin i6*)c“*^}...(12), 

0 

where A^, are constants. That this is a solution, is 

of course verified in a moment by differentiation. From it we 
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readily find (and the result of course is verified also by diffe- 
rentiation), 

i " §0 |(i + 

+ ^|i2:r^_'^2(® -i(3li,cos9 + 3SiBin 5)a^6^+l^ 

( 13 ). 

V being any solution of (11), which may be conveniently taken 
as given by (12) with accented letters A', etc., to denote four 
new constants. If now the arbiti^ry periodic functions of $, 
with 27r for period, given as the values whether of displacement, 
or shearing foiee, or couple, for the outer and inner circular 
edges, b© expressed by Fourier’s theorem [§ 77 (14)] in simple 
harmonic series; the two equations [§645 (5)] for each edge, 
applied separately to the coefficients of qob iO and sin{^ in the 
expressions thus obtained, give eight equations for determining 
the eight constants 33,, B!, 33/. 


656 . Although the problem of fulfilling arbitrary boundaiy 
conditions has not yet been solved for rectangular plates, there 
is one remarkable case of it which deserves particular notice ; 
not only as interesting in itself, and important in practical 
application, but as curiously illustrating one of the most 
difficult points 
[§§ 646, 648] of the 
general theory. A 
rectangular plate 
acted on perpen- 
dicularly by a 
balancing system 
of four equal pa- 
rallel forces ap- 
plied at its four 
corners, becomes strained to a condition of uniform anti- 
clastic curvature throughout, with the sections of no-flexure 
parallel to its sides, and therefore with sections of equal oppo- 
site maximum curvature in the normal planes inclined to the 
sides at 45^ This follows immediately from § 648, if we 
suppose the corners rounded off ever so little, and the forces 
diffused over them. 




Plat circu- 
lar ring the 
only case 
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held and 
loaded by 
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pairs of 
comers. 
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Or, in each of an infinite number of normal lines in the edge > 
AB, let a pair of opposite forces each equal to be applied; 
which cannot disturb the plate. These, with halves of the single 
forces F in the dissimilar directions at the corners A and B, con- 
stitute a diffused couple over the whole edge AB, amounting in 
moment per unit of length to round axes perpendicular 
to the plane of the edge. Similarly, the other halves of the 
forces F at the corners A. B, with halves of those at 0 and 
I) and introduced balancing forces, constitute diffused couples 
over the edges CA and JDB ; and the remaining halves of the 
corner forces at C and £>, with introduced balancing forces, con- 
stitute a diffused couple over CD ; each having |P for the 
amount of moment per unit length of the edge over which it is 
diffused. Their directions are mutually related in the manner 
specified in § 638 (2), and thus taken all together, they constitute 
an anticlastic stress of value 0 = Hence (§ 642) the result 
is uniform anticlastic strain amounting to ^Fjk, and having its 
eixes inclined at 45*^ to the edges ; that is to say (§ 639), a flexure 
with maximum curvatures on the two sides of the tangent 
plane each equal to J FJk, and in normal sections in the positions 
stated. 


657 Few problems of physical mathematics are more 
curious than that presented by the transition from this solu- 
tion, founded on the supposition that the greatest deflection 
is but a small fraction of the thickness of the plate, to the 
solution for larger flexures, in which corner portions will bend 
approximately as developable surfaces (cylindrical, in fact), and 
a central quadrilateral part will remain infinitely nearly plane; 
and thence to the extreme case of an infinitely thin perfectly 
flexible rectangle of inextensible fabric. This extreme case may 
be easily observed and experimented on by taking a carefully 
cut rectangle of paper (§ 145), supporting it by fine threads 
attached to two opposite corners, and kept parallel, while two 
equal weights are hung by threads from the other corners. 


658. The definitions and investigations regarding strain of 
§§ 154 — 190 constitute a kinematical introduction to the theory 
of elastic solids. We must now, in commencing the elementary 
dynamics of the subject, consider the forces called into play 
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through the interior of a solid when brought into a condition of 
strain. We adopt, from Rankine*, the term stress to designate 
such forces, as distinguished from strain defined (§ 164) to ex- 
press the merely geometrical idea of a change of volume or 
figure. 


659. When through any space in a body under the action 
of force, the mutual force between the portions of matter on the 
two sides of any^ plane area is equal and parallel to the mutual 
foi'ce across any equal, similar, and parallel plane area, the stress 
is said to be homogeneous through that space. In other words, 
the stress experienced by the matter is homogeneous through 
any space if all equal similar and similarly turned portions of 
matter within this space are similarly and equally influenced by 
force. * 


660. To be able to find the distribution of force over the 
surface of any portion of matter homogeneously stressed, we 
must know the direction, and the amount per unit area, of the 
force across a plane area cutting through it in any direction. 
Now if we know this for any three planes, in three different 
directions, we can find it for a plane in any direction, as we see 
in a moment by considering Avhat is necessary for the equili- 
briuin of a tetrahedron of the substance. The resultant force on 
one of its faces must be equal and opposite to the resultant of 
the forces on the three others, which is known if these faces are 
parallel to the three planes for each of which the force is given. 

661. Hence the stress, in a body homogeneously stressed, is 
completely specified when the direction, and the amount per unit 
area, of the force on each of three distinct planes is given. It is, 
in the analytical treatment of the subject, generally convenient 
to take these planes of reference at right angles to one another. 
But we should immediately fall into error did we not remark 
that the specification here indicated consists not of nine but in 
reality only of six independent elements. For if the equili- 
brating forces on the six faces of a cube be each resolved into 
three components parallel to its three edges OX, OY, 02, we 
have in all 18 forces; of which each pair acting perpendicularly 


* Cambridge and Dublin Mathematical Journal, 1850. 


Tnmsmis- 
sion of force 
through an 
elastic solid. 


Homogene- 
ous stress. 


Force trans- 
mitted 
across any 
surface in 
elastic solid. 


Specifica- 
tion of a 
stress i 


by six iixh'' 

pendent 

elements. 



Relations 
between 
pairs of 
tangential 
tractions 
necessary 
for equili- 
brium. 


Specifica- 
tion of a 
stress; by sii 
indepen- 
dent ele- 
ments: 
three simple 
longitudinal 
stresses, 
and three 
simple 
shearing 
stresses. 


Simple lon- 
gitudinal, 
and shear- 
ing, stresses. 


Force 
across any 
surface m 
terms of 
rectangular 
specifica- 
tion of 
stress. 


200 


ABSTBACT DYNAMICS. 


[661. 


on a pair of opposite faces, being equal and directly opposed, 
balance one another. The twelve tangential components that 
remain constitute three pairs of couples having their axes in the 

direction of the three edges, each 
of which must separately be in 
equilibrium. The diagram shows 
the pair of equilibrating couples 
having OY forcaxis; from the 
consideration of which we infer 
that the forces on the faces {zy)^ 
parallel to OZ^ are equal to the 
forces on the faces {yx), parallel 
to OX Similarly, we see that 
the for#es on the faces (yj?), paral- 
lel to 0 Y, are equal to those of the faces {xz), parallel to OZ; 
and that the forces on {xz), parallel to OX, are equal to those 
on [zy), parallel to OF. 



662. Tims, any three rectangular planes of reference being 
chosen, we may take six elements thus, to specify a stress: P, Q, 
R the normal components of the forces on these planes; and 8, 
T, U the tangential components, respectively perpendicular to 
OX, of the forces on the two planes meeting in OX, perpendicu- 
lar to OF, of the forces on the planes meeting in OF, and per- 
pendicular to OF, of the forces on the planes meeting in OF; each 
of the six forces being reckoned per unit of area. A normal com- 
ponent will be reckoned as positive when it is a traction tending 
to separate the portions of matter on the two sides of its plane. 
Py Q, R are sometimes called longitudinal stresses, sometimes 
simple normal tractions, and 8, Ty U shearing stresses. 

From these data, to find in the manner explained in § 660, the 
force on any plane, specified by ly m, n, the direction-cosines of 
its normal ; let such a plane cut OX, 0 Y, OZ in the three points 
X, F, Z. Then, if the area XYZ be denoted for a moment by 
Ay the areas YOZy ZOXy XOY, being its projections on the three 
rectangular planes, will be respectively equal to Al^ Aw, An, 
Hence, for the equilibrium of the tetrahedron of matter bounded 
by those four triangles, we have, il Fy Gy H denote the com- 
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poneats of the force experienced by the first of them, XYZ^ per porce 


unit of its area, 

F , A ~ P. lA-k- U, mA + T . nA, 

and the two symmetrical equations for the components parallel ts 


across 
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tion Of 
stress. 


OT and OZ. Hence, dividing by J, we conclude 


F r= FI + Urn Tn\ 

G - Ul + Qm + aSwI (1)* 

Tl + Sm + Bn] 


These expressions stand in the well-known relation to the 
ellipsoid 

Px^ 4- Rz^-^ 2{Syz + Tzx+ TJxy) = 1 (2), 

according to which, if 'we take 

x^lr, y- mr, z = nr. 


and if X, /x, v denote the direction-cosines and p the length of the 
pei'pendicular from the centre to the tangent plane at {x, y, z) of 
the ellipsoid, we have 

F=-, G=-^, //=— . 
pr pr pr 

We conclude that 

663. For any fully specified state of stress in a solid, a stress- 
quadric surface may always be determined, which shall represent 
the stress graphically in the following manner: — 

To find the direction, and the amount per unit area, of the 
force acting across any plane in the solid, draw a radius per- 
pendicular to this plane from the centre of the quadric to its 
surface. The required force wull be equal to the reciprocal of 
the product of the length of this radius into the perpendicular 
from the centre to the tangent plane at the extremity of the 
radius, and will be perpendicular to this tangent plane. 


664. From this it follows that for any stress whatever there Principal 
are three determinate planes at right angles to one another such 
that the force acting in the solid across each of them is precisely 
perpendicular to it. These planes are called the principal or 
normal planes of the stress; the forces upon them, per unit area, 

— its principal or normal tractions; and the lines perpendicular 
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Prindpai to them, — ^its principal or normal axes, or simply its axes. The 

axes of a three principal semi-diameters of the quadric surface are equal 
to the reciprocals of the square roots of the principal tractions. 
If, however, in any case each of the three principal tractions 
is negative, it will be convenient to reckon them rather as 
pressures; the reciprocals of the square roots of which will be 
the semi-axes of a real stress-ellipsoid representing the distri- 
bution of force in the manner explained above, with pressure 
substituted throughout for traction. 

Vari^ies 665. When the three principal tractions are all of one sign, 

quadiic. the stress-quadric is an ellipsoid; the cases of an ellipsoid of 
revolution and a sphere being included, as those in which two, 
or all three, are equal. When one of the three is negative and 
the two others positive, the surface is a hyperboloid of one sheet. 
When one of the normal tractions is positive and the two others 
negative, the surface is a hyperboloid of two sheets. 

666. When one of the three principal tractions vanishes, 
while the other two are finite, the stress-quadric becomes a 
cylinder, circular, elliptic, or hyperbolic, according as the other 
two are equal, unequal, of one sign, or of contrary signs. When 
two of the three vanish, the quadric^becomes two planes; and 
the stress in this case is (§ 662) called a simple longitudinal 
stress. The theory of principal planes, and principal or normal 
tractions, just stated (§ 664), is then equivalent to saying that 
any stress whatever may be regarded as made up of three 
simple longitudinal stresses in three rectangular directions. 
The geometrical interpretations are obvious in all these cases. 

Composition 667. The composition of stresses is of course to be effected 
by adding the component tractions thus: — If Pj, Tj, 

(Pg, Pg, Pg, T^y U,^y etc., denote, according to § 662, any 
given set of stresses acting simultaneously in a substance, their 
joint effect is the same as that of a single resultant stress of 
which the specification in corresponding terms is (SP, SQ, 

ST, SP). 

Wsof 668. Each of the statements that have now been made (§§ 

strain and . t i i .•/»*. t n 

toss^com- 659, 667) regarding stresses, is applicable to injiniteCy small 
strains, if for traction perpendicular to any plane, reckoned per 
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unit of its area, we substitute elongation, in the lines of the 
traction, reckoned per unit of length; and for half the tangential 
traction parallel to any direction, shear in the same direction 
reckoned in the manner explained in § 175. The student will 
find it a useful exercise to study in detail this transference of 
each one of those statements, and to justify it by modifying in 
the proper manner the results of §§ 171, 172, 173, 174, 175, 
185, to adapt tl^m to infinitely small strains. It must be re- 
marked that the strain-quadric thus formed according to the 
rule of § 663, which may have any of the varieties of character 
mentioned in §§ 665, 666, is not the same as the strain-ellipsoid 
of § 160, which is always essentially an ellipsoid, and which, for 
an infinitely small strain, differs infinitely little from a sphere. 

The comparison of § 172, with the result of § 661 regarding 
tangential tractions, is particularly interesting and important. 

669. The following schedule of the meaning of the elements 
constituting the corresponding rectangular specifications of a 
strain and stress explained in preceding sections, will be found 
convenient: — 


Components 
of the 
strain. 


Planes; of which 
Dilative motion, or 
across which force 
IS reckoned. 


Direction 
of relative 
motion or 
of force. 


Keotangular 
elements of 
strains and 
stresses. 


^ P 


yz 


X 


f 


Q 


zx 


y 


y 


R 


xy 


z 


a 


S 


yyx 

{zx 


y 

z 


h 


T 


^y 

xy 


X 


c 


V 


^xz 


X 

y 


670. If a unit cube of matter, o^iven under any stress (P. Q, Work done 

® , ^ bya stress 

jS, By Ty TJ)y bo subjected further to such infinitesimal change within a 
of this stress as shall produce an infinitely small simple longi- 
tudinal strain e alone, the work done on it will be Pe ; since, of 

14 
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Work^d^e th^ component forces P, U, T parallel to OX, U and T do no 
within a work in virtue of this strain. Similarly Qf, Eg are the works 

•olid. done if, the same stress acting, infinitesimal strains f ox g are 

produced, either of them alone. Again, if the cube experiences 
a simple shear, whether we regard it (§ 172) as a differential 
sliding of the planes yx, parallel to y, or of the planes zx, 
parallel to z, we see that the work done is Sa : and similarly, 
Th if the strain is simply a shear b, parallel to^OZ, of planes 
or parallel to OX, of planes xy: and JJc if the strain is a shear 0, 
parallel to OX, of planes xz, or parallel to 0 Y, of planes yz. 
Hence the whole work done by the stress (P, Q, E, S, T, U) on 
a unit cube taking the additional infinitesimal strain (e, f, g, 
a, h, c), while the stress varies only infinitesimally, is 

Compare Pe 4- Q/+ Eq + Sa 4 Tb 4 Uc (3). 

§6rs,(‘.o) if ^ w 

It is to be remarked that, inasmuch as the action called a stress 

is a system of forces which balance one another if the portion 

of matter experiencing it is rigid, it cannot (§ 551) do any work 

when the matter moves in any way without change of shape: 

and therefore no amount of translation or rotation of the cube 

taking place along with the strain can render the amount of 

work done different from that just found. 

If the side of the cube be of any length p, instead of unity, 
each force will be times, and each relative displacement p 
times; and therefore the work done p® times the respective 
amounts reckoned above. Hence a body of any shape, and 
of cubic content C, subjected throughout to a uniform stress 
(P, Q, E, S, T, TJ) while taking uniformly throughout an ad- 
ditional strain {e,f, g, a, 6, c), experiences an amount of work 
equal to 

{Pe 4 4 Eg Sa+ Tb-^ Uc) G (4). ' 

Work done It is to be remarked that this is necessarily equal to the work 
on the sur* , .. 

face of a done on the bounding suriace of the body by forces applied to it" 
soUd. from without. For the work done on any portion of matter 
within the body is simply that done on its surface by the matter ; 
touching it all round, as no force acts at a distance from without 
on the interior substance. Hence if we imagine the whole Ibody 
divided into any number of parts, each of any shape, the sum. 
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of the works done on all these parts is, by the disappearance of Vorkdone 

I-,. , onthesur- 

equal positive and negative terms expressing the portions of the 
work done on eacli part by the contiguous parts on all its sides, solid- 
and spent by these other parts in this action, reduced to ^he 
integral amount of work done by force from without, applied all 
round the outer surface. 

The analytical verification of this is instructive with regard to 
the syntax of the mathematical language in which the theory of 
the transmivssion of force is expressed. Let x, y, z be the co- 
ordinates of any point within the body; W the whole amount 
of work done in the circumstances specified above ; and // / in* 
tegration extended throughout the space occupied by the body: 
so t^t 

TT = /// {Pe 4 - Of + Rg + Sa-\‘ Th+ Uc) dxdydz (5). 


If now we denote by a, y the component displacements of any 
point of the matter infinitely near the point (a?, y, z)^ experienced 
" when the additional strain (e, g, a, 6, c) takes place, whether 
non-rotationally (§ 182) and with some point of the body fixed, 
or with any motion of translation whatever and any infinitely 
small rotation, by adapting § 181 (5) to infinitely small strains 
according to our present notation (§ 669), and using in it 
§ 190 (e), we have 




^ dx^ ^ dy^ 

__ dy t 

^ dz ^ dy^ dx^ dz^ 



da djS I 

dy dx J 


( 6 ). 


Strain-com- 
ponents in 
torms of dis- 
placement. 


Witff!%hese, (5) becomes 



Work done 
through 
interior; , 


Hence by integration 

W= f/ [{Pa + 17^ + Ty)dydz + {Ua+Q^ + Sy)dzdx + (^a + fifjS + Ry)dxdy] (8), 

the limits of the integrations being so taken that, if d<r denote 
an element of the bounding surface, / f integration all over it, and 
m, n the direction- cosines of the normal at any point of it, the 
Expression means the same as 

W:=:JJ{{Pa-^U/3+Ty)U(Ua+QI3 + Sy)m^(Ta+Sfi^Ry)n}d<T,..(9)i 

U—i 
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which, with the terms grouped otherwise, becomes 
//{(P^+ Urn + Tn) a+ ( UU Qm +Sn) l3+{TUSm+ Rn) y\d<T,., (10). 

wrkdwie^ second member of this, in virtue of (1), expresses directly , 

on surface. -vvork done by the forces applied from without to the bounding 

surface. 

^uatkm of we suppose the body to yield to a stress (P, Q, 

by?st^ P, jS, P, U), and to oppose this stress only with^its innate resist- 
ance to change of shape, the differential equation of work done 
will [by (4) with de, dfy etc., substituted for e,/, etc.] be 

dw — Pde + Qdf-^ Rdg + 8da + Tdb + Tide (11), 

if w denote the whole amount of work done per unit of volume 
in any part of the body while the substance in this part ex- 
periences a strain (e, jf, g, a, b, c) from some initial state re- 
Physicaiap- garded as a state of no strain. This equation, as we shall see 
^ later, under Properties of Matter, expresses the work done in 
a natural fluid, by distorting stress (or difference of pressure in 
different directions) working against its innate viscosity; and 
w is then, according to Joule’s discovery, the dynamic value of, 
the heat generated in the process. The equation may also he 
applied to express the work done in straining an imperfectly 
elastic solid, or an elastic solid of which the temperature varies 
' during the process. In all such applications the stress will 

depend partly on the speed of the straining motion, or on thd 
varying temperature, and not at all, or not solely, on the ^^^te 
of strain at any moment, and the system will not be dynanHSlly 
conservative. 

Perfectly 672. Definition , — A perfectly elastic body is a body which, 

olSfS^ic body ^ i. «/ %/ %/ 

defined, iu when brought to any one state of strain, requires at all times 
dynamics, the Same stress to hold it in this state; however long it be 
kept strained, or however rapidly its state be altered from any 
other strain, or from no strain, to the strain in question. Here,, 
according to our plan (§§ 443, 448) for Abstract Dynamics, we 
ignore variation of temperature in the body. If, however, wO' 
add a condition of absolutely no variation of temperature, or 
of recurrence to one specified temperature after changes of 
strain, we have a definition of that property of perfect elasticit3r 
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towards which highly elastic bodies in nature approximate; and itecon- 
which is rigorously fulfilled by all fluids, and may be so by fulfilment 
some real solids, as homogeneous crystals. But inasmuch as 
the elastic reaction of every kind of body against strain varies 
with varying temperature, and (a thermodynamic consequence 
of this, as we shall see later) any increase or diminution of 
strain in an elastic body is necessarily accompanied by a 
change of temperature; even a perfectly elastic body could not, 
in passing through different strains, act as a rigorously conser- 
vative system, but, on the contrary, must give rise to dissipation 
of energy in consequence of the conduction or radiation of heat 
induced by these changes of temperature. 

But by making the changes of strain quickly enough to pre- 
vent any sensible equalization of temperature > by conduction or 
radiation (as, for instance, Stokes has shown, is done in sound 
of musical notes travelling through air); or by making them 
slowly enough to allow the temperature to be maintained 
sensibly constant* by proper appliances ; any highly elastic, or 
perfectly elastic body in nature may be got to act veiy nearly 
as a conservative system. 

673. In nature, therefore, the integral amount, Wy of work 
defined as above, is for a perfectly elastic body, independent 
(§ 274) of the series of configurations, or states of strain, strained, 
through which it may have been brought from the first to 
the second of the specified conditions, provided it has not 
been allowed to change sensibly in temperature during the 
process. 

'( The analytical statement is that the expression (11) for dw 

must be the differential of a function of e, /, gy a, 6, c, regarded 
as independent variables ; or, which means the same, w? is a 
function of these elements, and 

■p dw 

* “On the Thermoelastio and Thermomagnetio Properties of Matter” 

(W. Thomson). Quarterly Journal of Mathematics, April, 1855 ; Mathematical 
and Physical Papers, Art. xlvih. Part vii. 
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strained. 


* !?: ■ 


Stress-com- 
ponents ex- 
pressed in 
terms of 
strain. 
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In Appendix C, we shall return to the comprehensive analytical 
treatment of this theory, not confining it to infinitely small strains 
for which alone the notation (e, /, ...), as defined in § 669, is 
convenient. In the meantime, we shall only say that when the 
whole amount of strain is infinitely small, and the stress-corn-* 
ponents are therefore all altered in the same ratio as the strain- 
components if these are altered all in any one ratio; w must be a 
homogeneous quadratic function of the six variables e,/, g, a, 6, c, 
which, if we denote by (f?, e), 1‘onstants depend- 

ing on the quality of the substance and on the directions chosen 
for the axes of co-ordinates, we may write as follows 

et? = J {(e, e) + (//)/^+ {g, g) / + (a, a) (b, h) (c, c) c® 

■f 2(e,^)e/+ 2(e, a) da -f- 2 (e, 6)66 + 2(e, c)ec 

\ + 2 (/, g)fg + 2 (/, a) fa + 2 (f h)fh 4- 2 (/, c)fc - 

-f 2 {g, a)ga + 2 {g, h)gh-¥2 (g, c)gc 
•h 2 (a, 6) a6-i-2(a, c)ac 
-f2(6,c)6c}J 

The 21 coefficients (e, e), (/,/)... (6, c), in this expression con- 
stitute the 21 ‘^coefficients of elasticity,” which Green 
showed to be proper and essential for a complete theory of the 
dynamics of an elastic solid subjected to infinitely small strains. 
The only condition that can be theoretically imposed upon these 
coefficients is that they must not permit to to become negative for 
any values, positive or negative, of the strain-components 6,y, , 
Under Properties of Matter, we shall see that an untenable theory 
(Boscovich’s), falsely worked out by mathematicians, has led to 
relations among the coefficients of elasticity which experiment has 
proved to be false. 

Eliminating w from (12) by (13) we have 
F=(e,e)e+ (e,/)/+ (e, g)g + (e, a) a + (e, 6) 6 + (e, c) c -j 
Q = («./)«+ (/,/)/+ Lf, 9)9 +{f>«')a + {f,h)h + {f,c)c 
etc. etc. 

etc. etc. 

These equations express the six components of stress (P, 

Bf T, U) as linear functions of the six components of strain 
with 15 equalities [namely (^,/) = (^e), etc.] 
among their 36 coefficients, which leave only 21 of them inde- 
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pendent. The mere principle of superposition (which we have Stress-co^u- 
used above in establishing the quadratic form for w) might pressed ia 
' Lave been directly applied to demonstrate linear formulae for the strain, 
stress-components. Thus it is that some authors have been led to 
lay down, as the foundation of the most general possible theory 
of elasticity, six equations involving ^^6 coefficients supposed 
to be independent. But it is only by the principle of energy that, 
as first discovered by Green, the fifteen pairs of these coefficients 
are proved to be equal. 

The algebraic transformation of equations (14) to express the Strain- 

° n \ / r components 

strain-components singly, by linear functions of the stress-corn- 
ponents, may be directly effected of course by forming the proper of stress, 
determinants from the 36 coefficients, and taking the 36 proper 
quotients. From a known determinantal theorem, used also 
above [§ 313 {d)\ it follows that there are 15 equalities between 
pairs of these 36 quotients, because of the 15 equalities in pairs 
of the coefficients of e,f, etc., in (14). Thus, if we denote by 

[P, P\ IQ, Q], ... [P, Ql ... [«, P] ... 

the set of 36 determinantal quotients found by that process (being, 
therefore, known algebraic functions of the original coefficients 
(«> «). (/>/)> ••• etc.), we have 

e=[F,P]P+[P,Q]Q+[P,li]B+[P,S]S+[P,T]T+[P, U]V \ 
MQ,P]P^{Q,Q]Q^[Q,R]R+[Q,S]S+iQ,T]T+[Q,U}u\...{\Z)i 


etc. 


etc. 


and these new coefficients satisfy 15 equations 

[P, Q]=[Q, P], [P, P] = [P, P] (17). . 

By v/hat we proved in § 313 (d) when engaged with precisely 
the same algebraic transformation, we see that [P, P], [C? Q\ •••» 
[P, §],... are simply the coefficients of P®, .*•; 2P§, ... in tho 

expression for 2tc obtained by eliminating ... from (13), so 
that 

«,=i{[P,P]P*+[C,«]<2* + ...+2[P,<?]Pe+2[P,P3PP4...}...(18); 
and 


[dwl ^ [dwl [dwl ] 

Vdwl , rrfwl Tdw'\ 

‘=L»J' "'im' 


.( 19 ); 
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where the brackets [ ] denote the partial differential coefficients’ 
taken on the supposition that w is expressed as a function of 
P, Q, etc., as in (19); to distinguish them from those of equations 
(12) which were taken on the supposition that w is expressed 
as a function of e, f, etc., as in (13). We have also, as in 
§313 (<^), 

w = i (Pe + Qf+ Rg-¥Sa^Th+ Uc) (20); ' , 

which might have been put down in the beginning, as it simply 
expresses that 

Avei^e 674 . The average stress, due to elasticity of the solid, when, 
changing"^ strained from its natural condition to that of strain (e,f, g, a, 6, c) 
strain. is (as from the assumed applicability of the principle of super- 
position we see it must be)' just half the stress required to keep 
it in this state of strain. 


uomponenta 
€txpre8sed 
in terms 
of stress. 


Cfompsre 

§WO,<3)(4) 


Hoaaogene- 676 . A body is called homogeneous when any two equal, 
defined. similar parts of it, with corresponding lines parallel and turned 
towards the same parts, are undistinguishable from one another 
by any difference in quality. The perfect fulfilment of thia 
condition without any limit as to the smallness of the parts,.* 
though conceivable, is not generally regarded as probable for 
any of the real solids or fluids known to us, however seemingly 
'Hoiecuiar homogeneous. It is, we believe, held by all naturalists that 

hypothesis . ® t i • i • t’ 

there is a molecular structure, according to which, in compownd 
'4 bodies such as water, ice, rock-crystal, etc., the constituent 
substances lie side by side, or arranged in groups of finite 
dimensions, and even in bodies called simple (i.e., not known;{ 


to be chemically resolvable into other substances) there is no 
ultimate homogeneousness. In other words, the prevailing 
belief is that every kind of matter with which we are acquainted 
has a more or less coarse-grained texture, whether having visible 
g^ed^^ molecules, as great masses of solid stone- or brick-building, or 
Sut^no** natural granite or sandstone rocks j or, molecules too small to 
visible or directly measureable by us (but not infinitely small) * . 
ousness. seemingly homogeneous metals, or continuous crystals, or 


* Probably not undiscoverdbly small, although of dimensions not yet known 

to ns. See Appendix F. on “ Size of Atoms.** 
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liquids, or gases. We must of course return to this subject 
under Properties of Matter: and in the meantime need only Scale* oi 
say that the definition of homoaeneousnesa may be applied bomogene- 

. ^ ^ ousness. 

practically on a very large scale to masses of building or coarse- 
grained conglomerate rock, or on a more modera^^ scale" to 
blocks of common sandstone, or on a very small scale to seem- 
ingly homogeneous metals*; or on a scale of*extreme, undis* 
covered fineness^ to vitreous bodies, continuous crystals, solidified 
gums, as India rubber, gum-arabic, etc., and fluids. 

676. The substance of a homogeneous solid is called iso^ Is^^ic 
tropic when a spherical portion of it, tested by any physical tropic 
agency, exhibits no difierence in quality however it is turned, defined. 
Or, which amounts to the same, a cubical portion cut from any 
position in an isotropic body exhibits the same qualities rela- 
tively to each pair of parallel faces. Or two equal and similar 
portions cut from any positions in the body, not subject to the 
condition of parallelism (§ 675), are undistinguish able from one 
another. A substance which is not isotropic, but exhibits dif- 
ferences of quality in different directions, is called eolotropio* 

677. An individual body, or the substance of a homogeneous 
solid, may be isotropic in one quality or class of qualities, but 
eolotropic in others. 

propertiei. 

Thus in abstract dynamics a rigid body, or a group of bodies 
rigidly connected, contained within, and rigidly attached to a 
rigid spherical surface, is kinetically symmetrical (§ 285) if its 
centre of inertia is at the centre of the sphere, and if its moments 
of inertia are equal round all diameters. It is also isotropic 
relatively to gravitation if it is centrobaric (§ 534), so that ^e 
centre of a figure is not merely a centre of inertia, but a true 
centre of gravity. Or a transparent substance may transmit ^ 
light at different velocities in different directions through it 
(that is, be doubly refracting), and yet a cube of it may (and 
generally does in natural crystals) absorb the same part of a 
beam of white light transmitted across it perpendicularly to 

* Which, however, we know, as recently proved by Deville and Van Troost, 
are porous enough at high temperatures to allow very free percolation of gases. 


Isotropy 
and eolo* 
tr^yof 
dififerent 
sets of 
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any of its three pairs of faces. Or (as a crystal which exhibits 
dichroism) it may be eolotropic relatively to the latter, or to 
either optic quality, and yet it may conduct heat equally in all 
directions. 

678 . The remarks of § 675 relative to homogeneousness 
in the aggregate, and the supposed ultimately heterogeneous, 
texture of all substances however seemingly homogeneous, 
indicate corresponding limitations and non-rigorous practical 
interpretations of isotropy, 

679 . To be elastically isotropic, we see first that a spherical 
or cubical portion of any solid, if subjected to uniforrn normal 
pressure (positi\^e or negative) all round, must, in yielding, 
experience no deformation : and therefore must be equally com- 
pressed (or dilated) in all directions. But, further, a cube cut 
from any position in it, and acted on by tangential or shearing 
stress (§ 662) in planes parallel to two pairs of its sides, must 
experience simple deformation, or shear (§ 171), in the same 
direction, unaccompanied by condensation or dilatation*, and 
the same in amount for all the three ways in which a stress 
may be thus applied to any one cube, and for different cubes 
taken from any different positions in the solid. 

680 . Hence the elastic quality of a perfectly elastic, honlo- 
geneous, isotropic solid is fully defined by two elements; — ^its 
resistance to compression, and its resistance to distortion. The 
amount of uniform pressure in all directions, per unit area of 
its surface, required to produce a stated very small compression, 
measures the first of these, and the amount of the shearing 
stress required to produce a stated amount of shear measures 

• It must be remembered that the changes of figure and volume we are con- 
cerned with are so small that the principle of superposition is applicable; so 
that if any shearing stress produced a condensation, an opposite shearing 
stress would produce a dilatation, which is a violation of the isotropic condition. 
But it is possible that a shearing stress may produce, in a truly isotropic solid, 
condensation or dilatation in proportion to the square of its value: and it is 
probable that such effects may be sensible in India rubber, or cork, or other 
bodies susceptible of great deformations or compressions, with persistent elas- 
ticity. 
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the second. The numerical measure of the first is the com- 
pressing pressure divided by the diminution of the bulk of 
a portion of the substance which, when uncompressed, occupies 
the unit volume. It is sometimes called the elasticity q/’eaik- 
iolume, or the resistance to cmnpression, or the bvlk^modulus Soduius of 
of elasticity or the modulus of compression. Its reciprocal, or 
the amount of compression on unit of volume 'divided by the 
compressing pressure, or, as we may conveniently say, the com- 
pression per unit of volume, per unit of compressing pressure, 
is commonly called the compressibility. The second, or resist- Compreg- 
ance to change of sliape, is measured by the tangential stress 
(reckoned as in § 662) divided by the amount of tlie Avsioiiion^mdity, or 
or shear (§ 175) which it produces, and is called the 
of rigidity^ or for brevity rigidity of the substance, or its \ 
elasticity of figure, 

\ 

’ ’ - ! 

681. From § 169 it follows that a strain compounded of a 

simple extension in one set of parallels, and a simple contrac- 
tion of equal amount in any other set perpendicular to those, 
is the same as a simple shear in either of the two sets of Discrepant 
planes cutting the two sets of parallels at 45^ And the SfsSnfnd 
numerical measure (§ 175) of this shear, or simple distortion, stress,” rom 
is equal to double the amount of the elongation or contraction 
(each' measured, of course, per unit of length). Similarly, we stresses re- 
see (§ 668) that a longitudinal traction (or negative pressure) involved. , 
parallel to one line, and an equal longitudinal positive pressure 
parallel to any line at right angles to it, is equivalent to 
a shearing stress of tangential tractions (§ 661) parallel to 
the planes which cut those lines at 45^ And the numerical 
measure of this shearing stress, being (§ 662) the amount of 
the tangential traction in either set of planes, is equal to the 
amount of the positive or negative normal pressure, not 
doubled, 

682. Since then any stress whatever may be made up of strain pro- 
simple longitudinal stresses, it follows that, to find the relation a 
between any stress and the strain produced by it, we have only 

to find the strain produced by a single longitudinal stress, 

. which we may do at once thus ; — A simple longitudinal stress, 
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Sferain pro- 
duml by 
a single 
longitudinal 
stress. 





P, is equivalent to a uniform 
dilating tension ^P in all di- 
rections, compounded with two 
shearing stresses, each equal to 
^P, and having a common axis 
in the line of the given longi- 
tudinal stress, and their other 
two axes any t^o lines at right 
angles to one another and to it. 
The diagram, drawn in a plane 
through one of these latter lines, 
and the former, suflficiently in- 
dicates the synthesis; the only 


forces not shown being those perpendicular to its plane. 


Hence if n denote the rigidity, and k the hulk-modulus 
[being the same as the reciprocal of the compressibility 
(§ 680)], the effect will be an equal dilatation in all directions, 
amounting, per unit of volume, to 


k 


( 1 ). 


compounded with two equal shears, each amounting to 

1 p 

111 
n 

and having (§ 679) their axes in the directions just stated as 
those of the shearing stresses. 


683. The dilatation and two shears thus determined may 
be conveniently reduced to simple longitudinal strains by still 
following the indications of § 681, thus: ^ 

The two shears together constitute an elongation amounting 
to ^P/n in the direction of the given force, P, and equal contrac- 
tion amounting to ^P/^ in all directions perpendicular to it. 
And the cubic dilatation ^P/k implies a linear dilatation, equal 
in all directions, amounting to PjL On the whole, therefore, 
we have 
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' linear elongation = ^te direction of ^ 

the applied stress, and I 

/ 1 1 \ , I •••W* 

^ linear contraction == P f ^ ^ j , in all directions 

perpendicular to the applied stress. 

684. Hence when the ends of a column, bar, or wire, of 
isotropic material, are acted on by equal and opposite forces, 

it experiences a lateral linear contraction, equal to J 

tlje longitudinal dilatation, each reckoned as usual per unit J 
of linear measure. One specimen of the fallacious mathe- 
matics above referred to (§ 673), is a celebrated conclusion of 
Navier*s and Poisson's that this ratio is which requires 
the rigidity to be f of the bulk -modulus, for all solids: 
and which was first shown to be false by Stokes* from 
many obvious observations, proving enormous discrepancies 
from it in many well-known bodies, and rendering it most im- 
probable that there is any approach to a constancy of ratio 
between rigidity and bulk-modulus in any class of solids. 
Thus clear elastic jellies, and India rubber, present familiar 
specimens of isotropic homogeneous solids, which, while differ- 
ing very much from one another in rigidity (‘"stiffness"), are 
probably all of very nearly the same compressibility as water. 
This being pound per square inch; the bull:- 

modulus, measured by its reciprocal, or, as we may read it, 

“ 308000 lbs. per square inch," is obviously many hundred 
times the absolute amount of the rigidity of the stiffest of those 
substances. A column of any of them, therefore, when pressed 
. together or pulled out, within its limits of elasticity, by balanc- d 
ing forces applied to its ends (or an India-rubber band whenj 
pulled out), experiences no sensible change of volume, though | 
very sensible change of length. Hence the proportionate ex- 
tension or contraction of any transverse diameter must be 
sensibly equal to ^ the longitudinal contraction or extension: 


Hence 

Youngs 

modulas 


Sstioof 
lateial con* 
traction to 
longitudinal 
extension 


different fpr 
different 
substance 
from ifbr 
jelly too 
forcorlTii ^ 


* On the Friction of Fluids in Motion, and the Eq^uilibrium and Motion of 
Elastic Solids. — Trans. Camb. Phil. Jour., April, 1845. See also Camb. and Dub» 
Math. Jour., March, 1848. 
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different for and for all Ordinary stresses, such substances may be practically 
g^tances regarded as incompressible elastic solids. Stokes gave reasons 
lor^k^ for believing that metals also have in general greater resist- 
ance to compression, in proportion to their rigidities, than 
according to the fallacious theory, although for them the dis- 
crepancy is very much less than for the gelatinous bodies. This 
probable conclusion was sdfen experimentally demonstrated by 
Wertheim, who found the ratio of lateral to longitudinal change 
of linear dimensions, in columns on solely by longitudinal 

force, to be about ^ for glass and brafes ; and by Kirch hotf, who, 
by a very well-devised experimental method, found *387 as the 
value of that ratio for brass, and *294 for iron. For copper we 
find that it probably lies between *226 and *441, by recent 
experiments* of our own, measuring the torsional and longi- 
tudinal rigidities (§§ 596, 599, 686) of a copper wire. 

Si^sition 685. All these results indicate rigidity less in proportion to 
the bulk-modulus than according to Navier’s and Poisson's 

solid ^ 

groundless, theory. And it has been supposed by many naturalists, who 
have seen the necessity of abandoning that theory as inapplic- 
able to ordinary solids, that it may be regarded as the proper 
theory for an ideal perfect solid, and as indicating an amount of 
rigidity not quite reached in any real substance, but approached 
to in some of the most rigid of natural solids (as, for instance, 
iron). But it is scarcely possible to hold a piece of cork in the 
hand without perceiving the fallaciousness of this last attempt 
to maintain a theory which never liad any good fpimdation. 
By careful measurements on columns of cork of various forms 
(among them, cylindrical pieces cut in the ordinary way fot* 
bottles) before and after compressing them longitudinally in a. 
Bramah’s press, we have found that the change of lateraP 
dimensions is insensible both with small longitudinal contrac- 
tions and return dilatations, within the limits of elasticity, and 
with such enormous longitudinal contractions as to -J- or ^ of 
the original length. It is thus proved decisively that cork is^ 
much more rigid, while metals, glass, and gelatinous bodies are 

* On the Elasticity and Viscosity of Metals (W. Thomson). Froc. F. S,, 
May, 1865. See Art. ‘ Elasticity,’ Encye* Britan. 
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all le?s rigid, in proportion to bulk-modulus than the supposed 
‘'perfect solid and the utter worthlessness of the theory is 
experimentally demonstrated. 

686. The modulus of elasticity of a bar, wire, fibre, fbin Young’s 
filament, band, or cord of any material (of which the substance fined, 
need not be isotropic, nor even homogeneous within one normal 
section), as a bar of glass or wood, a metal wire, a natural fibre, 
an India-rubber band, or a common thread, cord, or tape, is 
a term introduced by Dr Thomas Young* to designate what 
.we also sometimes call its longitudinal rigidity: that is, the Same a« 
quotient obtained by dividing the simple longitudinal force 
required to produce any infinitesimal elongation or contraction 
by the amount of this elongation or contraction reckoned as 
usual per unit of length. 

* Extract from EncycL Brit. Art. ‘Elasticity,’ § 42. **Young^8 Modulus,” or 
Modulus^ Sini]}le Longitudinal Stress. — Thomas Young called the modulus of 
elastici^t)f an elastic solid the amount of the end-pull or end- thrust req,uired to 
produce any infinitesimal elongation or contraction of a wire, or bar, or column 
of the substance multiplied by the ratio of its length to the elongation or con- 
traction. In this definition the definite article is clearly misapplied. There are, 
as we have seen, two moduluses of elasticity for an isotropic solid, — one measuring 
elasticity of bulk, the other measuring elasticity of shape. An interesting and 
instructive illustration of the confusion of ideas so often rising in physical science 
from faulty logic is to be found in “An Account of an Experiment on the Elas- 
ticity of Ice: By Benjamin Bevan, Esq., in a letter to Dr Thomas Y^oung, Foreign 
Sec. R, S.” and in Young’s “Note” upon it, both published in the Transactions 
of the Royal Society for 1826. Bevan gives an interesting account of a well- 
designed and well-executed experiment on the fiexure of a bar, 3*97 inches thick, 

10 inches broad, and 100 inches long, of ice on a pond near Leighton Buzzard 
(the bar remaining attached by one end to the rest of the ice, but being cut ;fre8 
by a saw along its sides and across its other end), by which he obtained a fairly 
accurate determination of “the modulus of ice” (his result was 21,000,000 feet); 
and says that he repeated the experiment in various ways on ice bars of various 
dimensions, some remaining attached by one end, others completely detached, 
and found results agreeing with the first as nearly “as the admeasurement of 
the thickness could be ascertained. ” He then proceeds to compare “the modulus 
: of ice” which he had thus foxmd with “the modulus of water,” which he quotes 
from Young’s Lectures as deduced from Canton’s experiments on the compressi- 
bility of water. Young in his “Note” does not point out that the two moduluses 
were essentially different, and that the modulus of his definition, the modulus do- 
terminable from the flexure of a bar, is essentially zero for every fluid. We now 
call “Young’s modulus” the particular modulus of elasticity defined as above by 
Young, and so avoid all confusion. 



Weij?litr 
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and length 
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687 . Instead of reckoning Young’s modulas in units of 
weight, it is sometimes convenient to express it in terms of the 
weight of the unit length of the rod, wire, or thread. The 
modulus thus reckoned, or, as it is called by some writers’, the 
length of the modulus, is of course found by dividing the weight- 
modulus by the weight of the unit length. It is useful in many 
applications of the theory of elasticity ; as, for instance, in this 
x’esult, which will be proved later : — the velocity of transmission 
of longitudinal vibrations (as of sound) along a bar or cord, is 
equal to the velocity acquired by a body in falling from a 
height equal to half the length of the modulus^. For other 
examples see § 791, a, below. 

688 . The specific Youngs modulus of elasticity of an isotropic 
substance, or, as it is most often called, simply the Young's modvr- 
lus of the substance, is the Young’s modulus of a bar of it having 
some definitely specified sectional area. If this be such that the 
weight of unit length is unity, the Young’s modulus of the sub-- 
stance will be the same as the length of the modulus of any bar 
of it : a system of reckoning which, as we have seen, has some 
advantages in application. It is, however, more usual to choose 
a common unit of area as the sectional area of the bar referred 
to in the definition. There must also be a definite under- 
standing as to the unit in terms of which the force is measured, 
which may be either the absolute unit (§ 223) : or the gravi- 
tation unit for a specified locality ; that is (§ 226), the weight 
in that locality of the unit of mass. Experimenters hitherto 
have stated their results in terms of the gravitation unit, each ; 
for his own locality ; the accuracy hitherto attained being 
scarcely in any cases sufficient to require corrections for the 

* It is to be understood that the vibrations in question are so much spread 
out through the length of the body, that inertia does not sensibly influence the 
transverse contractions and dilatations which (unless the substance have in this 
respect the peculiar character presented by cork, § 684) take place along with 
them. Also, under thermodynamics, we shall see that changes of shape and / 
bulk produced by the varying stresses cause changes of temperature which, in 
ordinary soUds, render the velocity of transmission of longitudinal vibrations 
sensibly greater than that calculated by the rule stated in the text, if we use the 
italic modulus as understood from the definition there given ; and we shall 
learn to take into account the thermal effect by using a definite static modulus , , 
or kinetic modulus, according to the circuinstances of any case that may occur. 
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different forces of gravity in the different places of observation, in terms of 

® •' -L ji c • •j-± the absolute 

Copresponding statements apply to the modulus oi rigidity, uiuti^c^oi^ 
Young’s word “Modulus” is also used conveniently 
in the expression “Modulus of Rupture/’ which is almost 
synonym for “Tenacity.” (See table of Moduluses and StrengtLs, locality* 
article “ Elasticity/’ Encyclopcedia Britannica, new edition.) It 
means the greatest pull that can be applied to a wire, or 
bar, or rod of the substance without breaking it. It may be 
reckoned either in units of force per unit of area, of the cross 
section ; or it may be reckoned in terms of the length which 
the bar must have to be equal in weight to the breaking force, 
and when so reckoned it is called the “ Length-Modulus of 
Rupture.” 


689. The most useful and generally convenient specifica- 
tion of the modulus of elasticity of a substance is in grammes- 
weight per square centimetre. This has only to be divided by 
the specific gravity of the substance to give the length of the 
modulus, British measures, however, being still unhappily 
sometimes used in practical and even in high scientific state- 
ments, we may have occasion to refer to reckonings of the 
modulus in pounds per square inch or per square foot, or to 
length of the modulus in feet. 


690. The reckoning most commonly adopted in British 
treatises on mechanics and practical statements is pounds per 
square inch. The modulus thus stated must be divided b^ 
the weight of 12 cubic inches of the solid, or by the product 
of its specific gravity into *4337*, to find the length of the 
modulus, iu feet. 


* This decimal being the weight in lbs, of 12 cubic inches of water. The one 
great advantage of the French metrical system is, that the mass of the unit 
volume (1 cubic cent’ metre) of water at its temperature of maximum density 
(3®*945) is unity (1 gramme) to a sufficient degree of approximation for almost 
all practical purposes. Thus, according to this system, the density of a body 
and its specific gravity mean one and the same thing ; whereas on the British 
no-system the density is expressed by a number found by multiplying the specific 
gravity by one number or another, according to the choice of a cubic inch, cubic 
foot, cubic yard, or cubic mile that is made for the unit of volume; and the grain, 
scruple, gunmaker’s drachm, apothecary’s drachm, ounce Troy, ounce avoirdu- 
pois, pound Troy, pound avoirdupois, stone (Imperial, Ayrshire, Lanarkshire, 

VOL. II. 15 



226 


ABSTRACT DYNAMICS. ^ 


[690. 


To reduce from pounds per square incli to grammes per 
square centimetre^ multiply by 70’31, or divide by *014223. 
French engineers generally state their results in kilogrammes 
per square metre, and so bring them to more convenient 
numbers, being of the inconveniently large numbers ex- 

pressing moduluses in grammes weight per square centimetre. 

Metrical 691 . The Same statements as to units, reducing factors, and' 

tionsof^ nominal designations, are applicable to the Ibulk-modulus of 

laoduluscs ^ ^ ^ 

?ng€neraf^ any elastic solid or fluid, and to the rigidity (§ 680) of an 
“ isotropic body ; or, in general, to any one of the 21 modu- 
luses in the expressions [§ 678. (14)] for stresses in terms of 
strains,, or to the reciprocal of any one of the 21 moduluses in 
the expressions [§ 673. (16)] for strains in terms of stresses, as 
well as to the modulus defined by Young. 


Practical 691 a. The convenience, for residents on the Earth, of 

rules for 

velocities of the iengtli-reckoning of moduluses is illustrated by the theo- 
rems btated at the end of § 687, and others analogous to it as 
follows : — 


Bistortionai (1) The velocity of propagation of a wave of distortion m an 

without , . . ^ , 7 , , , . . , , 

c^nge of isotropic homogeneous solid is equal to the velocity acquired by 
a body in falling through a height equal to half the length- 
modulus of rigidity. 

(lomjireb- (2) The Velocity of the other kind of wave possible in an 

clastic isotropic homogeneous solid, that is to say a wave analogous to 

that of sound, is equal to rhe velocity acquired by a body falling 
through a height equal to half the length-modulus for simple 
longitudinal strain (compare § 686); just as the Young's modu- 

Dumbartonsliire), stone for hay, stone for corn, quarter (of a hundiedweight), 
quarter (of corn), hundredweight, or ton, that is chosen for unit of mass. It is a 
remarkable phenomenon, belonging rather to moral and social than to physical 
science, that a people tending naturally to be regulated by common sense should 
voluntarily condemn themselves, as the British have so long done, to unnecessary 
hard labour in every action of common business or scientific work related to 
measuiement; from which ail the other nations of Europe have emancipated 
themselves. We have been informed, through the kindness of the late Pro- 
fessor W. H. Miller, of Cambridge, that he concludes, from a very trustworthy 
comparison of standards by Kupffer, of St Petersburgh, that the weight of a cubic 
decimetre of water at temperature of maximum density is 1000 '013 grammes. 
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lus is reckoned for simple stress. The modnlus for simple 
longitudinal strain may be found by enclosing a rod or bar of 
the substance in an infinitely rigid, perfectly smooth and frio 
tionless tube fitting it perfectly all round, and then dealing:^ with 
it as the rod with its sides all free is dealt with for finding the 
Young’s modulus. Of course it is understood that the ideal 
tube, which gives positive normal pressure when the two ends 
of the elastic rod within it are pressed together, must be sup- 
posed to give the negative normal pressure, or the normal 
traction, required to prevent lateral shrinkage, when the 
two ends of the wire are pulled asunder. (Compare § 684 
above.) 

(3) The velocity of sound in a liquid is the velocity a body Oompres 
would acquire in falling through a height equal to half the liquid-, 
length-modulus of compression. 

(4) The Newtonian velocity of sound (that is to say, the cpmpres- 
velocity which sound would have in air if the pressure in the gas^ 
course of the vibration varied simply according to Boyle's law 
without correction for the heat of condensation, and the cold of 
rarefaction) is equal to the velocity a body would acquire in 
falling through half the height of the homogeneous atmosphere 

for the actual temperature of the air whatever it may be. (“ The 
Height of the Homogeneous Atmosphere " is a short expression 
commonly used to designate the depth that an ideal incompres- 
sible liquid of the same density as air must have to give by its 
weight the same pressure at the bottom as the actual pressure^ 
of the air at the supposed temperature and density.) 

(5) The velocity of a long wave* in water of uniform depth, gravity 
supposed incompressible, is the velocity a body would acquire in liquid; 
faUirig through a height equal to half the depth. 

(6) The velocity of propagation of a transverse pulse in a transversal 

11 1 - 1 X X? 1 -x • j 1 1 j vibration of 

stretched cord is equal to the velocity acquired by a body stretobed 

falling through a height equal to half the length of a quantity ^ ‘ 
of cord amounting in weight to the stretching force. 

* A “Long wave” is a technical expression in the theory of waves in water used 
to denote a wave of which the length is a large multiple (20 or 30 or more) of 
the depth. 
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691 6 . Resilience ” is a very riseful word, introduced About 
forty years ago (when the doctrine of energy was beginning to 
become practically appreciated) by Lewis Gordon, first professor 
of engineering in the university of Glasgow, to denote the quan- 
tity of work that a spring (or elastic body) gives back when 
strained to some stated limit and then allowed to return to the 
condition in which it rests when free from stress. The word 
resilience ” used without special qualifications may be under- 
stood as meaning extreme resilience^ or the work given back by 
the spring after being strained to the extreme limit within 
which it can be strained again and again without breaking or 
taking a permanent set. In all cases for which Hooke’s law* 
of simple proportionality between stress and strain holds, the 
resilience is obviously equal to the work done by a constant 
force of half the amount of the extreme force acting through 
a space e{|ual to the extreme defiectiou. 

691 c. When force is reckoned in “ gravitation measure,” 
resilien *e per unit of the spring s mass is simply the height 
that the spring itself, or an equal weigh n, could be lifted against 
gravity by an amount of work equal to that given back by the 
spring returning from the stressed condition. 


691 d. Let the elastic body be a long homogeneous cylinder 
or prism with fiat ends (a bar as we may call it for brevity), 
and let the stress for which its resilience is reckoned be positive 
normal pressures on its ends. The resilience per unit mass is 
equal to the greatest height from which the bar can fall with 
its length vertical, and impinge against a perfectly hard friction- 
Jess horizontal plane without suffering stress beyond its limits 
of elasticity. For in this case (as in the case of the direct im** 
pact of two equal and similar bars meeting with equal and oppo- 
site velocities, discussed above, §§ 303, 304), the kinetic energy 
of the translational motion preceding the impact is, during the 
Erst half of the collision, wholly converted into potential energy 
of elastic force, which during the second half of the collision is 
whoL\ reconverted into kinetic energy of translational motion 
in the reverse direction. During the whole time of the collision 
the stopped end of the bar experiences a constant pressure, and 
at the middle of the collision the whole substance of the bar 
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is for an instant at rest in the same state of compression as it Disre»rfo« 
would nave permanently if in equilibrium under the influence 
of that pressure and an equal and opposite pressure on the 
other end. From the beginning to the middle of the collision 
the compression advances at a uniform rate through the bar 
from the stopped end to the free end. Every particle of the 
bar which the compressioi^ has not reached continues moving 
uniformly with 4he velocity of the whole before the collision 
until the compression reaches it, when it instantaneously comes 
to rest. The part of the bar which at any instant is all that is 
compressed remains at rest till the corresponding instant in the 
second half of the collision. 

691 e. From our preceding view of a bar impinging against 
an ideal perfectly rigid plane, we see at once all that takes 
place in the real case of any rigorously direct longitudinal 
collision between two equal and similar elastic bars with flat 
ends. In this case the whole of the kinetic energy which the 
bodies had before collision reappears as purely translational 
kinetic energy after collision. The same would be approxi- 
mately true of any two bars, provided the times taken by a 
pulse of simple longitudinal stress to run through their lengths 
are equal. Thus if the two bars be of the same substance, or 
of different substances having the same value for Young’s 
modulus, the lengths must be equal, but the diameters may be 
unequal. Or if the Young’s modulus be different in the two 
bars, their lengths must be inversely as the square root of its 
values. To all such cases the laws of “ collision between two 
perfectly elastic bodies,” whether of equal or unequal masses, as 
given in elementary dynamical treatises, are applicable*. But 
in every other case part of the translational energy which the 
bodies have before collision is left in the shape of vibrations 
after collision, and the translational energy after collision is 
accordingly less than before collision. The losses of energy 
observed in common elementary dynamical experiments on 
collision between solid globes of the same substance are partly 
due to this cause. If they were wholly due to it they would 

♦ [It will be remembered that in § 303 such cases were characterized as 
‘‘imaginable although not realizable.’* Even in the most favourable case (that 
of equal diameters) it is impossible to secure that the contact shall take place 
uniformly over the ends. H. L.] 
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Digression be independent of the substance, when two globes of tlie same 
substance are used They would bear the same proportion to 
tieity the whole energy in every case of collision between two equal 
globes, or again, in every case of collision between two globes 
of any stated proportion of diameters, provided in each case 
the two which collide are of the same substance ; but the 
proportion of translational energy ^converted into vibrations 
would not be the same for two equal globes as 4br two unequal 
globes. Hence when differences of proportionate losses of energy 
are found in experiments on different substances, as in Newton^s 
on globes of glass, iron, or compressed wool, this must be due 
to imperfect elasticity of the material. .It is to be ejected 
that careful experiments upon hard well-polished globes striking 
one another with such gentle forces as not to produce even at 
the point of contact any stress approaching to the limit of elas- 
ticity, will be found to give results in which the observed loss 
of translational energy can be almost wholly accounted for by 
vibrations remaining in the globes after collision. 

691 f. Examples of Resilience. — Example 1. — In respect to 
simple longitudinal pull, the extreme resilience of steel piano- 
forte wire of No. 22 Birmingham wire g-auge, of density 7'727, 
weighing 0*34 grammes per centimetre (calculated by multi- 
plying the breaking weight of 106 kilogrammes into half the 
elongation produced by it, namely -^) is 6163 metre*grammes 
(gravitation measure) per ten metres of the wire. Or, what- 
ever the length of the wire, its resilience is equal to the 
work required to lift its weight through 172 metres. 

Example 2. — The torsional resilience of the same wire, twisted 
in either direction as far as it can be without giving it any 
notable permanent set, was found to be equal to the work 
required to lift its weight through 1*3 metres. 

Example 3. — The extreme resilience of a vulcanized india- 
rubber band weighing 12*3 grammes was found to be equal to 
the work required to lift its weight through 1200 metres. This 
was found by stretching it by gradations of weights up to the 
breaking weight, representing the results by aid of a curve, and 
measuring its area to find the integral work given back by the 
spring after being stretched by a wei^*ht just short of the break- 
ing weight; 
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692. In §§ 681, 682 we examined the efifect of a simple stress re- 
longitudinal stress, in producing elongation in its own direc- 

tion, and contraction in lines perpendicular to it. With stresses long^dinal 
substituted for strains, and strains for stresses, we may apply ’ , 
the same process to investigate the longitudinal and lateral, 
tractions required to produce a simple longitudinal strain (that 
is, an elongation in one di^ction, with no change of dimensions 
perpendicular to» it) in a rod or solid of any shape. 

Thus a simple longitudinal strain e is equivalent to a cubic 
dilatation e without change of figure (or linear dilatation Je 
equal in all directions), and two shears consisting each of dila- 
tation in the given direction, and contraction in each of 
two directions perpendicular to it and to one another. To 
produce the cubic dilatation, e, alone requires (§ 680) a normal 
traction ke equal in all directions. And, to produce either of 
Jbhe shears simply, since the measure (§ 175) of each is |^, 
requires a shearing stress equal to n x which consists of 
tangential tractions each equal to this amount, positive (or 
drawing outwards) in the line of the given elongation, and 
negative (or pressing inw^ards) in the perpendicular direction. 

Thus we have in all 

normal traction = (^ + the direction of the ^ 

given strain, and 

normal traction = {k — ^n)e, in every direction per- 
pendicular to the given strain. 

693. If now we suppose any possible infinitely small strain stress- 
(e, /, g, a, h, c), according to the specification of § 669, to be 
given to a body, the stress (P, Q, JR, S, P, U) required to is^^opb^ 
maintain it will be expressed by the following formulae, ob- 
tained by successive applications of. § 692 (4) to the com- 
ponents e,/, y separately, and of § 680 to a, I, c ; — 


S = na, T = nhy U = nc, 

P=a6+gi3(/+^), 

Q = Sl/+i3 (^+e), 

+ 33 (^ 4 -/), 


^ (o). 


where 
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694 . Similarly, by § 680 and § 682 (3), we have 


where 

and 


1 1 IT 

a = -8,h = -T,c= -U, 
n n n 

3Ie = {P-<r{Q+ R)], 

Mf={Q-,r{R + P)], 

Mg=lR-<y{P+QY„ 

M= * 

2k + n' 

_ Sk—2n 31 
‘^~2{3k+n)~^n~ ’ . 


( 6 ), 




as the formulae expressing the strain (e, f, g, a, h, c) in terms of 
the stress (P, Qj P, S, T, U). They are of course merely the 
algebraic Inversions of (5)'; and (§ 673) they might have been 
found by solving these for e,/, g^ a, b, c, regarded as the un- 
known quantities. 31 is here introduced to denote Young’s 
modulus (§ 683). * 


Equation of 695. To express the equation of energy for an isotropic 

energy for jr n i 

the same, substance, we may take the general formula, [§ 678 (20)], 

w — ^ {Pe + + Bg + Sa-hTb+ Uc) 

and eliminate from it P, Q, etc., by (5) of § 693, or, again, e,/*, 
, etc., by (6) of § 694, we thus find 

2%o = (h +^n) (e^'¥p+g’^) + 2 (/; - |n) (fg + ge + ef) + n [a? + + c^) 



Punda- 696. The mathematical theory of the equilibrium of an 
problems elastic solid presents the following general problems : — 

uicory.^ -d solid of any given shape, when undisturbed, is acted on in 
its substance by force distributed thj'ough it in any given manner, 
and displacements are arbitrarily produced, or forces arbitrarily 
applied, over its bounding surface. It is required to find the 
displacement of every point of its substance. 

This problem has been thoroughly solved for a shell of 
homogeneous isotropic substance bounded by surfaces which, 
, when undisturbed, are spherical and concentric (§ 735) ; but 

not hitherto for a body of any other shape. The limitations 
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under which solutions have been obtained for other cases (thin 
p^tes, and rods), leading, as we have seen, to important 
practical results, have been stated above (§§ 588, 632), To 
demonstrate the laws (§§ 591, 633) which were taken in* an- 
ticipation will also be one of our applications of the general 
equations for interior equilibrium of an elastic solid, which we 
now proceed to investigate^ 

697. Any portion in the interior of an elastic solid may be Conditions 

.. of internal 

regarded as becoming perfectly rigid (§ 564) without disturb- equilibrium, 
ing the equilibrium either of itself or of the matter round it. 

Hence the traction exerted by the matter all round it, regarded 
as a distribution of force applied to its surface, must, with the 
applied forces acting on the substance of the portion considered, 
fulfil the conditions of equilibrium of forces acting on a rigid 
body. This statement, applied to an infinitely small rectangular 
parallelepiped of the body, gives the general differential equa- 
tions of internal equilibrium of an elastic solid. It is to be 
remarked that three equations suffice ; the conditions of equili- expres^ 
brium for the couples being secured by the relation established eduations. 
above (§ 661) among the six pairs of tangential component 
tractions on the six faces of the figure. 

Let {x, y, z) be any point within the solid, and Sx, Sy, Sz edges 
respectively parallel to the rectangular axes of reference, of an 
infinitely small parallelepiped of the solid having that point for 
its centre. 

If P, Q, E, S, 1\ U denote (§ 662) the stress at (a;, y, 2 ), the 
average amounts of the component tractions (see table, § 669) on 
the faces of the parallelepiped will he 

^ parallel to 0 A”, 

„ „ OY, 


on the two faces ty^z ^ 


L V clx 


OZ. 


Taking the symmetrical expressions for the tractions on the two 
other pairs of faces, and summing for all the faces all the com- 
ponents parallel to the three axes separately, we have 
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General 
equations of 
interior 
equilibrium. 


»>’• 

... ..o^- 

Let now X, F, Z denote the cofj^onents of the applied force 
on the substance at (a?, y, 2 ;), reckoned per unit of volume; so that 
Yhxhjhz, ZhxZyhz will be their amounts on the small 
portion in question. Adding these to the corresponding com- 
ponents just found for the tractions, equating to zero, and omitting 
the factor SxSySz) we have 


dF dU dT ^ 


dU d^ ^ 
dx dy dz 


+ 7=0 


dx dy 


+ 


d^ 

dz 


+ X = 0 


•( 2 ); 


wh’ch are tlie general equations of internal stress reqi^ii'ed for 
equilibrium. 


If for P, Q, P, S, 1\ U we substitute the linear functions of 
c, /, g, a, h, c in terms of which they are expressed by (14) of 
§ 673, we have the equations of internal strain. And if we 
eliminate e, yj g, a, h, c by (6) of § 670 we have, for (a, y) the 
components of the displacement of any interior point in tei ms of 
{x, y, z) its undisplaced position in the solid, three linear partial 
differential equations of the second degree, which are the equa- 
tions of internal equilibrium in their ultimate form. It is to be 
remarked that, by supposing the coefficients (e, e), (e, /), etc., 
to be not constant, but given functions of (x, y, z), we avoid 
limiting the investigation to a homogenous body. 


cient,they 698. These equations being sufficient as well as necessary 
the for the equilibrium of the body, they must secure that the con- 
supposea dition of 8 697 is fulfilled for any and every finite portion of 

rigid fiina 

thesixeqna- it. Ihis IS easily verified. 

tion»of 

Let /// denote integration throughout any particular part of 


equilibrium 
wSu h rigid 
body. 
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the solid, dcr an element of the surface bounding this part, and 
[//] integration over the whole of this surface. We have 

jjjXdxdydz^-jff(^^ + g) dxdydz. .. 

Hence, integrating each term once, attending to the Kmits as in 
Appendix A., and delating by w, n the direction-cosines of 
the normal tj^rough tfer, 

. fj'fXdxdydz = - [ffiPdydz + Udzdx + Tdxdy)] = - [jS{Pl + + Tn)d(Tl 

and therefore [§ 662 (1)] 

ijjXclxdydz + \JjFdo]^(i (3). 

Again we have 

-/ / / |,(f 

Now, integrating by parts, etc., as in Appendix A., we have 
^ = [/ jySmdcr] - /// Sdxdydz, 

and 

\\\^ ^ ~ f/ “~ // jSdxdydz. 

Hence 

/jf(^ ® = [//(y'S'«t - 

Using this in the preceding expression, integrating the other 
terms each once simply as before, and using § 662 (1), we find 

ffj{yX--zY) dxdydz j{yH ~ zG) efer] = 0.. ...... .(4). 

The six equations of equilibrium being (3), (4), and the sym- 
metrical equations relative to y and %y are thus proved. 

For an isotropic solid, the equations (2) become of course much 
simpler. Thus, using (5) of § 693, eliminating e, /, a, c 
l>y (^) § ^^9, grouping conveniently the terms which result, 

and putting 

m={k + \n) ( 5 ), 


Verification 
of equations 
of equili- 
brium for 
any part 
supposed 
rigid. 


Simplifted 
equations 
for isotropic 
solid. 



236 


ABSTRACT DYNAMICS. 


St Venar.t’s 
application 
to torsion 
problems. 


Torsion pro* 
blem stated. 


[698. 

we find 


m 


m 


d /da d^ dy\ /d^a d^a d^a\ ^ ' 

‘ s (b + a; + s) s? * ^ “ 


or, as we may write them shortly, 


?n “ + ?iv*a+X=0, + n\;^l3 + 1^=0, + 7i^^y + Z -0,,,(7), 

(J/OC CLZ 


if we put ^ 

da d,8 dy ^ 
dx dy dz 

(8), 

and 




(9), 


d',f^ dz^ ^ 


so that 3 shall denote the amount of dilatation in volume ex- 
perienced by the substance; and v* the same symbol of operation 
as formerly [Appendix A. and B., and §§ 491, 492, 499, etc.]. 


699 . One of the most beautiful applications of the general 
equations of internal equilibrium of an elastic solid hitherto 
made is that of M. de St Yenant to ''the torsion of prisms.*” 
To one end of a long straight prismatic rod, wire, or solid or 
hollow cylinder of any form, a given couple is applied in a plane 
perpendicular to the length, while the other end is held fast: it 
is required to find the degree of twist (§ 120) produced, and 
the distribution of strain and stress throughout the prism. The 
conditions to be satisfied here are that the resultant action be- 
tween the substance on the two sides of any normal section is 
a couple in the normal plane, equal to the given couple. Our 
work for solving the problem will be much simplified by first 
establishing the following preliminary propositions: — 


• Mimoirei des Savants Etrangert, 1355. “Pe la Torsion des Prismea, aveo 
des considerations sur lenr Flexion,” etc. 
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700 . Let a solid (whether aeolotropic or isotropic) be so Lemma, 
acted on by force applied from without to its boundary, that 
throughout its interior there is no normal traction on any 
plane parallel or perpendicular to a given plane, which 

implies, of course, that there is no shearing stress with axes 
in or parallel to this plane, and that the whole stress at any 
point of the solid is a -einmle shearing stress of tangential 
forces in some direction in‘%e plane parallel to XOY, and in 
the plane perpendicular to this direction. Then — 

(1.) The interior shearing stress must be equal, and simi- 
laxly directed, in all parts of the solid lying in any line perpen- 
’dicular to the plane XOY. 

(2.) It being premised that the traction at every point of 
any surface perpendicular to the plane XOY is, by hypothesis, 
a distribution of force in lines perpendicular to this plane; the 
integral amount of it on any closed prismatic or cylindrical 
surface perpendicular to XOY, and bounded by planes parallel 
to it, is zero. 

(3.) The matter within the prismatic surface and terminal 
planes of (2,) being supposed for a moment (§ 564) to be 
rigid, the distribution of tractions referred to in (2.) con- 
stitutes a couple whose 
moment, divided by the 
distance between those 
terminal planes, is equal 
to the resultant force of 
the tractions on the area 
of either, and whose plane 
is parallel to the lines 
of these resultant forces. 

In other words, the mo- O X 

ment of the distribution of forces over the prismatic surface 
referred to in (2.) round any line (OF or OX) in the plane XOY, 
is equal to the sum of the components (T or S), perpendicular 
to the same line, of the traction in either of the terminal planes 
multiplied by the distance between these planes. 
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To prove (1.) consider for a moment as rigid (§ 564) an 
infinitesimal prism, AB (of sectional area w), perpendicular to 
XOY, and having plane ends, A, B, parallel 
to it. There being no forces on its sides (or 
cylindrical boundary) perpendicular to its 
length, its equiliteium so far as motion in 
the direction o&any line (OX), perpendi- ,, 
cular to its length, requires (§ 551, I.) that 
the components of the tractions on its ends 
be equal and in opposite directions. Hence, 
in the notation of § 6G2, the shearing 
B stress components, T, must be equal at A 

and B; and so must the stress components S, for the same"^ 
reason. 

To prove (2.) and (3.) we have only to remark that they are 
required, according to § 551, i. and II., for the equilibrium of 
the rigid prism referi'ed to in (3.). 

Or, analytically, by the general equations (2) of § 697, since ■ 
X = 0, T= 0, Z-Oj F = 0, <2 = 0, ^ = 0 = 0, by hypothesis; 

we have 


and 


^^=0, ^-'=0 

dz ’ dz 

(1). 

dT ^dS 
dx djj 

•#)• 


Of these (1.) prove that S and T are functions of x and ^ without 
or, in words, (1.) And if f J denote integration over the whole' 
of any closed area of XOF, we have 

of which the second member, when the limits of the effected and 
indicated integrations are properly assigned, is found to be the 
same as 

f(Tsin S cos </)) dSj \ 

where / denotes integration over the whole bounding curve, ds 

* Tlic brackets [], as here used, denote integrals assigned properly for the 
bounding curve. 
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an element of its length, and the inclination of ds to XO, Lemma. 
But, by (1) § 662, with I = sin <l>, m = cos cf>, n = 0, we have 

H = T sin <l> + S cos <f> (3), 

if H denote the traction (parallel to 0^),||feckoned as usual ‘'per 
unit of area, experienced by the boundn^g prismatic surface. 


Hence 


’ 

and therefore, because of (2), 

JIIds=^0 (5), 

which is (2.) in symbols. Again we have, by integration by parts, 


and substitution, (2), of ~ for - 

dy 


dx^ 


/ j Tdxdy = [/ l^xyify - ^ dxdy 

■ [/ TxdyY" + Ija? ^ dxdy - [/ Txdif] ^ + [jSxdx'] 

— fx (7^ sill ()>+ S cos <^) ds = f xllds 

which proves (3.) 


.( 0 ), 


701 . For a solid or hollow circular cylinder, the solution of 
§ 699 (given first, we believe, by Coulomb) obviously is that 
each circular normal section remains unchanged in its own 
dimensions, figure, and internal arrangement (so that every 
straight line of its particles remains a straight line of un- 
changed length), but is turned round the axis of the cylinder 
through such an angle as to give a uniform rate of twist (§ 120) 
equal to the applied couple divided by the product of the 
moment of inertia of the circular area (whether annular or 
complete to the centre) into the rigidity of the substance. 

For, if we suppose the distribution of strain thus specified to Torsional 
he actually produced, by whatever application of stress is neces- circular 
sary, we have, in every part of the substance, a simple shear 
parallel to the normal section, and perpendicular to the radius 
through it. The elastic reaction against this requires to balance 

* The brackets [ ], as here used, denote integrals assigned properly for the 
bounding curve. 
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it (§§ 679, 682), a simple distorting stress consisting of forces in 
the normal section, directed as the shear, and others in planes 
through the axis, and directed parallel to the axis. The amount 
of the shear is, for parts of the substance at distance r from the 
axis, equal obviously to rr, if r be the rate of twist. Hence the 
amount of the tangential force in either set of planes is mr per 
unit of ai*ea, if be the rigidity substance. Hence there 

is no force betAV'een parts of the'ffc^stance lying on the two sides 
of any element of any circular cylinder coaxal with the bounding 
cylinder or cylinders; and consequently no force is required on 
the cylindrical boundary to maintain the supposed state of strain. 
And the mutual action between the parts of the substance on the 
two sides of any normal plane section consists of force in this 
plane, directed perpendicular to the radius through each point, 
and amounting to nrr per unit of area. The moment of this dis- 
tribution of force round the axis of the cylinder is (if dor denote 
an element of the area) mj jdcrr^, or the product of nr into the 
nioment of inertia of the area round the perpendicular to its plane 
through its centre, which is therefore equal to the moment of the 
couple applied at either end. 


702. Similarly, we see that if a cylinder or prism of any 
shape be compelled to take exactly the state of strain above 
specified (§ 701) with the line through the centres of inertia of 
the normal sections, taken instead of the axis of the cylinder, 
the mutual action between the parts of it on the two sides of 
any normal section will be a couple of which the moment will 
be expressed by the same formula, that is, the product of the 
rigidity, into the rate of twist, into the moment of inertia of 
the section round its centre of inertia. 

The only additional remark required to prove this is, that if 
the forces in the normal section be resolved in any two rect- 
angular directions, OX, OY, the sums of the components, loping 
respectively nrj f xda- and mjj ydu, each vanish by the property 
(§ 230) of the centre of inertia. 


703. But for any other shape of prism than a solid or 
symmetrical hollow circular cylinder, the supposed state of; 
strain will require, besides the terminal opposed couples, force 
parallel to the length of the prism, distributed over the pris-* 
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, 1 . 


matic boundary, in proportion to the distance along the tangent, Traotiij' 

■ A * 1 • A 1 r. >1 • • 1 • -I 1 • T sides of . 

irom each point of the surface, to the point m which this line prism cor, 

f -I i* • ' n ^ Strained te 

IS cut by a perpendicular to it from the centre of inertia of the ' 

normal section. To prove this let a noimal section of- the 
prism be represented in the annexed diagram. Let PKy re- 
presenting tJie shear at ^ny point, P, close to the prismatic 
boundary, be resolved intoh^,^ and PT respectively al ig the 

normal and tangent. 

The whole shear, PiT, 
being equal to rr, its 
component, PiV', is 
equal to rr sinct) or 
T . PE. The corre- 
sponding component 
of the required stress 
is nr. PE, and involves 
(§661) equal forces in 
the plane of the dia- 
gram, and in the plane through TP perpendicular to it, each 
amounting to m . PE per unit of area. 



An application of force equal and opposite to the distribu- 
tion thus found over the prismatic boundary, would of course 
t-alone produce in the prism, otherwise free, a state of strain 
which, compounded with that supposed above, would give the 
state of strain actually produced by the sole application of 
balancing couples to the two ends. The result, it is easily st Veiiant’a 
seen (and it will be proved below), consists of an increased 
twist, together with a warping of naturally plane normal duoSEy^" 
sections, by infinitesimal displacements perpendicular to them- ing guides 
selves, into certain surfaces of anticlastic curvature, with equal th© ends, 
opposite curvatures in the principal sections (§ 180) through 
every point. This theory is due to St Venant, who not only 
pointed out the falsity of the supposition admitted by several 
previous writers, that Coulomb’s law holds for other forms of 
prism than the solid or hollow circular cylinder, but discovered 
fully the nature of the requisite correction, reduced the deter- 
mination of it to a problem of pure mathematics, worked out 
the solution for a great variety of important and curious cases, 

VOL. II. 16 



H,tdro- 
kinetio 
analogue 
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problem. 
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compared the results with observation in a manner satisfactory 
and interesting to the naturalist, and gave conclusions of great 
value to the practical engineer. 

704 . We take advantage of the identity of mathematical 
conditions in St Tenant’s torsion problem, and a hydrokinetic 
problem first solved a few years e^lier by Stokes*, to give 
the following statement, which be found very useful in 
estimating deficiencies in torsional rigidity below the amount 
calculated from the fallacious extension of Coulomb’s law ; — 

705 . Conceive a liquid of density n completely filling a 
closed infinitely light prismatic box of the same shape within 
as the given elastic prism and of length unity, and let a couple^ 
be applied to the box in a plane perpendicular to its length. 
The effective moment of inertia of the liquid “f* will be equal to 
the correction by which the torsional rigidity of the elastic 
prism calculated by the false extension of Coulomb’s law must 
be diminished to give the true torsional rigidity. 

Further, the actual shear of the solid, in any infinitely thin 
plate of it between two normal sections, will at each point be, 
when reckoned as a differential sliding (§ 172) parallel to their 
planes, equal to and in the same direction as the velocity of th^| 
liquid relatively to the containing box. 

706 . To prove these propositions and investigate the mathe-^ 
matical equations of the problem, we first show that the con- 
ditions of the case (§ 699) are verified by a state of strain 
compounded of (1) a simple twist round the line through the 
centres of inertia, and (2) a distorting of each normal section 
by infinitesimal displacements perpendicular to its plane : then ' 
find the interior and surface equations to determine this warp- 
ing : and lastly, calculate the actual moment of the couple to, 
which the mutual action between the matter on the two sides 
of any normal section is equivalent. 

Taking OX, OF in any normal section through 0 any con- 
venient point (not necessarily its centre of inertia), and OZ per- 

* *‘On some cases of Fluid Motion.” — Camh. Phil. Tram. 1843; or Mathe>> 
matical and Physical Papers, Stokes, Vol. i., page 17. 

t That is, the moment of inertia of a rigid solid which, as will be proved in 
Vol. II., may be fixed within the box, if the liquid be removed, to make its 
motions the same as they are with the liquid^n it. 
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pendicular to them, let aj + a, y -h p, z + y be the co-ordinates of 
the position to which a point (a?, z) of the unstrained solid is 
displaced, in virtue of the compound strain just described. Thus 
y will be a function of x and y, without and, if the twist 
(1) be denoted by r according to the simple twist reckoning of 
§ 120, we shall have 

V 

X-¥ a^x cos (rz) - y sin ^ y ^ ^ — x sin (rz) + y cos {rz) ... (7). 
Hence, for iifdnitely smak values of z, 

a ~ — TyZy P — rxz (8). 

Adhering to the notation of g§ 670, 693, only changing to Saxon 
letters, we have 

e=0, f = 0, g=0, a, = TX + ^, b=-Ty+^, c=0 (9). 

Hence [§ 693 (5)] 

= 0, Q^.0,R = 0,S=n{rx + ^^,T^n(^-ry + ’^^, t^=0...(10). 

And with the notation of § 698, (8) and (9), 

8 = 0, v“a = 0, v'/3 = 0 (11). 


Equations 
of strain, 
stress, and 
internal 
equilibrium. 


Hence if also = 0 (12), 

the equations of internal equilibrium [g 698 (6)] are all satisfied. 

For the surface traction, with the notation of g§ 662, 700, we 
have, by § 662 (1), 

F=0, <? = 0, H=Tsin<l> + ^cos<t> (13); 

or eliminating T and aS' by (10), and introducing dyjdp to denote 
the rate of variation of y in the direction perpendicular to the 
prismatic surface, and q {PE of § 703) the distance from the 
point of the sur.'ace for which H is expressed, to the intersection 
of the tangent plane with a perpendicular from 0, 

H =n cos ^ ^ sill — x cos 0)| 


Surface 
traction to 
be made 
zero. 


To find the mutual action between the matter on the two 
sides of a normal section, we first remark that, inasmuch as each 
of the two parts of the compound strain considered (the twist 
and the warping) separately fulfils the conditions of § 700, we 
must have 

/ / Tdxdy = jxHds, and jjSdxdy = jyHds .. ... . .(15). 

16—2 


Couple re- 
sultant of 
traction in 
normal 
section. 
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Hence when the prescribed surface condition iiT = 0 is fulfilled, 

we have f J Tdxdy = 0, J jSdxdy = 0 

and there remains only a couple 


N=jj{Sx- Ty)dxdy = m ff {x ‘ + /) dxdy -njj(y^-x ^ dxdy ...(17), 

in the plane of the normal sectioj^ That condition, by (14), 
gives 


“■^cos</. + ^sin^ = T(ysm<^-a5Cos<^) ...(18), 
for every point of the prismatic surface. 


Hydro- 
kinetic ap- 
plication of 
torsioiial 
equation. 


We shall see in Yol. ii. that (12) and (18) are differential 
equations which determine a function, y, of x, y, such that dyjdx 
and dyjdy are the components of the velocity of a perfect liquid 
initially at rest in a prismatic box as described in § 705, and set 
in motion by communicating to the box an angular velocity, t, 
in the direction reckoned negative lound OZ : and that the 
time-integral (§ 297) of the continuous couple by which this is 
done, however suddenly or gradually, is 


which is the excess of titJ j {x^ -e y^) dxdy over Y. Also, a and 
b in (9) are the components, parallel to OZ and OF, of the 
velocity of the liquid relatively to the box, since — ry and rx are 
the components of the velocity of a point (a*, y) rotating in the 
positive direction round OZ with the angular velocity r. Hence 
the propositions (§ 705) to be proved. 


707. M. de St Venant finds solutions of these equations in 
i\YO ways: — (A.) Taking any solution whatever of (12), he finds 
a series of curves for each of which (18) is satisfied, and any 
one of which, therefore, may be taken as the boundary of a 
prism to which that solution shall be applicable : and (B.) By 
the purely analytical method of Fourier, he solves (12), subject 
to the surface equation (18), for the particular case of a rect- 
angular prism. 

StVenatit’s (A.) For this M, de St Tenant finds a general integral of 

the boundary condition, viewed as a differential equation in 
terms of the two variables x, y, thus : — Multiplying (18) by 
and replacing sin^tf^- and coscfxh by their values dy and — dx, 
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we have - ^rd (x^ + y*) = 0, 

In this the first two terms constitute a complete diflTerential of a 
function of x and independent variables ; because y sa^sfies 
(12). Thus, denoting this function by w, we have 


dy 

dx 

du j dy du 

— 

(20), 

and (19) becomes 

du — i^rd (a:® + y‘) = 0, 


which requires that 

u-iT(x’‘ + y‘) = C 

(21), 


for every point in the boundary. It is to be remarked that, 
because 

d dy d dy 
dx d>y dy dx ’ 

we have, from (20), (22); 

or u also, as y, fulfils the equation = 0. A function, 
algebraically homogeneous as to x, y, which satisfies this equation 
is [Appendix B. (a)] a spherical harmonic independent of 2 . 
^ Hence a homogeneous solution of integral degree i can only be 
the part of Appendix B. (39) not containing z. This is 

where [Appendix B, (26)] 

I = a; + vy, and rj — x— vy, 

V standing for >/ — 1 ; 

or, if we change the constants so that the constants may be real, 


6t Vep»nt*8 
invention of v 
solvable ’ 


A {{x^ vyY-h (x - ry)^} - v.5 {(a? - 1 - vy)* - (a; — vy)^} (23), 

or, in terms of polar co-ordinates, 

2r* [A cos iO + B sin id) (24). 

Using this solution for the case ^ = 2 and (without loss of 
generality) putting B=0, we have 

u = 2A (x^ — y^) (25) ; 

whence by (20) y = — 4.4a;y (26) ; 

and the equation (21) of the series of bounding curves to which 
this solution is applicable is 



( 27 ), 
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Solution Lr 

elliptic 

cylinder. 


St Venant’s 
invention of 
iolvable 
cases. 


Solution 
for equilate- 
ral triangle. 


if we put, for brevity, 

Ti. • AJ 

which jouve 4:A = r ^ , 

18 

SO that (26) becomes y = — t .....(28). 

Using this in (17) we have 

N =m{jj {a? + y*)dxdy- JJ dxdy}, 

or, if /, J denote the moments of inertia of the area of the 
normal section, round the axes of x and ?/ respectively, 

= (29)5 

or, lastly, as we have for the elliptic area (27), 

/ = ^TTub .6^, t7 = ^TTCch . a®, 

Another very simple but most interesting case investigated 
by M. de St Tenant, is that arrived at by taking a harmonic of 
the third degree for u. Thus, introducing a factor Jr/a for 
the sake of homogeneity and subsequent convenience, we haVo 

th 

or in polar co-ordinates, > (31), 

cos 30 — irr® = 0, 

^ a ^ J 

as an equation giving, by different values of C, a series of 
bounding lines, for which 

y=iI(/~3a^2/) = ~jVsiii3^ (32) > 

is the solution of (12), subject to (18). For the particular valu^ 

(31) gives three straight lines, the sides of an equilateral 
triangle having a for perpendicular from an angle to the opposite 
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side, and placed relatively to x and y, as shown in the diagram Solution 
(§ 708, below). Thus we have the complete solution of the 
torsion problem for a prism whose normal section is an equi- 
lateral triangle. Equation (17) worked out for this area, with 
(32) for y, gives 


N^n{K--^K)T. 

But {K being the proper moment of inertia of the triangle, and 
A its area) ^ 

and thus, for the torsional rigidity, we have the several ex- 
pressions 

fj ^ 4^ 2 A ^ 41!^ ‘yiA /OQ\ 

=-naA=-^,nA =^3^ (o3). 


Similarly, taking for u a harmonic of the fourth degree and 
adjusting the constants to his wants, St Tenant finds the squares, - 
equation, 

-a - 6a3®2/^ + y‘^) - I - a 
or r* - ar^ cos 4^ = 1 - a 



to give, for difierent values of a, a series of curvilinear squares 
(see diagram of § 708 (3), below), all having rounded corners, 
except two similar though difierently turned curvilinear squares 
with concave sides and acute angles corresponding to a = *5, 
and a = — ^ (^2 1) ; for each of which the torsion problem is 

algebraically solved. 


And by taking u the sum of two harmonics, of the fourth and For star 
eighth degrees respectively, and properly adjusting the constants, rounded 
he finds 


2/" i8 in 


■‘4^* IT • 




.2 1 fJ 

*TT* 


a?^-28a;y + 70.ry- 28.xy + 


or 


48 1« 

■ TTT • TT • 


. 1 _ 36 16 

■ 4¥ • TT 

i cos 4^ 4- ^ . --5 cos 80 = 1—-^. fijr 


■■■(B5), 


as the equation of the curve shown in § 709, diagram (4), for 
which therefore the torsion problem is solved. 

(B.) The integration (21 ) of the boundary equation, introduced feduSn * 
by St Tenant for use in his synthesis, (A.) is also veiy useful in pr^Slem.** 
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St Venant’s 
reduction 
to Green’s 
problem* 


[70t. 

the analytical investigation, although he has not so applied It. 
First, we may remark, that the determination of u for a given 
form of prism is a particular case of “Green’s problem” proved 
possible and determinate in Appendix A. (e); being to find a 
function of ic, y which shall satisfy the equation 
d^u d^u _ ^ 

for every point of the area bounded a certain gjven closed circuit, 
subject to the condition, 

(36) 


Solution for 
rectangular 
prism, 


found by 
Fourier’s 
analysis. 


for every point of the boundary. 


When u is found, equations (20) and (17) with (10) complete 
the solution of the torsion problem. 

For the case of a rectangular prism, the solution is much 
facilitated by taking 


which gives 


~ + A - 2/*) + B, 
d'v <Bv ^ 


.( 37 ). 


and for boundary condition, 

If the rectangle be not square, let its longer sides be parallel to 
OX ] and let «, h be the lengths of each of the longer and 
of the shorter sides respectively. Take, now, 

A=^t, and A = (38). 

The boundary condition becomes 

v = 0 when y = 1 

V--T - y^) when rr = j 


To solve the problem by Fourier’s method (compare with the 
more difiicult problem of § 655), the requisite expansion of 
- 2/^ is clearly* 


* Obtainable, as a matter of course, from Fourier’s general theorem, but most 
easily by two successive integrations of the common formula 
Jtt = cos d - 1 cos 3^ + J cos hd ~ etc. 
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•^ 6 “ ~y^ = 5® |cos ^ ^ 3 i 7 + ^ cos — etc. j-,. . (40); 

where, for brevity y} = 

And, for the same cause, putting ^^TrXfb) ^ 

we have, for the form of solution, 




+ (2»+l)| 


} COS (2^ + 1) >7 ,.....(42), 


which satisfies (37), Aid gives v = 0 for y — ^ ^h. The 
residual boundary condition gives, for determining 


and 


• (2i-i-l)7ral2b 




+ (2i+l)»ra/26- 


+(2i4-l) nal2h 


p -(22+l)?ra/261_ 8 t&® 1) 

^2z +1 ® J /o,- . 1 


\ m 


( 2 i-f 1 )\ 


These two equations give a common value for the two unknown 
quantities which (42) becomes 


/ 2 \ 3 (- 1 )^ 

u=-r(-) 




W (2i-h ly ^-(2i+l)»ra/26 ^ ^+(2i+l) 7ra/26 

From this we find, by (37), (38), and (20), 

/2\® (—1)^ (2e+l)|__ {2j:+l)f 


cos(2^+ 1 ) 77 ... (44). 


/ 2 V (— 1 )* 

r=-Ta;3/+T (27^3 ^ +(2i+l).»/2& ^ ~-i2i+vnam (2^ +1)^- -(^5); 


and (17) gives, for the torsional rigidity, 




/sy b i__ 1 

\7r/ a (2^* + 1)® 1 4. ^~(2i+l)wa/6 


If we had proceeded in all respects as above, only taking -4 == — 
instead of -4 = in (37), we should have obtained expres- 
sions for y and A/r, seemingly very different, but necessarily 
giving the same values. These other expressions may be written 
down immediately by making the interchange cc, 3 /, a, b for y, a?, 
b, a in (45) and (46), and changing the sign of each term of (45), 
They obviously converge less rapidly than (45) and (46) if, as 
we have supposed, a > 5, and it is on this account that we pro- 
ceeded as above rather than in the other way. The comparison 
of the results gives astonishing theorems of pure mathematics, 



Extension 
to a class of 
curvilinear 
rectangles. 


Lame’s 
transforma- 
tion to plane 
isothermal 
co-ordi- 
nates 


Theorem of 
S:okes and 
Lam6. 


foi 

Pc 

an 
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such as rarely fall to the lot of those mathematicians who confine 
themselves to pure analysis or geometry, instead of allowing tliem- 
selves to be led into the rich and beautiful fields of mathematical 
truth which lie in the way of physical research. 

A relation discovered by Stokes* and Lamef independently 
[which we have already used in equations (20), (22)] taken in 
connexion with Lam6^s method of curvilinear co-ordinates allows 
us to extend the Fourier analytical method to a large class of 
curvilinear rectangles, including ^tbe rectlinear rectangle as a 
particular case, thus : — 


Let ^ be a function of a?, y satisfying the equation 


dx^ 


+ 



( 47 ), 


and, as this shows that 
let 


^ ^ (faj is a complete difiTerential, 



or, which means the same, 

drj _d^ ^ drj _ 



This other function -q also, as we see from (49), satisfies &ie 
equation 

^ 4.^-0 

dv? dy^~ 

And, also because of (49), two intersecting curves, whose equa- 
tions are 


(50). 


i-A, q^B. 


(51), 


cut one another at right angles. Let now, A and B being 
supposed given, x and y be determined by these two equations. 
The point whose co-ordinates are x, y may also be regarded as 
specified by i?), or by the values of q, which give curves 


* On the Steady Motion of Incompressible Fluids. Camb. Phil Tram»i 
1842; or Mathematical and Physical Papers^ Stokes, Vol. i., page 1. 

t M^moire sur les lois de T^quilibre du fluide eth^r^. Journal de VEcol& 
Poly technique i 1834. >i 

t See Thomson on the Equations of the Motion of Heat referred to Cur\i- 
linear co-ordinates. (Jamb. Math. Journal^ 1845; or Reprint of Mathematical 
and Physical Papers, Art. ix. 
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intersecting in (cc, y). Thus (^, ‘%f) with any particular values Theorem of 
assigned to ^ and 17, specifies a point in a plane. Common lamA 
rectilinear co-ordinates are clearly a particular case (rectilinear 
orthogonal co-ordinates) of the system of curvilinear orthogonal 
co-ordinates thus defined. Let now u, any function of y, be 
transformed into terms of 17. We have, by differentiation, 


djf 



df\ 

1 + 2 ^ 


+ ^tl\ 

\dx^ 

dll^^ 

' d$dy 

\dxdx 

dydyj 


cPA . 

drf \d^ dyV di W dxf) dy \dx^ dif) -^ 


which is reduced by (49) and (50) to 
d^u d^u /d?u d^u\ 

\de 


(fu d^u\ /d^ d^\ 

7 >2 " 7 9 1 I “7 «5 '7 O 


Hence the equation 
transforms into 
Also the relations 


di^ dyf)\dbi"dy^ 


drii d'u 

d^u d^u ^ 

du dy du dy 
~dy dx ^ dx dy 


transform, in virtue of (49), into 

di^ dy dll dy /kK\ 

d^^'^dn 

Hence the general problem of finding u and y has precisely the 
same statement in terms of L v, as that given above, (22), (36), plane iso- 
and (20), in terms of Xj y, with this exception, that we have not 
+ rf)j but if /($, 17) denote the function of 17 into 
which 03^ + 2/® transforms, 

u - 7]) for every point of the boundary (56). 

The solution for the curvilinear rectangle 

|:o 

is, on Fourier^s plan, 

S sin ^ •■'"'/“) + 2 sin ^ . . . (58), 

where yl,-, A/ are to be determined by two equations, obtained 
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Solution {or 
re<*tanjfle of 
plane iso- 
thermals. 


Biample. 
Rectangle 
bounded by 
two con- 
centric axes 
and two 
radii. 


[ 707 . 


thus : — Equate the coefficient of sin iV|/a when 17 = 0 and when 
respectively to the coefficients of sin tV^/a in the expansions 
of /(ij 0) and / (^, in series of the form 

jP sill “ sin + F sin + eta (59) 

^ a * a ® a ^ ' 


by Fourier’s theorem, § 77. Similarly, Bl^ are determined 
from the expansions of y*( 0 , rj) and y* (a, 77 ), in ^ries of the form 


sin ^ sin ^ sin ^ + etc. 

(60). 

Of one extremely simple example, very interesting in theory 
and valuable for practical mechanics, we shall indicate the 
details. 



(61). 

This clearly satisfies (47); and it gives, by (48), 

V 

77 = tan" - 

X 

4 

m 

' # 

The solution may be expressed on the same plan as in (3T)... 
(45) by a series of sines of multiples of if we take* 

, cos {13 -2r,) 

«/ — 9-1 _l_ ' ' ' 


^ cos p 


which, with (54), gives ^ ~ ^ 

(64). 


and leaves, as boundary conditions in the solution for t?, 


V - 


■m 


( cos ^ j ^ ’ 

1 o 2a fi co^(P -2ri)\ f 

v-irau ■> when f=a, ' 

^ ( cos p ) ^ > 

and v = 0 when 77 = 0 , and when rj^/3. 


The last condition shows that the B^ and B^ part of (58) is projier 
for expressing v, and the first two determine B^ and J?/ as 
usual. 


It should be noticed that this solution fails for the case of /3 = J (‘2i + 1) 
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Or when it is best to have tfie result in series of sines of Rectangle 


multiples of ^rf/a , we may take 



m, 


OQuaueu ay 
two con- 
centric arcs 
arusl two 
radiL 


which, with (.54), gives ^ ^ = 0 (67), 

and leaves, Ss boundary jonditions in the solution for 
when t; = 0, and when 

and w = 0 when f=0, and when f=a. 




The last shows that the and part of (58) is proper for 
and the two first determine A^^ A^. 


708 . St Venant’s treatise abounds in beautiful and instruc- 
tive graphical illustrations of his results, from which we select 
the following : — 


(1) Elliptic cylinder . — The plain and dotted curvilinear arcs 
are contour lines'' {coupes topographiques) of the section as 



Contour 
lines of nor- 
mal section 
of elliptic 
cylinder, as 
warped by 
torsion: 
equilateral 
hyperbolae 


warped by torsion ; that is to say, lines in which it is cut by 
a series of parallel planes, each perpendicular to the axis, or 
lines for which 7 (§ 706) has different constant values. These 
lines are [§707 (28)] equilateral hyperbolas in this case. The 
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lines of nor- 
mftl section 
nlttriangu- 
lar prism, af 
warped by 
torsion. 


Diagram of 
St Venant’s 
curvilinear 
squares for 
\\ljich tor- 
sion prob- 
lem IS 
solvable. 
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arrows indicate the direction of rotation in the part of the 
prism above the plane of the diagram. 



(2) Equilateral triangular 
prism. — The contour lines 
are shown as in case (1); 
the dotted curves being those 
where the warped section 
ftfils below the plane of the 
diagram, the direction of 
rotation of the part of the 
prism above the plane be- 
ing indicated by the bent 
arrow. 


(3) This diagram shows the series of lines represented by 
(34) ot § 70/, with the indicated values for a. It is repaarkable 



that the values a = 0*5 and a = — — 1) give similar but 
not equal curvilinear squares (hollow sides and acute angles), 
one of them turned through half a right angle relatively to the 
other. Everything in the diagram outside the larger of these 
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squares is to be cut away as irrelevant to the physical problem ; 
the series of closed curves remaining exhibits figures of prisms, 
for any one of which the torsion problem is solved algebraically. 
These figures vary continuously from a ciicle, inwai'ds to* one 
of the acute-angled squares, and outwards to the other; each, 
except these extremes, being a continuous closed curve with 
no angles. The curves for a = 0*4 and a = - 0 2 approach re- 
markably near to the recti4inear squares, partially indicated in 
the diagram by dotted lines^ 

(4) This diagram shows the contour lines, in all respects 
as in the cases (1) and (2), for the case of a prism having for 



section the figure indicated. The portions of curve outside 
the continuous closed curve are merely indications of mathe* 
matical extensions irrelevant to the phj^sical problem. 


Contour 
lines for St 
Venant^s 
"6toile & 
quatre 
points ar- 
rondis.” 
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Contour 
lines of nor- 
mal section 
of square 
prism, as 
warped bjr 
torsion. 


(5) This shows in the other cases, the contour lines for 
the warped section of a square prism under torsion. 



Elliptic 
square, and 
flat reot- 
an^lflrbars 
twisted. 


(6)^ (0> (^)- These are shaded drawings, showing the ap- 



bars under exaggerated torsion, as may be realized with such 
a substance as India rubber. 
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709. Inasmuch as the moment of inertia of a plane area Toraionai 
about an axis through its centre of inertia perpendicular to its 
plane is obviously equal to the sum of its moments of inertia ofprMpS 
round any two axes through the same poi it, at right angles to 
one another in its plane, the fallacious extension of Coulomb’s 
law, referred to in S 703, would make the torsional rigidity of a aion(§708) 
bar of any section equal to riJM (§ 694) multiplied into the sum lomb’s law, 
of its flexural rigidities (see below, § 715) in any two planes at 
right angles to one another through its length. The true theory, 
as we have seen (§§ 705, 706), always gives a torsional rigidity 
less than this. How great the deficiency may be expected to 
be in cases in which the figure of the section presents project- 
ing angles, or considerable prominences (which may be imagined 
from the hydrokinetic analogy we have givt;n in § 705), has 
been pointed out by M. de St Tenant, with the important 
practical application, that strengthening ribs, or projections 
(see, for instance, the fourth annexed diagram), such as are 
introduced in engineering to give stiffness to beams, have the 
reverse of a good effect when torsional rigidity or strength is an Ratios of- 
object, although they are truly of great value in increasing the rigfdities 
flexural rigidity, and giving strength to bear ordinary strains, solid c!rcu. 
which are always more or less flexural. With remarkable 
ingenuity and mathematical skill he has drawn beautiful illus- 
trations of this important practical principle from his algebraic 
and transcendental solutions [§707 (32), (34), (35), (45)]. Thus 


(0 

Rectilinear 

square. 



•84340. 


Square with curved 
corners and hollow 
sides; being curve, 
a-Q 4, of § 708(3) 



'8186. 

• 8666 . 


0 ) 

Square with acute 
angles and hollow 
sides. 


(U 

Star with four 
rounded points, 
being a curve of 
the eighth degree, 
[§ 707 (35) J. 


uiiate 


Equilateral 

triangle. 



for an equilateral triangle, and for the rectilinear and three 
curvilinear squares shown in the annexed diagram, he finds for 
VOL. II. 17' 
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the torsional rigidities the values stated. The number im- 
mediately below the diagram indicates in each case the frac- 
tion which the true torsional rigidity is of the old fallacious 

(а) of same estimate (§ 703); the latter being the product of the rigidity 
inSfaf of the substance into the moment of inertia of the cross section 

round an axis perpendicular to its plane through its centre of 
^ inertia. The second number indicates in each case the fraction 

(б) of same which the torsional rigidity is of that of a solid^ircular cylinder 
Serial of the same sectional area. 

Places of 710 . M. de St Venant also calls attention to a conclusion 

lisfortion from his solutions which to many may be startling, that in his 

in twisted . 

prisms. Simpler cases the places of greatest distortion are those points 
of the boundary which are nearest to the axis of the twisted 
prism in each case, and the places of least distortion those 
farthest from it. Thus in the elliptic cylinder the substance is 
most strained at the ends of the smaller principal diameter, and 
least at the ends of the greater. In the equilateral triangular 
and squaie prisms there are longitudinal lines of maximum strain 
through the middle of the sides. In the oblong rectangular 
prism there are two lines of greater maximum strain through 
the middles of the broader pair of sides, and two lines of. less 
maximum strain through the middles of the narrow sides. The 
strain is, as we may judge from (§705) the hydrokinetic ana- 
logy, excessively small, but not evanescent, in the projecting ribs 
of a prism of the figure shown in (4) § 709. It is quite evanes- 
SoiMofany cent infinitely near the angle, in the triangular and rectangular 
Prisms, and in each other case as (3) of § 709, in which there 
o?c»nicaf ^ finite angle, whether acute or obtuse, projecting outwards. 
iiMer’ This reminds us of a general remark we have to make, although 

stress. consideration of space may oblige us to leave it without formal 

proof. A solid of any elastic substance, isotropic or aeolotropic, 
bounded by any surfaces presenting projecting edges or angles, 
or re-entrant angles or edges, however obtuse, cannot experience 
any finite stress or strain in the neighbourhood of a projecting, 
stimnat angle (trihedral, polyhedral, or conical); in the neighbourhood^ 
of an edge, can only experience simple longitudinal stress 
parallel to the neighbouring part of the edge; and generally 
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experiences infinite stress and strain in the neighbourhood of 
a re-entrant edge or angle ; when influenced by any distribu- 
tion of force, exclusive of surface tractions infinitely near the 
angles or edges in question. An importanu applipation ofc the 
last part of this statement is the practical rule, well known in 
mechanics, that every re-entering edge or angle ought to be 
rounded to prevent risk of rupture, in solid pieces designed to 
bear stress. An* illustration^ of these principles is afforded by 
the concluding example of § 707 ; in which we have the com- 
m^'thematical solution of the torsion problem for prisms 
of fan-shaped sections, such as the annexed figures. In the 
cases corresponding to a — 0, we see, without working out the 
solution, that the distortion djjrdr) vanishes when r = 0, if /3 is 
< TT ; becomes infinite when r = 0, if /3 is > tt ; but is finite 
and determinate if /3 = tt. 


At re-en- 
trant anglea 
infinite. . 

LiabUity to 
cracks pro- 
ceeding 
from re- 
entrant 
angles, or 
any places 
of too sharp 
concave 
curvature. 


Cases of ^ 
curvilinear 
rectangles 
for which 
torsion pro- 
blem has 
been solved. 



The solution indicated above determining v to satisfy (64) 
and (65) of § 707, if translated into polar co-ordinates r, rj, such 
that a: = r cos y, and y = r sin rj, with tt//? = v, becomes merely 
this — 

V + Bi'r-'^*') sin ivrj* (69), 

where Bi, Bl are to be determined by the equations (65) of 
§ 707, with T-a and instead of f = 0 and f=a, and 
instead of ® {a, and d denoting* the radii of the concave and 
convex cylindrical surfaces respectively). When a = 0, these 
give Bi = 0 ) and therefore 

i^\ 


Distortion 
zero at 
central 
anglfl of 
sector ( 4 ), 
infinite at 
central 
angle of 
sector (6); 
zero at all 
the other 
angles. 


\rdr)/r^Q 


is zero, or equal to B^ cos t;, or infinite, 


according as v> 1, — 1, or < 1 ; whence also follow similar results 
ior(^) . 

i,\rdy/ j>=;Q 

Compare § 707 (23) (24) ; by which we see that this solution is merely the 
general expression in polar co-ordinates for series of spherical harmonics of x, y, 
with z = 0, of degrees i, 2i, 3z, etc., and - f, - 2z, - 3t, etc. These are “ complete 
harmonics” when i is unity or any integer. 


17—2 
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Problem of 
fleixure. 


Porced con- 
dition of no 
distortion 
in normal 
sections. 


L711. 

711 . To prove the law of flexure (§§ 591, 592), and to 
investigate the flexural rigidity (§ 596) of a bar or wire of 
isotropic substance, we shall first conceive the bar to be bent 
into a circular arc, and investigate the application of force 
necessary to do so, subject to the following conditions: — 

(1) All lines of it parallel to its length become circular arcs 
in or parallel to the plane ZOX^ with their centres in one line 
perpendicular to this plane ; OZ and all lines parallel to it 
through 0 Y being bent without change of length. 

(2) All normal sections remain plane, and perpendicular 
to those longitudinal lines, so that their planes come to pass 
through that line of centres. 

(3) No part of any normal section experiences deformation. 

A section DOB 
of the beaia4)e- 
ing chosen for., 
plane of refer-;^ 
ence, XOF, 1^* 
F, (.x’,y,;s)be any 
]joint of the un- 
bent, and/ jP, 
same 

point of the bent, 
beam ; each seen 
^ in projection, on 
^ the plane X(9X, in 
the diagram ; and 
let p be the radius 
of the arc OAT, 
into which the 

line ON of the straight beam is bent. We have 

x' X + {p — x) ( 1 — cos - ) , y' = y, z' ~(p — x) sin - . 

\ p/ p . 

But, according to the fundamental limitation (§ 588), x is at 
most infinitely small in comparison with p : and through any 
length of the bar not exceeding its greatest transverse dimeu- 
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Bion, % is so also. Hence we ne^ie^ct higher powers of x\p and 
zjp than the second in the preceding expressions ; and putting 
a;'-fl5 = a, = = 

we have a=J — , ^ = 0, y = — ‘(1). t 


These, substituted in § 693 (5) and § 697 (2), give 
P=-(w,-«.)^ Q = -{m-n)^, R==-{m + n)~^ 
S=0, T=^0, V = 0, 


J 


r=0, z=o 


.(3). 


Surface 

traction 

qmred to 
prevent 
distortion 
in normal 
section. 


The interpretation of this result is interesting in itself, but, not 
requiring it for our present purpose, we leave it as an exercise 
to the student. 


712. The problem of simple flexure supposes that? no force 
is applied from without either as traction on the sides of the 
bar, or as force acting at a distance on its interior substance, 
but that, by opposing couples properly applied to its ends, 
it is kept in a circular form, with strain and stress uniform 
throughout its length. 

To the a, J3, y of last section let corrections 
= P^Kxy, y = 0, 

be added. This will give, by § 693 (5), 

P' ^Q'z= 2mKx, R' — 2 (m — n) Kx, JS' = 0, T' = 0, U' — 0, 
and by § 698 (2) 

X' = -2mK, r = 0, Z'^0, 

to be added to the P, Q.,.X, T, Z. Hence if we take 


Ooirection 
to do away 
with lateral 
traction, 
and bodily 
force. 


m-n 

- 2mp ’ 

the surface tractions on the sides of the bar and the bodily 
forces are reduced to nothing ; so that if now 


a 


1 j 3 m — n 
2pl 2m 




m — n 
2m 


mj, y=--xz...{l), 


we have [§ 670 (6) and § 693 (6)] 


St Yesnant’s 
solution of 
flexure pro- 
bleth- 


m—n cr ^ 

o x = -x, f 

2pm p 


m — n cr 1 

x = -x, g — X, 

p p 


2pm 
a==b = c — 0 


( 2 ), 
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Sfc VoTiant’s 
solution of 
flexure pro- 
bleixu^ 


.(3). 


and [§ 603 (5), § 694 (6)] 

P = 0, ^=0, = = 

m p p* 

x=o, r=o, 

To complete the fulfilment of the ?;onditions, it is only necessary 
that the traction across each normal section be reducible to a 
couple. Hence 

jjEdxdy = 0, 

or, by (3), 

jjxdxdy = 0 ; 

that is to say, 


yiexure of a 
bar. 


Xiino 
through 
centres of 
inertia of 
normal 
sections 
remains un- 
changed in 
length. 


Flexure 
through 
finite angle 
in one 
plane: 


must be in 
either of o 
principal 
planes, if 
produced 
simply by 
balancing 
couples on 
the two 
ends. 


713. In order that no force, but only a bending couple, 
may be transmitted along the rod, the centre of inertia of the 
normal section must be in 0 F, that line of it in which it is 
cut by the surface separating longitudinally stretched from 
longitudinally shortened parts of the substance. 

714. In our analytical expressions only an infinitely short 
part of the beam has been considered ; and it has no+ been 
necessary to inquire whether the axis of the couple called into 
play is or is not perpendicular to the plane of flexure. But 
when so great a length of the beam is concerned, that the 
change of direction (§ 5) from one end to the other is finite,*; 
the couples on the ends could not be directly opposed unless 
their axes were both perpendicular to the plane of flexure, 
inasmuch as each axis is in the proper normal section’ of the 
rod. For finite flexure in a circular arc, without lateral con- 
straint, we must therefore have 

jjRydxdy = 0; w^hence, by (8), jjxydxdy = 0; 

tliat is to say, the plane of flexure must be perpendicular to one 
of the two principal axes of inertia of the normal section in 
its own plane. This being the case, the moment of the whole, 
couple acting across each normal section is equal to the product 
of the curvature, into the Young’s modulus, into the moment 
of inertia of the area of the normal section round its principal 
axis perpendicular to the plane of flexure. 
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For we have [§ 712 (3)] 

jjRxdxdy--^ jjxfdxdy (4). 

716 . Hence in a rod of isotropic substance the principal principal 
' axes of flexure (§ 599) coincide with the principal axes of inertia rigidities 
of the area of the normal section; and the corresponding 
flexural rigidities [§ 596] are the moments of inertia of this 
area round these axes multiplied by Young’s modulus. 

716 . The interpretation of the results [§ 712 (2), (3)] to 
which the analytical investigation has led us is simply that if 
we imagine the whole rod divided, parallel to its length, into 
infinitesimal filaments (prisms when the rod is straight), each 
of these shrinks or swells laterally with sensibly the same 
freedom as if it were separated from the rest of the substance, 
and becomes elongated or shortened in a straight line to the 
same extent as it is really elongated or shortened in the circular ' 
arc which it becomes in the bent rod. The distortion of the 
cross section by which these changes of lateral dimensions are 
necessarily accompanied is illustrated in the annexed diagram, 



Geometrical 
intei?»reta- 
tion of dis- 
tortion in 
normal 
plane. 
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Anticlastic in which either the whole normal section of a rectangular beam, 

and conical . . , ^ > 

curratures 01 a rectangular area in the normal section of a beam of any 

produced in ^ , . . • i i 

sides^<rf\ represented in its strained and unstrained figures, 

rectan^iar with the central point 0 common to the two. The flexure 

S rism by ^ . 

pSiSpai ^ is in planes perpendicular to FOFj, and concave upwards (or 
plane,. towards X)] G the centre of curvature, being in the direction 


indicated, but too far to be included in the diagram. The 
straight sides AC, BD, and all sti^ight lines ♦parallel to them, 
of the unstrained rectangular area become concentric arcs 
of circles concave in the opposite direction, their centre of 


curvature, jff, being for rods of gelatinous substance, or of glass 
or metal, from 2 to 4 times as far from 0 on one side as G 


is on the other. Thus the originally plane sides AG, BD 
of a rectangular bar become anticlastic surfaces, of curvatures 
1/p and — cr/p, in the two principal sections. A flat rectangular, 
or a square, rod of India rubber [for which a amounts (§ 684) 
to very nearly and which is susceptible of very great amounts 
of strain without utter loss of corresponding elastic action], 
exhibits this phenomenon remarkably well 


Experi- 717. The conditional limitation (§ 588), that the curvature is 
illustration, to be very small in comparison with that of a circle of radius 
equal to the greatest diameter of the normal section (not ob- , 
viously necessary, and indeed not generally known to be neces- 
sary, we believe, when the greatest diameter is perpendicular 
to the plane of curvature), now receives its full explpaution. 
For unless the breadth, AG, of the bar (or diameter, perpen- 
dicular to the plane of flexure) be very small in comparison 
with the mean proportional between the radius, OJEf, and the 
thickness, AB, the distances from OY to the corners A\ O' 
UncMicu. would fall short of the half thickness, OE, and the distances ’ 

of ordinary to B\ I)' would exceed it by differences comparable with its 
bendinj^sof ’ .mi- n • • ^ •, i i 

a thin flat own amount. This would give rise to sensibly less and greater 

shortenings and stretchings in the filaments towards the comers 

than those expressed in our formulae [§ 712 (2)], and so vitiate 

the solution. Unhappily mathematicians have not hitherto 

succeeded in solving, possibly not even tried to solve, the 

beautiful problem thus presented by the flexure of a broad 

very thin band (such as a watch spring) into a circle of radius 
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comparable with a third proportional to its thickness and its 
breadth. See § 657. 

718 . But, provided the radius of cuivature, of the flexure Henoe^ 

p is not only a large multiple of the greatest diameter, but also for stricter 

of a third proportional to the diameters in and perpendicular § 628 , of 

to the plane of flexure ; then however great may be the ratio than 1 5^ 
p, ° when a thin 

of the greatesir diameter to the least, the preceding solution is 

applicable ; and it is remarkable that the necessary distortion 

of the normal section (illustrated in the diagram of § 716) 

do^ not sensibly impede the free lateral contractions and 

expansions in the filaments, even in the case of a broad thin 

lamina (whether of precisely rectangular section, or of unequal 

thicknesses in different parts). 

719 . Considering now a uniform thin broad lamina bent Transition 
in the manner supposed in the preceding solution, we haveofapSte. 
precisely the case of a plate under the influence of a simple 
bending stress (§ 638). If the breadth be a, and the thickness 

5, the moment of inertia of the cross section is and Flexure of a 

therefore the flexural rigidity is or -^Mh^ if the breadth Sn^ob^d- 

be unity. Hence a couple K (§ 637) would bend it to the curva- by simui-* 

ture 12KIMJf length-wise (or across its length), and (§ 716) bending 

would produce the curvature \2a-KIMl/ breadth-wise (or two^pianes 

across the breadth), buti with concavity turned in the contrary angles to 

^ ^ oneanother, 

direction. Precisely the same solution applies to the effect of 

a bending stress, consisting of balancing couples applied to 
the two edges, to bend it across the dimension which hitherto 
we have been calling its breadth. And by tlie principle of 
superposition we may simultaneously apply a pair of balancing 
couples to each pair of parallel sides of a rectangular plate, 
without altering by either balancing system the effect of the 
other ; so that the whole effect will be the geometrical result- 
ant of the two effects calculated separately. Thus, a square 
plate of thickness 6, and with each side of length unity, being 
given, let pairs of balancing couples K on one pair of opposite 
sides, and A on the other pair, he applied, each tending to pro- 
duce concavity in the same direction when positive. If tc and 
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X denote the whole curvatures produced in the planes of these 
couples, we shall have 




and \ = (A - o-K) (2). 

^ Stress in ^ 720 . To find what the couples^must be to* produce simply . 

^vature^ cylindrical curvature, k, let \= 0. We have 

A = o-K 

and (3)- •' 

in spherical Or to produce Spherical curvature, let « =X. This gives 
crrva+ure; 

V A 1 /a\ 

K = A = i35y— (4). 


in anti- 

clastic 

curvature. 


Or lastly, to produce anticlastic curvature, equal in the two 
directions, let a: = — X. This gives 

K = - A = yV (o). 

Hence, comparing with § G41 (10) and § 642 (16), we have, for 
A the cylindrical rigidity, and for ^ and ft the synclastic and 
anticlastic rigidities of a uniform plate of isotropic material, 

A - 1 


ca?, ^)svn- or r§ 694 (6) and § 698 (5)1 

anticlastic. ^ ^ n (Slil - u) 

2 (dk 4- 4n) 6 {m -f n) 


...( 6 ). 


n (Siii — n) ¥ 




The coefficient A which appears in the equation of equilibrium 
of a plate urged by any forces [§ 644 (6) and §§ 649... 652], 
and c, which appears in its boundary conditions, are [§642 (16)] 
given in terms of ^ and fe thus simply : — 

+ (7). 
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721. It is interestins: and instructive to investigate the Same result 

, 1 . r 1 . • • ^ for anti- 

' anticlastic flexure of a plate by viewing it as an extreme case elastic flex- 

J* . • ^ n n ^ n * tiTeofaplat© 

01 torsion. , Consider first a flat bar of rectangular section at 
uniformly twisted by the proj^er application of tapgentiak trac- 
tions [§ 706 (10)] on its ends. Let now its breadth be com- 
parable with its length ; equal, for instance, to its length. We 
thus have a square plate twisted by opposing couples applied 
in the planes 5f two opposite edges, and so distributed over 
these areas as to cause uniform action in all sections parallel 
to them when the other two edges are left quite free. If, lastly, 
we suppose the thickness, 6, infinitely small in comparison with 
the breadth, a, in (46) of § 707, we have 

W= (8). 


The twist t per unit of length gives ar in the length a, which 
[§ 640 (4)] is equivalent to an anticlastic curvature tv (according 
to the notation of § 689), equal to r. And the balancing couple 
iV applied in only one pair of opposite sides of the square is, as 
we see by § 656, equivalent to an anticlastic stress (according 
to the notation of § 087) Il = ^N/a. Hence, for the anti- 
clastic rigidity, according to § 642 (18), we have 





ra 




( 9 ), 


which agrees with the value (6) otherwise found in §720, by 
the composition of flexures. 


It is most important to remark — (1) That one-half of the 

part \nrdlf in the value cf N given by the formula (46) 

S 707, is derived from a and J3 as given by (8) of § 706, and the twisted 

< o . rectangular 

term - of y by (45) ; — and (2) That if we denote by y' prism. 

the transcendental series completing the expression (45) for y, 

it is the term nffx ^ dxd?/ of § 706 (17), that makes up the 

other half of the part of A in question, and that it does so as 
follows, according to the process of integrating by parts, in which 


it is to be remembered that to change the sign of either x or y, 
simply changes the sign of y ' : — 


n x^dydx^ xGdx = a [ Gdx-2 dxf Gdx (10), 

J^ia.Lib dy Jo Jo Jo 
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, Analysis of 
traction in 
normal 
section of 
twisted 
Tectangular 
prism. 




Composi- 
tion of 
action in 
normal sec- 
tion of a 
long rect- 
angular 
lamina 
under tor- 
sion. 


dij — 






^(2i+l) jrx/> _ ^-(2i+l)irx/J 


{2i + 1)* j(2f+l)>r«/2i> ^ ^-(2.+l) to/26 • 


( 11 ). 


Thus in N we have a term 
1 6 ?^Ta 


a I Gdx - 


•/ 

JO 




2i+i)‘r 


{2t+l)7ra/2& ^ -(2i+l) <Ta/26 


'26| » 


or, because [as we see, by integrating (40) with reference to y, 
and putting y -- 


1 + ^4 + g4 + = 


^ i 


a I Gdx = J 
Jo 


nrah^ 


16 ?jt 




(2t4- 


,-(2i+l) 


ira/ 2 &J 

( 12 ). 

The transcendental series constituting the second term of this, 
together with 


— 2 I dx ^ Gdx — njj y dxdy 


makes up the transcendental series which np[)ears in the ex- 
pression (46) for N, This, when ajh is infinite, vanishes in 
comparison with the first term of (46), as we have seen above 
§ 721 (8). But in examining, as now, the coinjiosithjlf of the 
expression, it is to be remarked that, when uih is is&ute, y 
vanishes except for values of x differing iiifiuitely^ little from 
± Ja, and therefore we see at once that in this case, 

• c * c ‘'K'” I - £) ' r * c % it" 

l)y which, in connexion with what precedes, we see that 


722. One half of the couple on each of the edges, by which 
these conditions are fulfilled, consists of two tangential tractions 
distributed over areas of the edge infinitely near its ends acting 
perpendicularly to the plate towards opposite parts. The other 
half consists of forces parkllel to the length of the edges, uni* 
formly distributed through the length, and varying across it in 
simple proportion to the distance, positive or negative, from its 
middle line. 
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723, If now we remove the M*mer half, and apply instead, 
over the edges (55', AA') hitherto free, a uniform distribution 
of couple equal and similar to the latter half, and in the proper 
directions to keep up the jr- 

same twist through the 

plate, we have the proper — * 

edge tractions to fulfil 

Poisson’s thre# boundary .Q 

conditions (§ 645) for the'^ \ ' 

case in question; that is 
to say, we have such a ^ 

distribution of tractions 

on the four edges of a square plate as produces anticlastic 
stress (§ 638) uniform not only through all of the plate at 
distances from the edges great in comparison with the thick- 
ness, but throughout the plate up to the very edges. The state 
of strain and stress through the plate is represented by the 
following formulae [as we may gather from §§ 706 and 707 (8), 
(45), (9), (10), (17), and § 722, or, as we see directly, by the 
verification which the operations now indicated present] : — 


ITniform 
distribution 
of couple 
appli^ to 
its edges to 
render tbe 
etress uni- 
lorm from 
the edges 
inwards. 


a = — j3 = TXZ^ fy = — TXy 
£ = f = g = 0, a = 0, b=-~2Ty, C = 0 
p = ^=iJ = 0, -S-0, 

ria rib 

— 5 = iV^ = — I / Tydydx — 

J - la J — lb 


...(13), 


Algebraic 
solution 
expressing 
displace- 
ment, 
strain, and 
stress, 
through a 
plate bent 
to uniform 
anticlastic 
curvature. 


where L and N denote the moments (with signs reckoned as 
in § 551) of the whole amounts of couple, applied to the two 
edges perpendicular to OX and OZ respectively, in the planes 
of these edges. 

By turning the axes OJT, OZ through 45® in their own plane, 
we fall back on the formulae of flexure as in g 719, for the 
particular case of equal flexures in the two opposite directions. 

724. If, on the other hand, we superimpose on the state of 
strain investigated in § 721, another produced by applying on 



Thin rect- 
^wigular 
pl&te sub- 
jected to 
theedge- 
tractiou of 
S647. 
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the pair of edges which it leaves free, precisely the same 
entire distribution of couple as that described in § 722, but 
in the direction opposite to the twist which the former gave 
to the plate (so that now it is not — L, but L that is equal 

to N), ^ve have the square 
plate precisely in the con-' 
dition described in § 647, 
except infinitely near itsi 
corners. To find the ex- 
pressions for the cotn- 
\B ponents of displacement, 
strain, and stress, in this 
case, we must add to the 
expressions for or, 7 in ( 8 ) of § 706, and (45) of § 707, values 
obtained by changing the sign of each of these expi^essions, 
and interchanging 00 for and a for 7 . The consequent values 
of £, f, g, a, b, £, P, 'Q, P, 8, T, U, are of course obtained in the 
same way, but need not be written down, as they can be seen 
in a moment from or, / 3 , 7 . Lastly, the strain thus superimposed 
would, if existing alone, leave the edges parallel to x free from 
traction, just as the first supposed strain [§ 706 ( 8 )] leaves the 
edges parallel to z free ; and thus, without fresh integration, 
we see that N has still the value (46), and is the result of 
the distribution of tractions described in § 722. The parts 
the component displacements represented by products 
ordinates disappear, and only transcendental series, as^/folk)^s 
remain : — 


72^ 

tt= 5-5 2 


{2i + iy ^ + (2i+l);ra/2& ^ ^-m+l)^aj2b + ) 5 


^-i^i2i + l)rrzlb _ ^-{2i+l)7rzlb 


8r__ (-1)^' ^ 

y - + ^3 5 2 ^ ly '^ + {2i+l)nal2b ^ ^-( 2 i+iynal 2 b '5 


(14). 


725. When a/h is infinite, e+^ 2 e+i)»ra /26 infinitely 

great, and ^2i+i)7ra/26 small. If then we put 

Ja — = z\ and \a — x—x\ 
the preceding expressions become 
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a = -.?! 6“5 sin (2i + 1) ^ 

TT^ {'2t + lf ^ ' b 

■ for points not infinitely near the etige A'B ' ; 

y = + -^ 6“2 sm (2i +1)^ 

' -r {2i+ If ' h 

for points not infinitely near the edge AA ' ; 

a = 0, 7 = 0, for all points not infinitely near an edge ; 

^ ^ = 0 th:|j)ughout. 

Lastly, L=N= Inrah^, 

of each of which one- half is constituted by tractions 
uniformly distributed along the corresponding edge, 
and proportional to distances from the middle line; 
and the other by tractions infinitely near the corners 
and perpendicular to the plate. 

726 . It is clear that if the corners were rounded off, or the Tm^ion 
plate were of any shape without corners, that is to say, with no without 

^ n - 1 1 1 T cornerssub- 

part 01 its edge where the radius oi curvature is not very great 
in comparison with the thickness, the efifect of applying a dis- tionofiw 
tribution of couple all round its edge in the manner defined in 
§ 647 would be expressed by either of these last formulae for 
a and 7 . Thus the whole displacement of the substance will be 
parallel to the edge for all points infinitely near it; will vanish 
for all other points of the plate ; and will be equal to the pre- 
ceding expression (15) for 7 if x denote simply distance from 
the nearest point of the edge of the plate, and y, as in all these 
formulae, distance from the middle surface 

727 . We may conclude that if a uniform plate, bounded by 
an edge everywhere perpendicular to its sides, and of thickness 
a small fraction of the smallest radius of curvature of the edge 
at any point, be subjected to the action described in § 647, 
with* the more particular condition that the distribution of tan- 
gential traction is [as asserted in § 634 (3) for any normal 
section remote from the boundary of a bent plate] in simple 
proportion to the distance, positive or negative, from the middle 
line of the edge; the interior strain and stress will be as 
specified by the following statement and formulse : — 


Thin rect- 
anf^lar 
plate sub- 
jected to 
the edge- 
traetion of 
S647. 


.(15). 



Origin 
shifted from 
middle 
plane to one 
side of plate. 


Displace- 
ment of 
substance 
produced 
by edge- 
traction of 
§G47. 



Case of § 647 
independ- 
ently in- 
vestigated. 
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Let 0 be any point in one corner of the edge : and let OX be 
perpendicular to the edge inwards, and OY perpendicular to the 
plane of the plate. The displacement of any particle F, (ooy y), at 
any distance from 0 not 
a considerable multiple 
of the thickness, h, will 
be perpendicular to the 
plane Y OX, and (de- 
noted by 7) will be 
given by the formula — 




TCX 

b COS 


7^ 

b 



Stt?/ 1 Diry . 

b cos-^ + ^e b COS— g^ + etc.j ( 16 ), 


where 11 denotes the amount of the couple per unit length of 
the edge, and n the rigidity (§ 680) of the substance. But the 
simplest and easiest way of arriving at this result is to solve 
directly by Fouriers analytical method the following problem, 
a case of one of the general problems of § 69G: — 


728. A uniform plane plate of thickness 6, extending to in-, 
finity on one side of a straight edge (or jdaue perpendicular to 
its sides) being given, — 

It is required to find the displacement, strain, and stress, 
produced by tangential traction parallel to the edge applied 
uniformly along the edge, according to a given arbitrary func- 
tion, of position on its breadth. 

Taking co-ordinates as in § 727, we have to solve equations 
(2) of § 697, with X — 0, T = 0, Z-% for all points of space 
for which x is positive, and y between 0 and h, subject to the 
boundary conditions, 


See § 661, or 
§ 662 ( 1 ); also 
§ 693 (5), and 
§ 670 ( 6 ). 


(P = 0, Q = 0, B — 0, S = 0, T=0, U — 0, when y — Ooib: 
-|p = 0, g=0, P=:0, S = 0, U=0, T=<p{y), when x^O: 
(and a = 0, j3 = 0, 7 = 0 , when x — cc . 


(17). 


From these, inasmuch as a, y must each be independent of 
z, we find 
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(a) ^ ^ = 0, throughout the^^jiid ; 

(b) y — 0 when x = cx> ; 

(c) n^ — 0 when ^ = 0 or 6 ; 

and (d) ^ ~ ^ (^) x = 0 ; 


Case of §647 
independ- 
ently in- 
vestigafed. 


(Kr 


and all the equations, boi|h internal and superficial, involving 
a and /5 are satisfied by a = 0, /? = 0, and therefore (App. 0.) 
require a=-0, /3 = 0. By means of (a), (5), and (c) the Fourier 
solution is seen to be of the form 


r= 




b cos 


ITT)/ 




and, because of (d)j the coefficients Ai are to be found so as to 
make 


mr 

T 




( 20 ). 


They are therefore [as we see by taking in § 77, (13) and (14), 
^ such that </) (y? — ^) = <^ (^), and pitting p = 26] as follows : — 

= <f>(y)cos~d// ( 21 ), 

nrr I 0 Jo O ^ ' 

If (for the particular case of § 727) we take 

</>(»/) = 12 (22), 

we find = 0, and „ = 6 “ (23), 

and so arrive at the result (16). 


729. It is remarkable how very rapidly the whole disturb- Uapid de- 
ance represented by this result diminishes inwards from the disturbance 
edge where the disturbing traction is applied (compare § 586) : inward^ 
also how very much more rapidly the second term diminishes 
than the first; and so on. 

Thus as 


€ = 2*71828, €^’- = 4-801, c^ = 23*141, €2^ = 535*5, 

VOL. II. 18 
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Rsipid de- 
crease of 
disturbance 
from edge 
m wards. 


we have for 

i . /2\ Vcos7r?//6 


'®~3a4io^’ 


^ ec /2\ /COS'} 

’ ^ U W ^ 3“ . 2-7 m 

,, „ n /2\® /cos 7rw/6 cos Z-rrylb 


cos ^Try/b cos 57r?//6 


2-303 , 
X = 0 , 


7 

y = 6 


6 ~ 
iW Vtt, 


3\ 4-801® 
2\® /cos 7r^/6 cos Sirylb 


10 


3M0® 


5®. 2*718® 
cos birylh 
5®.4-80P 
cos birylb 

“5®7nF“ 


--etc. 


- etc. 


x^2h, 




S©(' 

/2Y / 00 s 

W \ 


cos irylb cos '^rrylb ^ cos birylb 


.. O /2' 


23*14‘ 
cos irylb 

535-5 




etc. 
etc. 

liich proves most strikingly the concluding statement of § 647. 


3®. 23-14® 5®. 23*14® 

cos birylb cos bTTyjb 

3^7T35W‘ ¥75j5-5^' 


•) 

0 

0 

0 

0 


Problems to 
be solved. 


730 . We regret that' limits of space compel us to leave 
iiiiinvestigated the torsiom flexure rigidities of a prism and the 
flexural rigidities of a plate of aeolotropic substance : and to 
still confine ourselves to isotropic substance when, in conclu- 
sion, we proceed to find the complete integrals of the equations 
[§ C97 (2)] of internal equilibrium for an infinite solid under 
the influence of any given forces, and the harmonic solutions 
suitable for problems regarding spheres and spherical shells, 
and solid and hollow circular cylinders (§ 738) under plane 
strain. The problem to be solved for the infinite solid is this: 

General in (6) of § 698, X, X, Z he any arbitrary functions whatf^ 

ever of {x, y, z), either discontinuous and vanishing in all points 
outside some finite closed surface, or continuous and vanishing at 
all infinitely distant points with sufficient convergency to make 
111) converge to 0 as D increases to oo , if R he the resultant of 
X, Y, Z for any point at distance D from origin. It is required 
to find a, /3, 7 satisfying those equations [(6) of § 698], subject 
to the condition of each vanishing for infinitely distant points 
{that is, for infinite values of x^y, or z). 

{a) Taking ~ of the first of these equations, of the 


solved for 

isotropic 

substance. 


dx 


dy 


d 


second, and f of the third, and adding, we have 


{m + n) + 


dX Rf dZ 
dx dy dz 


.(1). 
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(b) This shows that if we imagine a mass distributed through 
space, with density p given by 

^ 47r (m 4- n) \dx ^ dy ^ dz ) ^ 

8 must be equal to its potential at (a?, 2 /, z). For [§491 (c)] if 
F be this potential we have 

V^F4- 47rp= 0. 

Subtracting this from (1) divided by {m + 71 ), we have 

V^(S-F)=.0 (3), 


for all values of {x, y, z), JSTow the convergency of XD, YD^ 
ZD to zero when D is infinite, clearly makes F = 0 for all 
infinitely distant points. Hence if S be any closed surface 
round the origin of co-ordinates, ever 3 ^wherc infinitely distant 
from it, the function (8 — F) is zero for all points of it, and 
satisfies (3) for all points within it. Hence [App. A. (e)] wo 
must have 8= F. In other words, the fact that (1) holds for all 
points of space gives detenu inately 


8 = 


1 


Itt (jn -f- n) 


^00 ^00 ^00 

J _oo J -CO -K 


J[(x - x'f + (y - y'f +(z- z'y] 


...(4), 


wdiere X\ Z' denote the values of X, Z, Z for any point 

(*', y, s')- 


General 
equations 
for infinite 
isotropic 
solid inte- 
grated. 


(c) Modifying by integration parts, and attending to the 
prescribed condition of convergences, according to which, when 
x' is infinite, 


p r X'dt/dz' 

J-ooJ -00 n/[('« - ^'Y + (y - y'Y + - »')“! 

we have 


•( 5 ), 


-1 r r r .T(x-x) + r(y--/) + ^(z-z') 

47r (m + n) j_„ [(a: _ + (y - y'f + {z- 

which for most purposes is more convenient than (4). 


dxdy'dz' (6), 


{d) On precisely the same plan as (8) we now integrate each 
of the three equations (6) of § 698 separately for a, y 
respectively, and find 


a = u+U, ^ = t?+F, y = to+W (7) 

where u, v, w, U, F, W denote the potentials at (a?, y, z) of 

18—2 
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distributions of matter through all space of densities respeo* 
tively 

m m d8 m dS X Y Z 

4:7rn dx ’ Aim dy ’ ^irn dz ’ 47m ’ 47m ’ 47r7i ^ 

in other words, such functions that 

V V + ^ = 0, etc., and + — = 0, etc., (8), 

ndx n \ ^ ’ 

each through all space. Thus ^ if 8", X", 7", Z" denote the " 
values of 8, X, 7, Z for a point (a;", t/", ;s"), we find, for a, 

n .00 .00 .00 X'\dx dy dz 

l(x-xy+{y-i/'Y+{z-z''f]i 

if in this we substitute for 8" its value by (G) we have a ex- 
pressed by the sum of a sextuple integral and a triple integral, 
the latter being the U of (7) ; and similarly for p and y. These 
expressions may, however, be greatly simplified, since we shall 
see presently that each of the sextuple integrals may be reduced 
to a triple integral. 


Foree 
applied 
iinilorinl.v 
to spherical 
portion of 
infinite 
homogene- 
ous solid. 


(e) As a particular case, let X^ 7, Z be each constant 
throughout a spherical space haAdng its centre at the origin and 
radius a, and zero everywhere else. This by (6) will make —8 
the sum of the products of X^, 7, Z respectively into the 
corresponding component attractions of a uniform distribution of 
matter of density l/dir (m + n) through this space. HenCe 
[§ 491 ( 6 )] 


- 1 a‘ 


and 


3 (m + 7i) r' 


^ {Xx y Yy + Zz) for points outside the spherical space, 


8 = 


-1 


3 {rii -f n) 


(Xx + Yy+ Zz) for points within the spherical space. 


( 10 ). 


Dilatation Now we may divide u of (8) into two })arts, u' and dejiend- 

by it. ing on the values of d8/dx within and without the spherical 

space respectively; so that we have, 


r7V= a constant, 1 

^ 3/i(m + r6)’ !. (11); 

yV=0; J 


for r < a, 
for r > a, 
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for T < ( 


vV'= 0, 


m dh 
n dx ’ 


which is a 


Investiijfa- 
tion of dis- 
placemeot. 


solid spherical harmonic of degree — 3, b cause 8 
is given by the first of equations ( 10 ). 

The solution of (11), being simply the potential due to a uniform 

sphere of deiiisity — — = — is of course 

477 + n) 


1 872 (772 + 72 ) 


(3a^-r^) for 7 *<a, "j 


, -TTiX 

U ^ - — — for r > a. 

vn{m + n) r J 

Again, if in (12) of App. B. we jjut 7/2 = 2, 72 =>—3, and 
V — dhjdx, we have 




rsd8 

o - for r > C 2 
dx 


since, for r > a, d8ldx is a spherical harmonic of order - 3. And 
T^d8ldx\'& [App. B. (13)] a solid harmonic of degree 2: hence 
if \d8ldx^ denote, for any point within the spherical space, the 
, same algebraic expression as d8jdx by ( 10 ) for the external space, 

—3 — I is a function which, for all the interior space, satisfies 

the equation — 0 , and is equal to dhjdx for points infinitely 

near the surface, outside and inside respectively. Hence ^ 

for interior space, and dSjdx for exterior space, constitute the iporce 
potential of a distribution of matter of density ^dS/Trdx outside uniformly 
the spherical space and zero within, and, so far as yet tested, ^rtion^o^^ 
any layer of matter whatever distributed over the separating Sraiogene- 
spherical surface. To find the surface density of this layer we 
first, for an exterior point infinitely near the surface, take 

^ denoted by - {rB}, 

and, for an interior point infinitely near the surface, 


d 


^ denoted by - [riq. 
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Force 
applied 
uniformly 
to spherical 
portion of 
infinite 
homogene- 
ous solid. 


Then, remembering that same as r 

according to the notation of App. A. (a) ; we find [bj App. B. (5)] 


{iiJ} = r: 


[ij]=-2-‘r^ . 

^ a \_dx 


Therefore, as r® dhjdx for external space is independent of r, and 
as r differs infinitely little from a for each of the two points, 

But {A} .and [A] being the radial components of the force at 
points infinitely near one another outside and inside, correspond- \ 
ingto the supposed distribution of potential, it follows from § 478 
that to produce this distribution there must be a layer of matter 

on the separating surface, having ^ ({A} — [E]) for surface 

density. But, inasmuch as {i?} — [A] is a surface harmonic of 
the second order, the potential due to that surface distribution 
alone is [§ 506 (4)] 

i ({A} - [A]) — through the inner space, 
ci> 


and j ({A} - [A]) ^ through the outer space ; 

or, according to the value found above for {A} — [A], 1 

cIS 

and ^ ^ through the outer space. 

Subtracting now this distribution of potential from the whole dis- 
tribution formerly supposed, we find 

f ^ inner s[)ace, and (r^ - ~ for the outer, 

as the distribution of potential due simply to an external dis- 
tribution of matter, of density ^dhlirdx^ with no surface layer* 
Hence, and by (14), we see that the solution of (12) is 


_ 1 2 


m [ d^' 


for r < a, 


, 1 . p „ g. „ j 

= ior r>a. j 
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And [(8) sho-wing that TJ is the potential of a distribution of 
matter of density equal to X/4im] as X is constant through the 
spherical space and zero everywhere outside it, we have 


for r. a, I 
U iov r> a, I 

on r J 

\ This, with (13), (15), and (^0), gives by (7) 


(1C). 


Displaoe- 
ment pro- 
duced by iti 


for r < a, 


2 j„^. d Xx+Yy+Zz \ 
^ dx j 


and for r > «, 


( 17 ). 


18 «-(?a'^-^?^-) 


^2 {2m 


X .2 3 2 \ ^ Xx+Yy+Zz\ 

+ 3n)---m(r^-|a=)^ J 


with symmetrical expressions for p and y. 


731 . A detailed examination of this result, with graphic 
illustrations of the displacements, strains, and stresses con- 
cerned, is of extreme interest in the theory of the transmission 
of force through solids; but we reluctantly confine ourselves 
to the solution of the general problem of § 730. 


To deduce which, we have now only to remark that if a becomes nisplace- 
infiiiitely small, X, Z, Z remaining finite, the expressions for SSi^by a 
a, P, y become infinitely small, even within the space of applica- plied to an 
tion of the force, and at distances outside it great in comparison 
with a, they become Site'eiastio 


247771 {m + n) 


|2 {2m + ^n) ^ - m 
/3 = etc., y = etc. 


2 d Xx+ I'y + Zz\ \ 

dx U..(18), 


solid. 


where F denotes the volume of the s[)here. As these depend 
simply on the whole amount of the force (its components being 
XV, YV, ZV), and when it is given are independent of tlie 
radius of the s])here, the same formulae express the effect of tlie 
same whole amount of force distributed through an infinitely 
small space of any form not extending in any direction to more 
than an infinitely small distance from the origin of co ordinates. 



280 . ABSTRACT DYNAMICS. [731. 

Hence, recurring to the notation of § 730 (5), we have for the 
required general solution 

where ‘ D= J{{x-xy + {y -yj + (z-zy\, 

JJf denotes integration through all space, and X', Y\ are three 
arbitrary functions of x\ y\ z' restricted only by the convergency 
condition of § 730. 

This solution was first given by Sir William Thomson, though 
in a somewhat different form, in the Cambridge and Dublin 
Mathematioal Journal^ 1848, On the Equations of Equilibrium 
of an Elastic Solid, [See Mathematical and Physical Paper 8^ 
Thojiison, Vol. l.] 

Comparing it with (9), we now see the promised reduction of 
the sextuple integral involved in that expression to a triple 
integral. 

The process {e) by which it is effected consists virtually of 
the evaluation of a certain triple integral by the proper solution of 
the partial differential equation inp = 0 [like that formerly 

worked out (§ 649) for the much simpler case of p merely a 
function of r]. Proof of the result by direct integration is a 
good exercise in the integral calculus. 

Application 732 . In 88 730, 731 the imagined subject has been a homo- 
of §696. geneous elastic solid lillmg all space, and experiencing the 

effect of a given distribution of force acting bodily on its 
substance. The solution, besides the interesting application 
indicated in § 731, is useful for simplifying the practical pro- 
blem of § 696, by reducing it immediately to the case in which 
no force acts on the interior substance of the body, thus; — 

The equations to be satistied being (G) of § 698, throughout 
the portion of space occupied by the body, and certain equations 
for all points of its boundary expressing that the surface displace- 
ments or tractions fulfil the prescribed conditions; let 'a, 'y 
be functions of (x, y, z), which satisfy the equations 


General 
problem of 
§696 reduced 
tocas»of no 
bodily force. 


Displace- 
ment pro- 
duced b.v 
any distri- 
bution of 
force 

through an 
infinite 
elastic solid. 


D8 “ i * 

{x - x') ■+. r {y - y') + Z'[z-- z') \ 

1)3 i* 

(a; - icO + P {y - yl + z ') } . 

1)3 j 
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+ m — 4- X= 0, + m ^ 4“ F= 0, nv*'y 4- m — 4- 0, 

^ * 


where, for brevity, (1), 

's _ ^ V 

c?5c dy ^ dz^ 

through the space occupied by the body. Then, if we put 

/3='^ + /3,, y='r + 7/» (2)> 


we see that to complete tl!e solution we have only to find a^, 
y^, as determined by the equations 

«V«, + m^-=0, ^vA + «^^' = 0, nv-x + m^' = 0, 

' dx dy dz ^ 

to be fulfilled throughout the space occupied by the body, and 
certain equations for all points of its boundary, found by sub- 
tracting from the prescribed values of the surface displacement 
or traction, as the case may be, components of disi:>lacement or 
traction calculated from 'a, 'y. 

Values for 'a, '/i?, 'y may always be found according to §§ 730, 

731, by supposing equations (1) § 732 to hold through all space, 
and X, F, Z to be discontinuous functions, having the given 
. values for all points of the body, and being each zero for all 
points of space not belonging to it. But all that is necessary is 
that (1) be satisfied through the space actually occupied by the 
body; and in some of the most important practical cases this 
condition may be more easily fulfilled otherwise than by deter- 
mining 'a, ^/3, 'y in that way with its superadded condition fcr 
the rest of space. 

733. Thus, for example, let us suppose the forces to be importent 
such that Xda: -f Tdy ■^Zdz'^ is the differential of a function, W, cases. 

^ Let m be the mass of any small part of the body, x, y, z its co-ordinates at 
any time, and Fvi, Qm, Em the components of the force acting on it. If the 
system be conservative, Fdx 4- Qdy 4- Rdz must be the differential of a function of 
yt 2 . Let, for instance, the forces on all parts of the body be due to attractions 
or repulsions from fixed matter ; and let the particle considered be the matter of 
the body within an infinitely small volume dxdydz. Then we have Pm = Xdxdy5z, 
etc. ; and therefore, if p be the density of the matter of m, so that p5r%52 = m, 
we have, in the notation of the text, P/)=Z, Qp= y, Rp — Z; and therefore 
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Im^rtant of Wj y, z coiisi lered as independent variables. This assump- 
cases, tion includes ^ Some of the most important and interesting 

practical applications, among which are — 

(1) A homogeneous isotropic body acted on by gravitation 
sensibly uniform and in parallel lines, as in the case of a body 
of moderate dimensions under the influence of terrestrial ^ 
gravity. 

(2) A homogeneous isotropic body acted on by any distribu- 
tion of gravitating matter, and either equilibrated at rest by 
the aid of surface-tractions if the attracting forces do not of 
themselves balance on it; or fulfilling the conditions of in- 
ternal equilibrium by the balancing, according to D’Alembert’s 
principle (§ 264) of the reactions against acceleration of all 
parts of its mass and the forces of attraction to which it is 
subjected, wdien the circumstances are such that no accele- ^ 
ration of rotation has be taken into account. To this case 
belongs the problem, solved below, of finding the tidal deforma- 
tion of tixQ solid Earth, supposed of uniform specific gravity and 
rigidity throughout, produced by the tide-generating influence 
of the Moon and Sun. 

(3) A uniform body strained by centrifugal force due to 
uniform rotation round a fixed axis. 

But it does not include a solid with any arbitrary non- 
uniform distribution of specific gravity subjected to any of 
those influences; nor generally a piece of magnetized steel 
subjected to magnetic attraction ; nor even a uniforih body 
fulfilling the conditions of internal equilibrium under the in- 
fluence of reactions against acceleration round a fixed axis 
produced by forces applied to its surface. 

Xdx+ Ydy + Zdz is or is not a complete differential according as p is or is not a 
function of the potential ; that is to say, according as the density of the body is 
or is not uniform over the equipotentia] surfaces for the distribution of force to 
which (P, Qj R) belongs. Thus the condition of the text, if the system of force 
is conservative, is satisfied when the body is homogeneous. But it is satisfied 
whether the system be conservative or not if the density is so distributed, that, 
were the body to lose its rigidity, and become an incompressible liquid held in a 
closed rigid vessel, it would (§ 755) be in equilibrium. 
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We have, according to the present assumption, 
dW_ dW_ 

l,x “ ’ 'dy~ ’ 'dz~ 


which give 


dX dY dZ 

^ + -J-+ = v 

ax ay dz 


Hence, for 'S as in g 730 (a) for 8, 

• (w + n)A^'8 + v-”ir=0, 

which is satibfied b}^ the assumption 


reduced to 
case of no 
bodily force. 


Next, introducing these assumptions in (1) of § 732, we see that 
these equations are finally satistied by values for 'a, ^J3, 'y, 
assumed as follows : — 


m + n dx ’ 


1 , _ 1 

m n d>j^ ^ m + n dz 


where b is any function satisfying = — TT^. ) 

Further, we may remark that if W be a spherical harmonic 
[App. B. (a)], a supposition including, as we shall see later, 
the most important apidications to natural problems, ^\e have at 
once, from App. B. (12), an integral of the equation for b, as 
follows : — 


2{2l + 3) 

where the suffix is applied to W to denote that its degree is i, 

734. The general problem of § 6b0 being now reduced to problem of 
the case in which no force acts on the interior substance, it 
becomes this, in mathematical language : — To find a, /3, y, three surfacer^*^ 
functions of {x, z) which satisfy the equations 


d^a 

dx^ dif 




,H\ _ , 


,dx^ ^ df dy\ 

dix'' dif dz‘ J dz \( 


dx \dx dy dz J 

A (AL 4. a. At\ - f) 

dy \dx dy dz) 

d f<Ai ,^,H\ 
izKdx^dy^dz) 
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§ 696 ^w 1 tif points of space occupied by the body, and the proper 

Scept^over ©^^.tions for all points of the boundary to express one or other 
surface: suflScient combination of the two surface conditions 

indicated in § 696. When these conditions are that the 
surface displacements are given, the e(][uations expressing them 
are of course merely the assignment of arbitrary values to 
a, y for every point of the bounding surface. On the other 
hand, when force is arbitrarily applied in awfully specified 
manner over the whole surface, subject only to the conditions 
of equilibrium of forces on the body supposed rigid (§ 564), in 
its actual strained state, and the problem is to find how the 
boc^y yields both at its surface and through its interior, the 
conditions are as follows : — Let dVt denote an infinitesimal 
element of the surface ; and Gy H functions of position on 
the surface, expressing the com 2 :)onents of the applied traction. 
These fu jctions are quite arbitrary, subject only to the follow- 
ing conditions, being the equations [§551 (a), (5)] of equili- 
brium of a rigid body : — 


equations of 
equilibrium 
to which the 
surface- 
tractions 
are subject. 

Equat onsof 
surface- 
condition, 
when trac- 
tions are 
given. 


fjFd£i = o, ] 

fJ(Hy-G^)dn= 0, jf(Fz-Hx)dn = 0, lf{Gx-Fy)dQ.= Ly-'^ 


dz dy ) 


9 + n 


h + n 


]h=^ 


and the strain experience<l by the body must be such as^^'to 
satisfy for every point of the surface the following equations; — 

+ £)} ” (S ■ 

{(»+«)!+('»-«) (S+l^)} 0 -- 

+ + + k+n + t\ f+n (f + p)g=} 

dz dyj^ 


ifyiy-'’ i w 






which we find by (1) of § G62, with (6) of § G70, with (5) of § 693, 
and (5) of § 698 ] f, h being now taken to denote the direc- 
tion-cosines of the normal to the hounding surface at {x, y, z). 


Problem of 735. The solutioii of this problem for the spherical shell 
forsjihencai (§ 696), found by aid of, Laplace’s spherical harmonic analysis, 
was first given by Lamd in a pajier published in Liouvilles 
Journal for 1854. It becomes much simplified^ by the plan 


^ “Dynamical Problems regarding Elastic Spheroidal Shells, and Spheroids 
of Incompressible Liquid.” W. Thomson. Phih Trans,, 
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we follow of adhering to algebraic notation and sjrnmetrioal Problem 
formulaB [App. B. (l)-(24)], until convenient practical expan- for ^hencai 
sions of the harmonic functions, whether in algebraic or trigono- 
metrical forms, are sought [App. B. (25)-(4‘l), (5(>)-(6t))]. • 

(a) Using for brevity the same notation S and v* hitherto 
[§ 698 (8) (9)], we find, from (1) of § 734, by the process (a) of 
§ 730, v'S-0. 

(b) Now let the actual values of 8 over any two concentric Dilatation 

spherical surfaces of radii a and a be ex2)anded, by (52) of pressibl^in 
App. B., in series of surface harmonics, S^, etc., and seriefof 

ffiJ^oScs. . 

r = (X, 8 = + >S'i + + . . .iS", + . .. ) 

and r = a, 8 = S'^ + S\ + aS; + ...S\ J 

Then, throughout the intermediate space, we must have 

, 00 ^ 

8 = ^ 

For (i) this series converges for all values of r intermediate 
between a and a', as we see by su^^posing a' to be the less of the 
two, and writiiujf it thus : — 


s-:s;8, + :ss 


where 8^, are solid harmonics of degrees i and -i—l given 
by the following : — 


-ey 


, and 




For very great values of i these become sensibly 

“'i 8-.-.-^’ 

and therefore, as each of the series (4) is necessarily convergent, 
the two series into which in (6) the expansion (5) is divided, 
ultimately converge more rajiidly than the geometrical series 



re.Npectively. 
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harmonics. 


General 
theorem re- 
garding ex- 
pansibility 
in solid 
harmonic*!. 


Displace- 
ment deter- 
mined on ’ 
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supposition 
that dilata- 
tion IS 
known. 


[735. 


Again (ii } tlie expression (5) agrees with (4) at the boundary 
of the space referred to (the two concentric spherical surfaces). 

And (iii) it satisfies = 0 throughout the space. 

Hence (iv) no function differing in value from that given by 
(5), for any point of the space between the spherical surfaces, can 
[App. A. (e)] satisfy the conditions (iii) and (iv) to which S is 
subject. 

In words, this conclusion is th&t 


736. Any function, S, of .t, y, z, which satisfies the equation 
= 0 for any point of the space between two concentric 
spherical surfaces, may be expanded into the sum of two series 
of complete spherical harmonics [App. B. (c)] of positive and 
of negative degrees respectively, which converge for all points 
of that space. 


(c) We may now write (6), tor brevity, thus — 

0- a 




wliere S., a complete harmonic of any positive or negative degree, 
is to be determined ultimately to fulfil the actual conditions of 
the problem. But first supposing it known, we find a, /?, y as in 
§ 730 (f/), except that now we take advantage of tJie foriiiulse 
ajipropriate for spherical harmonics instead of proceeding by, 
triple integration. Thus, by (1) and (7), we have 


o _ do 

V"a = ^ -7- ; 

n ax 

dS 

and therefore, as ~ is a harmonic of degree 1 , liy taking, in 


App. B. (12), = 1 and w- 2, we see that the complete 

solution of this equation, regarded as an equation for a, is 


a=u 


1 do^ 

2n 2^+1 dx 


where u denotes any solution whatever of the equation = 0. 
Similarly, if v and lo denote any functions such that - 0 and 
= 0, we have 


/3 = v - 



1 dS, 
2i + 1 d// ^ 


and 


7)ir 

, yj _ ^ 

In 


1_ d^ 

2^+1 dz 
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{d) Now, in order that (1) may be ;3atisfied, must be so 
related to u, v, w that 

ax dy dz 

Hence, by differentiating the expressions just found for a, /5, y, 
and attending to the formula 

being any homogeneous function of degree we find 


This gives 


du dv dw m ^ i . 

* dx d,y c/cr n ^21+1 ‘‘ 


dv dto (2i 4- 1) +i//i ^ 

““ -,v ■ 


,(9), 


dx dy dz 

f- ‘ 

H. therefore, iSy,, '%vo^ be the harmonic expansions (.^ 736) 
! of V, w we must have 

s,= _^i±liv + (10). 

{2i ^ l)n + im \ dx ay dz J 

lining this, with i changed into ^ - 1, in the preceding expressions 
for a, 13 j y, we have finally, as the sj)herical harmonic solution 
of (1), § 734, 

»=;°° J J mr^ d /du^ dv^ 'j 

^"i=^-oo\ ^ {2i— 1) n + {i — 1) 7)1 dx \dx ^ dy dz }) \ 

mr^ d /du,^ dv^ dio^sA | 

^ i=-ool^* ^ {2i— \) n + {i — \) m dy\dx dy dz)] 

i=^-oo — 1) r (7 — i) 7)1 dz ^ dy^ dz)] 

where 70^ denote any spherical harmonics of degree i. 

For the analytical investigations that follow, it is convenient 


to introduce the‘ following abbreviations :- 

m 


and 


dii^ dv^ dw^ 
dx ^ dy dz 


( 12 ), 

( 13 ), 


Complete 
harmonic 
solution of 
equations 
of interior 
equilibrium. 
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Complete 
harmonic 
solution ol 
equations 
of interior 
equilibrium. 


Solid sphere 
with surface 
displace- 
ments ffiven 


Shell with 
given dis- 
placements 
ol its outer 
and inner 
sui faces. 


SO that ( 11 ) becomes 


y = 





( 14 ). 


{e) It is important to remarb- that the addition to u, v, w re- 
spectively of terms d<^ldx^ d<^ldy^ d^jdz being any function 
satisfying not alter the equation (10). This 

allows us at once to write down as follows the solution of the 
problem for the solid sphere with surface displacement given. 


Let a be the radius of the sphere, and let the arbitrarily given 
values of the three components of displacement for every point 
of the surface be expressed [App. B. (52)] by series of surface 
harmouics, respectively. The solution is 


-.= 1^ [a /"''Y 1 m{u-r-) 

Z=0 \ * \^/ — 1) 71 + (t — 1) 7ii\ dx j 

qJT (b 

^^0 \ ’ \a) 2a‘ [(27 - 1) -f (i - 1 ) rri] dy ) 

^=QO / y 

- ^ - 
i=.0 ( W 


7 


m {a^ — r®) 


2a’ [(27 — 1) 77 4* (7 — 1) 777 ] dz 


j 


_d {A. r') d( B/) d ( Cy'^) 

dx dy dz 


where = 

For this is what (11) becomes if we take 


( 15 ). 


\aj 2^[{M + 3)liT(i+l)»7i] dx ’ ’ 


and it makes 


a = 2^,, = y = 2(7,, whenr = <x (16). 

This result might have been obtained, of course, by a purely 
analytical process; and we shall fall on it again as a particular 
case of the following: — 

{/) The piroblem for a shell with displacements given arbitrarily 
for all points of each of its concentric spherical bounding sur- 
faces is much more complicated, and we shall find a purely 
analytical process the most convenient for getting to its solution. 
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Let a and o! be the radii of the outer and inner spherical surfaces, 
and let etc., 2^'^, etc., be Ihe series of surface harmonics 
expressing [App. B. (52)] the arbitrarily given components of 
displacement over them; so that our surface conditions are* 


a=5^, 1 j 

P i wlien r = a ; and ^ ~ i when r = a' L..(17). 


Using the abbreviated notation (12) and (13), selecting from (14) 
all terms of a which become surface harmonics of order i for a 
constant value of r, and equating to the proper harmonic terms 
of (17), we have 




M + M 

dx - 


dx ) ' 


- when r = a 


, ...(18). 


Bemarking that and d\\f are 

each of them independent of r, we have immediately from (18) 
the following two equations towards determining these four 
functions : — 

a‘(r-‘u,) + a*‘-Mr‘+'»_,_,) - + 

and 

These, and the symmetrical equations relative to y and suffice, 
with (13), for the determination of for every value, 

positive and negative, of f. The most convenient order of pro- 
cedure is first to find equations for the determination of the 
functions by the elimination of the u, Vy w, thus; — Trom (19) 
we have 

(a?(+3 _ aW) 31,^.^'+'^ + {a’- - {a'+U,- a’‘+U’,)r‘ 

“i= a=‘+' - a'2‘+i 

W_f-1 = 

(aa’)2''^Ha= - (aa')='(a=‘-i - + {aay+i {a<A', - a'‘A,) r" 

ctx dx 

' a2^+i_a'2,+i 


and symmetrical equations for v and w. Or if, for brevity, we 
put 




( 21 ). 

19 


Shell with 
given dis- 
placements 
of its outer 
and inner 
surfaces 


|(19). 


1 ( 20 ) 
t-1 1 * 

% 


VOL. U. 
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Shell with 
given dis- 
placements 
of its outer 
and inner 
surfaces. 


and 

4*1 ^ .02) 

^2i+l ./n-n + '^t+2 ^2 j+1 V 2»+1 <+2 * * * \^'"/> 

d — Uj d — O/ 


^. = - + a,r< 




-2s-l^*At+l 






dx ^ dx 

0 

i;^=etc., 'y_,_i=etc., ic\ = e^., ic?_,_j = etc. 


.(23). 


Performing the proper differentiations and summations to elimi- 
nate the u, w functions between these (23) and (13), and 
taking advantage of the properties of the ij/ functions, that 


^^,..--0, VV-.-O, + + = 


dil/ dll/ . dll/ . 


dx 


W' find 


1 

1) « * . IP, j 


and 


f (24). 


Changing i into t 4 - 1 in the hrst of these, and into t ~ 1 in tho 
second, we have two equations for the two unknown quantities 
ij/^ and il/_^_^; which give 


i-{2i+ 3) {2i - 1 ) (i + ! 
1 -(2i + 3) (2t - 1) (i + 1) j 


and 


where, for brevity, 

* dx dy dz 

0^ , d{^'_,T~^) ^ ^(ery-) 

* ^ dx dx dx 


(25), 


(26). 


The functions l|/^ and for every value of i being thus given^ 
(23) and (14) complete the solution of the problem. 
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(g) The composition of this solution ought to be carefully shell with 
studied. Thus separating for simplicity the part due to the ^il^ments 
terms etc., A\, etc., of the single order i, in the surface data, andlnn^ 
we see that were there no such terms of other orders, all jbhe ij/ 
functions would vanish except These 

would give ^-i+u and ; with symmetri- 

cal expressions for the v and w functions; of which the composi- 
tion will behest studied by first writing them out in full, explicitly 
in terms of 55,, 15'^, and the derived solid har- 

monics ®,_j and 


737. When, instead of surface displacements, the force surface 
applied over the surface is given, the problem, whether for the 
solid sphere or the shell, is longer because of the preliminary 
process (h) required to express the components of traction on 
any spheric^ surface concentric with the given sphere or shell, 
in proper HMinonic forms ; and its solution is more complicated, 
because of the new solid harmonic function [(32) below} 
which, besides the function employed above, we are 

obliged to introduce in this preliminary process. 


(h) Taking F, G, II to denote the components of the traction 
on the spherical surface of any I'adiiis r, having its centre at the 
oiigin of co-ordinates, instead of merely for the boundary of the 
body as supposed formerly in § 734 (3), we have still the same 
formulae : but in them we liave now to put y*= oj/r, g = yjr, h = zjr, 
By grouping their terms conveniently, we may, with the notation 
(28), put them into the following abbreviated forms ; — 



Ft ~ {m — n)h.x+n 1 

\ 

/ dx\ 

n 


Gr — {m — n) ^ . y -k- 7t ^ — 1 



IIr= {m — 7i)h . z + n ^ 



IJ 

where 

^=o.x->t Py + yz 
^ ^ ^ 

J 

i 


and 

Co Cu cl/ 

■i\ 



Component 
tractions on 
any spheri- 
cal surface 
concentric 
with origin. 

' k 


80 that ^/r is the radial component of the displacement at any 

19—2 
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cal surface 
concentric 
with origin. 


point, and djdr prefixed to any function of x, 2 ; denotes the 
rate of its varirition per unit of length in the radial direction. 

It is interesting to remark tliat if we denote by B the radial 
component of the traction, we find, from (27) and (28), 


E = (? + - = (m - w) S + (28'). 

r T T ^ ' r \dr tJ ^ 


(^) To reduce these exj^ressions to surface harmonics, let us 
consider homogeneous terms of d^ree i of the complete solution 
(14), which we shall denote* by a^, /3,, and let 8^^^, 
denote the corresponding terms of the other functions. Thus 
we have 



j^(wi - S,_^X + (7 -I)a, + 71 


(m - n) 8,_ -¥71 (i — l) | f 

//r= 2 • 

|^(7n — 7k) -h Ji (i — 1) -h n 


(1) The second of the three terms of order i in these equa- 
tions, when the general solution of g (d) is used, become at the 
boundary each explicitly the sum of two surface harmonics of 
orders i and ^--2 respectively. To bring the other parts of the 
expressions to similar forms, it is convenient that we should 
first express in terms of the general solution (14) of § (d), 
by selecting the terms of algebraic degi ee i. Thus we have 


ai = u,~ 


2 [(2i - 1) + {i - 1) m] 



(30), 


and symmetrical expressions for /3^ and y,, from which we find 

+ + + v,j + .... - . 


Hence, by the proper formuloe [see (36) below] for reduction to 
harmonics, 


1 ^ ) 
2i + 1 l2X(2i - 1) + (^ - 1) w] ^ 


...(31), 


* The suffixes now introduced have reference solely to the algebraic degree, 
positive or negative, of the functions, whether harmonic or not, of the symbols 
to which they are applied. ^ 
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|,..(32), 

and (as before assumed in § 12) 

dui dVi dWf 



Also, by (10) of § 736, or directly from (30) by differentiation, 
we have 

5f tl(2'l~l) 



Substituting these expressions for a^, and in (29), we 
find 

P IN n(2t- 1) [(^J+ 2)m'- (2^-l)7^] 

ft - 5 1 )., * ,4,., 

_ ^[2{(-^-l)r^-(2t-l)n] w 3-. 

(2i + l)[(2i-l)ri-f (^~l)m] dx 2i+l dx pressed. 

This is reduced to the required harmonic form by the obviously 
proper formula 


CompOTcnt^ 
traction&jon 
any spheri- 
cal surface 
concentric 
with origin 


cal ly ex- 
pressed. 




dx dx 


j (36). 


Thus, and dealing similarly with the expressions for Gr and ZTr, 
we have, finally, 


l)Ui - 2 (? - 2)i¥,r2i^ - 


J’r=;iS -i— ' 

( dx dx 2i+l dx j 

G'r=BS ?_ . (37) 

I ' " dy dx 2i + 1 dy ] ^ 

Hr — n'I, l)wi - 2{i - 2)¥t7-2^^'~^ - 

^ ^ * (^3 * dx 2i + l djf J J 


1 


2i+l 

dx ) 

1 

d0,4.il 

2i + l 

<^V 1 

1 

dfeil 

2i + l 

dz ) 


where [as above (12)], = — :pr p— yr — 

L ^ /J> ‘ ^(2^-l)9^+(^-l)m I 

j „ 1 ^ ('t+ 2) m- (2t— 1)?^ 

and now, further, E, = - . tt - -, 

(2^+ 1) [{2i- l)?^-»-(^- l)m] J 

(qu) To express the surface conditions by harmonic equations Prescribed 
for the shell bounded by the concentric spherical surfaces, r — a, d?5^5]^t 
r = a', let us suppose the superficial values of E, (?, H to be monies. * 


given as follows : — 


when r = E=':$A,, G = '^B„ 1I=%C, 1 

and when r = a', = 54'*, ^ = 2ii5'i, H - XG\ | 
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Prescribed 
surface con- 
ditions put 
into har- 
monics 


Equations of 
equilibrium 
to which the 
surface 
tractions 
are subject. 


where Ai, Bf, Ci, A\j B\, G\ denote surface harmonics of 
order i. 

To ap 2 )]y to this harmonic development the conditions § 734 
(2) to which the surface traction is subject, let a^dm and 
be elements uf the outer and inner spherical surfaces subtending 
at the centre (§ 468) a common infinitesimal solid angle dvr: 
and let fjdvi denote integration over the whole spherical surface 
of unit radius. Equations (2) become 


= etc.; and etc. (40). 


Limitations 
imposed on 
the other- 
wise arbi- 
trary har- 
monic data 
of surface 
tractions, 
for their 
equilibrium. 


ISTow App. B. (16) shows that, of the first three of these, all 
terms except the first (those in which i = 0) vanishes ; and that 
of the second three all the terms except the second (those for 
which t=l) vanish because x, y, 5 ; are harmonics of order 1. 
Thus the first three become 

etc.; 

which, as etc., are constants, require simply that 

a^A^ = a'^A\, a = dC„ = a'"C'^ (41), 

The second three are equivalent to 


where is a homogeneous function of x, z of the second 
degree. For [App. B. (a)] rA^, ^A\f etc., are linear functions 
of Xy 'ijy z. If therefore {A, x), {A, y).,,[By a;)... denote nine 
constants, we have 


r (aM, - a'^A\) = (A, x)x-\r{A, y)y + (A, z) z, 
r {a-B^ - a'^B\) = (B, x)x+ {B, y)y + (B, z) z, 

T {arC^ - a'^G\) = {C, x)x+ (G, y)y+ {G, z) z. 

Using these in the second three of (40) of which, as remarked 
above, all terms except those for which i = l disappear, and re- 
marking that yzy zxy xy are harmonics, and therefore (App. 
(1 ^)] / / = 0, // zxdw = 0, // xydm - 0, 

we have {G, y) / jy^dw - {B, z) f fz^dwr = 0 : etc. 

From these, because / fx^dvr = f f if dvr = / jz^dvr, 
it follows that 

{G, y) = {B, z), {A, z) = {G, x), {B, x) = (A, y), 
which prove (42). 
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n 

r 


(n) The terms of algebraic degree exhibited iii the pre- 
ceding expressions (37) for Fr, Gr^ Hr, become, at either of the 
concentric spherical surfaces, sums of surface harmonics of 
orders i and i~2 when i is positive, and of orders — i — 1 and 
- i ~ 3 when i is negative. Hence, selecting lil the terms Surface 
which lead to surface harmonics of order i, and equating to the expressed^n 
proper terms of the data (39), we have ^Siona 


(i - l)«i - (i + /•» + 2(1 + V)M_,+Tr"- 






dx 






dx 


d\pj 
dx 

2i + l \ dx dx 




_ jAi when r — a \ 
~~ [J'j when r=<i' j 


and symmetrical equations relative to y and 

ip) These equations are to be treated precisely on the same 
plan as formerly were (18). Thus after finding and 
we perform on the operations jf (33), and on 

those of (32), and so arrive at two equations Surface 
which involve as unknown quantities only and given: gene- 
taking the corresponding expressions for and apply- for spherical 

ing (32) to v^_^, and (33) to we 

similarly obtain two equations between and ij/_i. Thus 

we have in all four simple algebraic equations between 

^-i 9 ^7 which we find these four unknown functions : 
and the u, v, w functions having been already explicitly ex- 
pressed in terms of them, we thus have, in terms of the data of • 
the problem, every unknown function that appears in (14) its 
solution. 


(p) The case of the solid sphere is of course fallen on from for solid 
the more general problem of the shell, by putting a' = 0. But 
if we begin with only contemplating it, we need not introduce 
any solid harmonics of negative degree (since every harmonic of 
negati/e degree becomes infinite at the centre, and therefore is 
inadmissible in the expression of effects produced throughout a 
solid sphere by action at its surface) ; and (43), and all the 
formuhe described as deducible from it, become much shortened 
when we thus confine ourselves to this case. Thus, instead of 
(43), we now have simply 

: (, 4 ). 

when r=a 1 
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Hence, attending [as formerly in (/)] to the property of a 
homogeneous function 7/^-, of any order y, that is indepen- 

dent of r, and depends only on the ratios ar/r, ylr, zjr ; we have 
for all values of x, y, z, 


(i - l)Wi - 




1 

2i + l dx 




From this and the symmetrical equations for v and w, we have 
by (33), ^ 

r- 1 /O* ^ d{B^r^) d{Cir% ,Aa\ 

and by (32) 

2t<6i+, + -ii(t+l)(2t+l)M.+i,a — + - + — j. (47). 

Eliminating, by this, from (45), and introducing the abbre- 
viated notation, [(^0) below], we find 

(48),* 


and ( 43) gives 


[(?; - 1) m4- (2i - 1) n] 


* ^ [(i — 1)-!-(2?!4- l /iT’^.] [(2tV 1) w— (2i — 1) w] ^ * •(^^)> 

, ^ d(A,r^) d(B/) d{Cy) 

where ^ ^ ^ 

dx ay dz I 

and my3 . mf:n ; ( 

( dx dy dz ) ^ 

With these expressions for ij/^ and (14) is the complete solu- 
tion of the problem. 

(q) The composition and character of this solution are made 
manifest by writing out in full the terms in it which depend on 
harmonics of a single order, in the surface data. Thus if 
the components of the surface traction are simply A., B^, (7^, all 
the ^ functions except and all the ^ functions except 

vanish. Hence (48) shows that all the u functions except 
u^_,^ and vanish : and for these it gives 

dx 

f (51). 

“'"<=1 * 2 iTtn ) 


t«f_2 = Afy 
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Using this in (14) and ^ovE^ and substituting their values by 
(38), we have, explicitly expressed in terms of the data, and the 
solid harmonics ^i_i, ^,-+ 1 , derived from the data according to 
the formulae (50), the final solution of the problem as follows 

P (2i^4-l)wi-(27-l)7i dx 


1 


\_{2L^l)m-(2i-l)n (2i+l)c/.i; 


1 

2i{2i+l) dx 


J I 


( 52 ), 


with symmetrical expressions for yS and y. 


(r) The case of i = 1 is interesting, inasmuch as it seems at Cas© of 
first sight to make the second part of the expression (52) for a 
infinite because of the divisor ^ — 1. But the terms within the 
brackets [ ] vanish for t = 1, owing to tlie relations (42) proved 
above, which, for the solid sphere, become 


rA rBJh 

' dx ' ‘ dij ’ 


rC ,= 


dz 


.(53), 


denoting any homogeneous function of x, y, z the second 
degree. Tlie verification of this presents no difiiculty, and we 
leave it as an exercise to the student. The true interpretation 
of the § appearing thus in the expressions for a, /?, y is clearly 
that they are indeterminate: and that they ought to be so, we see 
by remarking that an infinitesimal rotation round any diameter 
without strain may be superimposed on any solution without 
violating the conditions of the problem : in other words (§§ 89, 95), 


Indetermi- 
nate rota- 
tions with- 
out strain, 
necessarily 
included in 
general so- 
lution for 
displace- 
ment, when 
the data are 
merely of 
force. 


^2^ - ^I/i - ^2^ 

may be added to the expressions for a, S, y in any solution, and 
the result will still be a solution. 


But though a, /?, y are indeterminate, (50) gives iJ/q and 
determinately. The student will find it a good and simple 
exercise to verify that the determination of ^|/^^ and determines 
the state of strain [homogeneous (§ 155) of course in this case] 
actually produced by the given surface traction. 

738. A solid is said (§ 730) to experience a plane strain, Plan© strain 
or to be strained in two dimensions, when it is strained in any 
manner subject to the condition that the displacements are all 
in a set of parallel planes, and are equal and parallel for all 
points in any line perpendicular to these planes : and any one 
of these planes may be called the plane of the strain. Ttius, 
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in plane strain all cvlindrical surfaces perpendicular to the 
plane of the strain remam cylindrical surfaces perpendicular 
to the same plane, and nowhere experience stretching along the 
generating lines. 

TJie condition of plane strain expressed analytically, if we take 
XOY for the plane, is that y must vanish, and that a and /? must 
be functions of x and y, without z. Thus we se|5 that 

Only two independent variables dhter into the analytical ex- 
piession of plane strain ; and thus this case presents a class of 
problems of peculiar simplicity. For instance, if an infinitely 
long solid or hollow circular cylinder is the ‘‘given solid” of 
§ 696, and if the bodil}?' force (if any) and the surface action 
consist of forces and tractions everywhere perpendicular to its 
axis, and equal and parallel at all points of any line parallel 
to its axi' we have, whether surface displacement or surface 
tracts 11 be given, problems precisely analogous to those of 
§§ 735, 736, but much simpler, and obviously of very great 
piactical importance in the engineering of long straight tubes 
under strain. 


739. It is interesting to remark, that in these cylindrical 
problems, instead of surface harmonics of successive orders 
1, 2, 3, etc., which are [App. B. (&)] functions of spherical 
surface co-ordinates (as, for instance, latitude and longitude on 
a globe), we have simple harmonic functions (§§ 54, 75) of the 
same degrees, of the angle bet\\een two planes t||ilJgh 
axis, and of its successive multiples: and ins+cad of solid 
harmonic functions [App. B. (a) and (5)], we liave what we 
may call plane harmonic functions, being the algebraic functions 
of two variables {cc,,y), which we find by expanding cos id and 
sini0 in pow^ers of sines or cosines of 6, taking 


cos 6 == 


and sin d = - 


and multiplying the result by {x^ -f y^)^\ 

A plane harmonic function is of course the particular case of a 
solid harmonic [App. B. (a) and (6)] in which z does not appear; 
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that is to say, it is any homogeneous function, F, of x and y, plane 

which satisfies the equation functions 

defined, 

d^F d^V 

do? + - 0, or, as we may write it for brevity, 0. 

And, as we have seen [§ 707 (23)], flie most general expression 
for a plane harmonic of degree i (positive or negative, integral 
or fractional^ is 

^A{{x + yvY +{x- yvY) - lBv{(x + yxi)’ - (x-yv)'] 


where v stands for or in polar co-ordinates^ (1). 

(A cos ^ sin iO) 

The equations of internal equilibrium [g 698 (6)] with no bodily 
force (that is, X = 0 and 0) become, for the case of plane strain, 


n 


.( 2 ). 


/d“a d^a\ d /da d3\ 

\dx^ di/^)^^dx\dx ^ dy) 

/d'-B d^B\ d /da dl3\ ^ 

The plane harmonic solution of these, found by precisely the Problem 
same process as §§ 735, 736 (a)...(e), but for only two variables JjJfder^pjarm 
instead of three, is 




m 



2{i-l){2n + m) 

dx _ 


m 

a 


y 2(i-l){2n+m) 

T 

dy J 

1- 

1 


strain solved 
in terms of 
plane har- 
monics. 


.( 3 ), 


where 


dUi dVi 


-A<-.=xr + 


dx dy 


and denote any two plane harmonics of degree i, so that 

is a plane liarmonic of degree i-l. Of course i may be 
positive or negative, integral or fractional. 

This solution may be reduced to polar co-ordinates with advan- 
tage for many applications, by putting 

x = r cos Oj y = T sin 0, ] 

and taking (A^ cos ^A '^ sin i0)\ (4); 

V. - r'{Bi cos iO sin i$)[ 

which give 
2n+m 


2n 


s,_. = -Ai., = + i?^.) cos (i-l) e^{A\ -B) sin (i-l)e}..(5), 
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and 

a:= 2r» I sin iS - [(-^f +-Sy cos [1-^)0 + {A\-B,) sin [i - 2)^]| 

j3=Sr'|£(COsie+J5'(Sinifl-2j~^^[-(^.+B'i)sin(t-2)5 + (4',-B()cos(i-2)9]| 


( 6 ). 


Problem 
forcylinders 
under plane 
strain solved 
in terms of 
plane har- 
monics. 


The student will find it a good exercise to work out in full, to 
explicit expressions for the displacement of any point of the solid, 
in the cylindrical problems corresponding to the spherical pro- 
blems of § 735 (/), and of §736 The process ( 1 ) of 

the latter may be worked through in the symmetrical algebraic 
form, as an illustration of the plan we have followed in dealing 
with spherical harmonics ; but the result corresponding to (37) 
of § 737 may be obtained more readily, and in a simpler form, 
by immediately putting (29) of § 737 into polar co-ordinates, as 
(4), (5), (6) of § 739. We intend to use, and to illustrate, these 
solutions under ‘‘Properties of Matter.’’ 


740 . In our sections on hydrostatics, the problem of finding 
the deformation produced in a spheroid of incompressible liquid 
by a given disturbing force will be solved ; and then we shall 
consider the application of the preceding result [§ 736 (ol)] 
for an elastic solid sphere to the theory of the tides and the 
rigidity of the earth. This proposed application, however, 
reminds us of a general remark of great practical importance, 
^ with which we shall leave elastic solids for the present. 

Considering different elastic solids of similar substance and 
Small similar shapes, we see that if by forces applied to them in any 
stronger way they are similarly strained, the surface tractums in or 
onesin^^^ across similarly situated elements of surface, whether of their 
tothei?^” boundaries or of surfaces imagined as cutting through their 

weights. , , 111 1 • r. 

substances, must be equal, reckoned as usual per unit oi area. 
Hence; the force across, or in, any such surface, being resolved 
into components parallel to any directions ; the whole amounts 
of each such component for similar surfaces of the different 
bodies are in proportion to the squares of their linear dimen- 
sions. Hence, if equilibrated similarly under the action of 
gravity, or of their kinetic reactions (§ 264) against equal 
accelerations (§ 28), the greater body would be more strained 
than the less; as the amounts of gravity or of kinetic reaction 
of similar portions of them are as the cubes of their linear 
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dimensions. Definitively, the strains at similarly situated smaii 
points of the bodies will be in simple proportion to their linear Wronger 
dimensions, and the displacements will be as the squares of ones in ^ 
these lines, provided that there is no strain m any part of any to 
of them too great to allow the principle of superposition to hold 
with suflScient exactness, and that no part is turned through 
more than a very small angle relatively to any other part. 

To illustrate by a single example, let us consider a uniform Example: 

long, thin, round rod held hofizontally by its middle. Let its rc^ iTefd 

substance be homogeneous, of density p, and Young’s modulus, 

M ; and let its length, I, be p times its diameter. Then (as 

the moment of inertia of a circular area of radius r round a 

diameter is ^7rr^) the flexural rigidity of the rod will (§ 715) 
be Jif7r(Z/2p)^, which is equal to Bjg in ttie notation of § 610, 
as B is there reckoned in kinetic or absolute measure (§ 223) 
instead of the gravitation measure in which we now, according 
to engineers’ usage (§ 220), reckon M, Also w = p7r(?/2j))^, and 
therefore, for § 617, 

gw _ IQp^p 
'li ~ ~TW ‘ 


This, used in § 617 (10), gives us; for the curvature at the 
middle of the rod ; the elongation and contraction where 
greatest, that is, at the highest and lowest points of the normal 
section through the middle point; and the droop of the ends; 
the following expressions, 

M ' M ’ SM • 


Thus, for a rod whose length is 200 times its diameter, if its 
substance be iron or steel, for which p = 7'75, and M = 194 x 10^ 
grammes per square centimetre, the maximum elongation and 
contraction (being at the top and bottom of the middle section 
where it is held) are each equal to ‘8x 10"^ x Z, and the droop of 
its ends to 2 x 10"^ x r. Thus a steel or iron wire, ten centi- stiffness of 
metres long, and half a millimetre in diameter, held hori- steS^rods 
zontally by its middle, would experience only *000008 as dimensions 
maximum elongation and contraction, and only *002 of a 
centimetre of droop in its ends: a round steel rod, of half a 
centimetre diameter, and one metre long, would experience 
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Stiffness of *00008 as maxiijiiim elongation and contraction, and *2 of a 
sM rods of centimetre of druop : a round steel rod, of ten centimetres 
dimensions, diameter, and twenty metres long, need not be of remarkable 
temper (see Vol. ii., Properties of Matter) to bear being held by 
the middle without taking a very sensible permanent set : and 
it is probable that any temper of steel or iron except the softest 
is strong enough in a round shaft forty metres long, if only twenty 
centimetres in diameter, to allow it to be held by its middle, 
drooping as it would to the extent of 320 centimetres at its 
ends, without either bending it beyond elasticity ; or breaking it. 
(See Encyclopcedia Britannica, Article ''Elasticity,^' § 22.) 
Transition 741. In passing from the dynamics of perfectly elastic solids 
dynamics, to abstract hydrodynamios, or the dynamics of perfect fluids, 
it is convenient and instructive to anticipate slightly some of 
the views as to intermediate properties observed in real solids 
and fluids, which, according to the general plan proposed 
(§ 44y) for our work, will be examined with more detail under 
Properties of Matter. 

Imperfect- Bv induction from a great variety of observed phenomena, 

elasticity we are compelled to conclude that no change of volunie or of 
in solids. ^ . . . , . 

sliape can be produced in any kind of matter without dis- 
sipation of energy (§ 275); so that if in any case thoi'e is a 
return to the primitive configuration, some amount (however 
small) of work is always required to cornjiensate the energy 
dissipated away, and restore the body to the same physical 
and the same palpably kinetic condition as that in wdiich it 
was given. We have seen (§ 072), by anticipating something 
of thermodynamic principles, how such dissipation is inevitable, 
even in dealing with the absolutely perfect elasticity of volume 
presented by every fluid, and possibly by some solids, as, for 
instance, homogeneous crystals. But in metals, glass, porcelain, 
natural stones, wood, india-rubber, homogeneous jelly, silk 
fibre, ivory, etc., a distinct frictional resistance^ against every 
change of shape is, as we shall see in Yol. il., under Pro- 
[jerties of Matter, demonstrated by many exj^eriments, and is 
found to depend on the speed with which the change of 

* See Proceedings of the Royal Society, May 1865, “ On the Viscosity and 
Elasticity of Metals” (W. Thomson). 
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bhape is made. A very lemarkable and obvious proof of viscosity of 
frictional resistance to change of shape in ordinary solids 
is afforded by the gradual, more or less rapid, subsidence of 
vibrations of elastic solids; marvellously rapid in india-rubber, 
and even in homogeneous jelly; less rapid in glass and metal 
springs, but still demonstrably much more rapid than can be 
accounted for by the resistance of the air. This molecular 
friction in elastic solids may be properly called viscosity of 
solids, because, as being an* internal resistance to change of 
shape depending on the rapidity of the change, it must be 
classed with fluid molecular friction, which by general con- 
sent is called viscosity of fluids. But, at the same time, we viscosity of 

^11 1 11 1 • • 11-1 
reel bound to remark that the word viscosity, as used hitherto 

by the best writers, when solids or heterogeneous semisolid- 
semifluid masses are referred to, has not been distinctly applied 
to molecular friction, especially not to the molecular friction of 
a highly elastic solid within its limits of high elasticity, but 
has rather been employed to designate a property of slow, con- 
tinual yielding through very great, or altogether unlimited, 
extent of change of shape, under the action of continued stress. 

It is in this sense that Forbes, for instance, has used the word 
in stating that Viscous Theory of Glacial Motion'’ Avhich he Forbes’ 
demonstrated by his grand observations on glaciers. As, how- Theory of 
ever, he, and many other WTiters alter him, have used the words Motion.” 
plasticity and plastic, both with reference to homogeneous 
solids (such as w^ax or pitch, even though also brittle ; soft 
metals ; etc.), and to heterogeneous semisolid-semifluid masses 
(as mud, moist earth, mortar, glacial ice, etc.), to designate the 
property*, common to all those cases, of experiencing under 
continued stress either quite continued and unlimited change 
of shape, or gradually very great change at a diminishing 

* Some confusion of ideas might have been avoided on the part of writers who 
' have professedly objected to Forbes' theory while really objecting only (and we 
believe groundlessly) to his usage of the word viscosity, if they had paused to con- 
sider that no one physical explanation can hold for those several cases ; and that 
Forbes’ theory is merely the proof by observation that glaciers have the property 
which mud (heterogeneous), mortar (heterogeneous), pitch (l^omogeneous), water 
(homogeneous), all have of changing shape indefinitely and continuously under 
the action of continued stress. 



Plasticity 
of solids. 


Perfect and 
unlimited 
plasticity 
unopposed 
by internal 
friction, the 
character- 
istic of the 
ideal peefeet 
fluid of 
abstract 
hydrody- 
namics. 


Fluid 

pressure. 


S04f ABSTRACT DYNAMICS. [741. 

(asymptotic) rate tlirougli infinite time ; and as the use of the 
term plasticity implies no more than does viscosity any physical 
theory or explanation of the property, the word viscosity is 
without inconvenience left available for the definition we have 
given of it above. 

742 . A fluid, or (as we shall call it) a fluid, is an 

unrealizable conception, like a rigid, or a smopth, body: it is 
defined as a body incapable of resisting a change of shape : and 
therefore incapable of experiencing distorting or tangential 
stress (§ 669). Hence its jMessure on any surface, whether 
of a S(did or of a contiguous portion of the fluid, is at every 
point perpendicular to the surface. In equilibrium, all common 
liquids and gaseous fluids- fulfil the definition. But there is 
finite resistance, of the nature of friction, opposing change of 
shape at a finite rate ; and thei'ofore, while a fluid is changing 
shape, it exerts tangential force on every surface other than 
normal planes of the stress (§ 664) required to keep this change 
of shape going on. Hence; although the hvdrostatical results, 
to which we immediately proceed, are verified in j^ractice ; in 
treating of hydrokinetics, in a subsequent chapter, we snail he 
obliged to introduce the consideration of fluid friction, except 
in cases where the circumstances are such as to render its 
efiects insensible. 

743 . With reference to a fluid the pressure at any point in 
any direction is an expression used to denote the average pres- 
sure per unit of area on a plane surface imagined as containing 
the point, and perpendicular to the direction in question, when 
the area of that surface is indefinitely diminished. 

744 . At any point in a fluid at rest the pressure is the 
same in all directions : and, if no external foices act, the 
pressure is the same at every point. For the proof of these 
and most of the following propositions, we imagine, according 
to § 564, a definite portion of the fluid to become solid, -without 
changing its mass, form, or dimensions. 

Suppose the fluid to he contained in a closed vessel, the 
pressure within depending on the pressure exerted on it by the 
vessel, and not on any external force such as gravity. 
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745. The resultant of the fluid pressures on the elements Fluid pre»- 
of any portion of a spheridal surfoce must, like each of its equlffn In 

-n- dire(5fcions. 

components, pass through the centre oi the sphere. Hence, 
if we suppose (§ 564) a portion of the fluid in the form-* of 
a plano-convex lens to be solidified, the resultant pressure on 
the plane side must pass through the centre of the sphere; and, 
therefore, being perpendicular to the plane, must pass through 
the centre of the circular area. From this it is obvious that 
the pressure is the same at ali points of any plane in the fluid. 

Hence, by § 562, the resultant pressure on any plane surface 
passes through its centre of inertia. 

Next, imagine a triangular prism of the fluid, with ends 
perpendicular to its faces, to be solidified. The resultant 
pressures on its ends act in the line joining the centres of 
inertia of their areas, and are equal (§ 552) since the re- 
sultant pressures on the sides are in directions perpendicular 
to this line. Hence the pressure is the same in all parallel 
planes. 

But the centres of inei'tia of the three faces, and the resultant 
pressures applied there, lie in a triangular section parallel to 
the ends. The jDressures act at the middle points of the sides 
of this triangle, and perpendicularly to them, so that their 
directions meet in a point. And, as they are in equilibrium, 
they must be, by § 559, e, proportional to the respective sides of 
the triangle; that is, to the breadths, or areas, of the faces of 
the prism. Thus the resultant pressures on the faces must be 
proportional to the areas of the faces, and therefore the pressure 
is equal in any two planes which meet. 

Collecting our results, we see that the pressure is the same 
at ali points, and in all directions, throughout the fluid mass. 


746. One immediate application of this result gives us a Application 
simple though indirect proof of the second theorem in § 559, c, 
for we have only to sujipose the polyhedron to be a solidified 
portion of a mass of fluid in equilibrium under pressures only. 

The resultant pressure on each side will then be proportional 
to its area, and, by § 562, will act at its centre of inertia; which, 
in this case, is the Centre of Pressure, pres^iu 

VOL. II. 
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Application 747. Another proof of the equality of pressure throughout 
a mass of fluid, uninfluenced by other external force than the 
energy. pregg-Qre of the containing vessel, is easily furnished by the 
energy criterion of equilibrium, § 289 ; but, to avoid complica- 
Proofby tioB, we will coiisider the fluid to be incompressible. Suppose 
thriguaiity a number of pistons fitted into cylinders inserted in the sides 
pressure of the closed vessel containing the fluid. Then, if A be the 

directions, area of one of these pistons, p the average pressure on it, x the 
distance through which it is pressed, in or out ; the energy 
criterion is that no work shall be done on the whole, i.e. that 

as much w^ork being restored by the pistons which are forced 
out, as is done by those forced in. Also, since the fluid is in- 
compressible, it must have gained as much space by forcing 
out some of the pistons as it lost by the intrusion of the others. 
This gives 

AjCTj -f +. . .= 2 {Ax) = 0. 

The last is the only condition to which etc., in the first 

equation, are subject; and therefore the first can only be 
satisfied if 

that is, if the pressure be the same on each piston. Upon this 
property depends the action of Bramah’s Hydrostatic Press. 

If the fluid be compressible, the work expended in compressing 
it from volume F to V— 8 V, at mean pressure p, is p8 F. 

If in this case we assume the pressure to be the same through- 
out, we obtain a result consistent with the energy criterion. 

The work done on the fluid is 2 {Apx)j that is, in consequence 
of the assumption, (Ax). 

But this is equal to pSV, for, evidently, 2 = SF. 

Fluid pres- 748. When forces, such as gravity, act from external matter 

sure de- ^ . 

external Upon the substance of the fluid, either in proportion to the 

forces. density of its own substance in its different parts, or in propor- 

tion to the density of electricity, or of magnetic polarity, or of 
any other conceivable accidental property of it, the pressure will 
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still be the same in all directions at any one point, but will Fluid pres- 
now vary continuously from point to point. For the preceding pendfi^on 
demonstration (§ 745) may still be applied by simply taking fare™ ' 
the dimensions of the prism small enough ; since the pressures 
are as the squares of its linear dimensions, and the effects of 
the applied forces such as gravity, as the cubes. 

749. Wher»forces act on the whole fluid, surfaces of equal Surfaces of 
pressure, if they exist, must^ be at every point perpendicular sur^areger- 
to the direction of the resultant force. For, any prism of the tothe^Snes 
fluid so situated that the whole pressures on its ends are equal 
must (§ 552) experience from the applied forces no component 
in the direction of its length; and, therefore, if the prism be 
so small that from point to point of it the direction of the 
resultant of the applied forces does not vary sensibly, this 
direction must be perpendicular to the length of the prism. 

From this it follows that whatever be the physical origin, and 
the law, of the system of forces acting on the fluid, and whether 
it be conservative or non-conservative, the fluid cannot be in 
equilibrium unless the lines of force possess the geometrical 
property of being at right angles to a series of surfaces. 

760. Again, considering two surfaces of equal pressure in- 
finitely near one another, let the fluid between them be divided 
into columns of equal transverse section, and having their 
lengths perpendicular to the surfaces. The difference of pres- 
sures on the two ends being the same for each column, the 
resultant applied forces on the fluid masses composing them 
must be equal. Comparing this with § 488, we see that if the 
applied forces constitute a conservative system, the density of 
matter, or electricity, or whatever pro23erty of the substance 
they depend on, must be equal throughout the layer under 
consideration. This is the celebrated hydrostatic proposition 
that in a fluid at rest, surf aces of equal pressure are also surfaces 
of equal density and of equal potential. 

761. Hence, when gravity is the only external force con- Gravity the 

^ o •/ •/ only ©xtor- 

sidered, surfaces of equal pressure and equal density are (when nai force. 

of moderate extent) horizontal planes. On this depends the 

action of levels, syphons, barometers, etc.; also the separation 

20—2 
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Gravity the of liquids of different densities (which do not mix or combine 
naiforce, chemically) into horizontal strata, etc. etc. The free surface of 
a liquid is exposed to the pressure of the atmosphere simply ; 
and therefore, when in equilibrium, must be a surface of equal 
pressure, and const ;uently level. In extensive sheets of water, 
such as the American lakes, differences of atmospheric pressure, 
even in moderately calm weather, often produce considerable 

deviations from a truly level surface. 

«- 

Rate of 752. The rate of increase of pressure per unit of length in 

increase of , „ . , « 

pressure, the direction of the resultant torce, is equal to the intensity oi 
the force reckoned per unit of volume of the fluid. Let F be the 
resultant force per unit of volume in one of the columns of §750; 
p and p the pressures at the ends of the column, I its length, 
/8its section. We have, for the equilibrium of the column, 

( — p) S — 81 F, 

Hence tiiC rate of increase of j)ressure per unit of length is F, 

If the applied forces belong to a conservative system, for 
which V and V' are the values of the potential at the ends of 
the column, we have (§ 486) 

r- v=-iFp, 

where p is the density of the fluid. This gives 

y-p=-p(r'-F) 

or dp — — pd V. 

Hence in the case of gravity as the only impressed force the 
rate of increase of pressure per unit of depth in the fluid is p, 
in gravitation measure (usually employed in hydrostatics). In 
kinetic or absolute measure (§ 224) it is pp. 

If the fluid be a gas, such as air, and be kept at a constant 
temperature, we have p = cp, where c denotes a constant, the 
3’eciprocal of II, the ‘‘height of the homogeneous atmosphere,’^ 
defined (§753) below. Hence, in a calm atmosj^here of uniform 
temperature we have dpjp=^ — cdY ; and from this, by integra- 
tion, p — where is the pressure at any particular level 
(the sea-level, for instance) where we choose to reckon the 
potential as zero. 
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When the differences of level considered are infinitely small in ^te of 
comparison with the earth's radius, as we may practically regard 
them, in measuring the height of a mountain, or of a balloon, by 
the barometer, the force of gravity is constant, and therefore 
difierences of potential (force being reckoned in units of weight) 
are simply equal to differences of level. Hence if cc denote 
height of the level of pressure p above that of we have, in 
the precedif-g formulae, V = x, and therefore p — That is 

to say — ^ 

753. If the air be at a constant temperature, the pressure Pres^e 
diminishes in geometrical progression as the height increases 
in arithmetical progression. This theorem is due to Halley. 

Without formal mathematics we see the truth of it by remark- 
ing that differences of pressure are (§ 752) equal to differences 
of level multiplied by the density of the fluid, or by the proper 
mean density when the densit}^ differs sensibly between the two 
stations. But the density, when the temperature is constant, 
varies in simple proportion to the pressure, according to Boyle's 
and Mariotte’s law. Hence differences of pressure between pairs 
of stations differing equally in level are proportional to the proper 
mean values of the whole pressure, which is the well-known 
compound interest law. The rate of diminution of pressure 
per unit of length upwards in proportion to the whole pressure 
at any point, is of coarse equal to the reciprocal of the height 
above that point that the atmosphere must have, if of constant * 
density, to give that pressure by its weight. The height thus 

defined is commonly called "'the height of the homogeneous Hei^rht of 

® , r T ijomo- 

atmosphere, a very convenient conventional expression. Itsenewwat- 
^ ^ , mosphere. 

is equal to the product of the volume occupied by the unit 

mass of the gas at any pressure into the value of that pressure 

reckoned per unit of area, in terms of the weight of the unit of 

mass. If we denote it by H, the exponential expression of the 

law is p = which agrees with the final formula of § 752. 

The value of H for dry atmospheric air, at the freezing 
temperature, according to Regnault, is, in the latitude of Paris, 

799,020 centimetres, or 26,215 feet. Being inversely as the force 
of gravity in different latitudes (§ 222), it is 798,533 centimetres, 
or 26,199 feet, in the latitude of Edinburgh and Glasgow. 
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Analytical 
investiga- 
tion of the 
preceding 
theorems. 


Conditions 
of equi- 
Ubnutn of 


Let X, 7, Z be the components, parallel to three rectangular 
axes, of the force acting on the fluid at (a?, y, z), reckoned per 
unit of its mass. Then, inasmuch as the diflerence of pressures 
on the two faces BySz of a rectangular parallelepiped of the fluid 


is BySz 8x, the <^qui librium of this portion of the fluid, regarded 
for a moment (§ 564) as rigid, requires that 


SyBz'^8x-XpSxSi/S& = 0. * 


Erom this and the symmetrical equations relative to y and we 



which are the conditions necessary and sufficient for the equi- 
iLbriiim of any fluid mass. 

From these we have 


dp = ^JxJ£^dy^'^Jz = p {Xdx + Ydy + Xdz) (2). 

This shows that the expression Xdx + Ydy + Zdz must be the 
complete difierential of a function of three independent variables, 
or capable of being made so by a factor; that is to say, tuat a 
series of surfaces exists which cuts the lines of force at right 
angles ; a conclusion also proved above (§ 749). 

When the forces belong to a conservative system no factor is 
required to make the complete difierential ; and we have 

Xdx -f- Ydy 4 * Zdz — — dV 


if V denote (§ 485) their potential at {x>; y, z)\ so that (2) be- 
comes dp-—pdV (3). 


This shows that p is constant over equipotential surfaces (or is a 
function of F); and it gives 


P = - 


dj) 

dV 


( 4 ). 


showing that p also is a function of V ; conclusions of which we 
have had a more elementary proof in § 752. As (4) is an 
analytical expression equivalent to the three equations (1), for 
the case of a conservative system of forces, we conclude that 


754. It is both necessary and sufficient for the equilibrium 
an incompressible fluid completely filling a rigid closed 
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vessel, and influenced only by a conservative system of forces, fluid com- 
, / that its density be uniform over every equipotential surface, Eig a closed 
that is to say, every surface cutting the lines of force at right 
angles. If, however, the boundary, or any part of the boun- 
dary, of the fluid mass considered, be not rigid ; whetiier it be 
of flexible solid matter (as a membrane, or a thin sheet of 
elastic solid), or whether it be a mere geometrical boundary, on 
the other side of which there is another fluid, or nothing [a 
case which, without believing* in vacuum as a reality, we may 
admit in abstract dynamics (§ 438)], a farther condition is 
necessary to secure that the pressure from without shall fulfil 
(4) at every p(:)int of the boundary. In the case of a bounding 
^membrane, this condition must be fulfilled either through 
pressure artificially applied from without, or through the in- 
terior elastic forces of the matter of the membrane. In the 
^case of another fluid of different density touching it on the 
other side of the boundary, all round or over some part of it, 
with no separating membrane, the condition of equilibrium of 
a heterogeneous fluid is to be fulfilled relatively to the whole 
fluid mass made up of the two ; which shows that at the boun- 
dary the pressure must be constant and equal to that of the 
fluid on the other side. Thus water, oil, mercury, or any other Free surface 
liquid, in an open vessel, with its free surface exposed to the is 
air, requires for equilibrium simply that this surface be level. 

755. Eeciirring to the consideration of a finite mass of fluid Fluid, in 
completely filling a ligid closed vessel, and supposing that, if vessel, 

, ^ P 1 P uuderanon- 

the potential ot the torce-system (as in the case referred conserva- 

• ( -1 IT p i-r ON 1 T tive system 

to in the sixth and seventh lines of § 7o8) be a cyclic* func- offerees. 


* We here introduce term “cyclic function” to designate a function of 
more than one variable which experiences a constant addition to its value 
every time the variables are made to vary continuously from a given set of 
values through some cycle of values back to the same primitive set of values. 

Examples (1) tan~i (?//^)* This is the potential of the conservative system 
referred to in the first clause of the third sentence of § 758. 

(2) f(x^ + (ylx). This expresses the fluid pressure in the case 

of hydrostatic example described in the next to the last sentence of § 758. 

^ (3) The apparent area of a closed curve (plane or not plane) as seen 

from any point (x, y, z). 
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Fluid, in tion, the enclosure containing the liquid is singly-continuous, 
vessel, we See, from what precedes, that, if homogeneous and incom- 
conserva- pressible, the fluid cannot be disturbed from equilibrium by 
offerees, any conservative system of forces; but we do not require the 
analytical investigation to prove this, as we should have the 
perpetual motion” if it were denied, which would violate the 
hypothesis that the system of forces is conservative. On the 
other hand, a non-conservative system of forces cannot, under 
any circumstances, equilibrate a •fluid which is either uniform 
in density throughout, or of homogeneous substance, rendered 
heterogeneous in density only through difference of pressure. 
But if the forces, though not conservative, be such that through 
every point of the space occupied by the fluid a surface can b^ 
drawn which shall cut at right angles all the lines of force it 
meets, a heterogeneous fluid will rest in equilibrium under 
their influence, provided (§ 750) its density, from point to 
of every one of these orthogonal surfaces, varies inversely as the 
product '^f the resultant force into the thickness of the infi- 
nitely thill layer of space between that surface and another of 
the orthogonal surfaces infinitely near it on either side. (Com- 
pare § 488.) 


Fluid under 
any system 
offerees. 


The same conclusion is proved as a matter of course from (1) 
since that equation is merely the analytical expression that the 
force at every point {x, y, z) is along the normal to that surface 
of the series given by different values of C in p = which 
passes through (x^ y, z ) ; and that the magnitude of the resultant 
force is 



df dzV 


P 




of which the numerator is equal to S6 Vt, if t be the thickness at 
(x, y, z) of the shell of space between two surfaces 2^~G and 
p = (7 + W, infinitely near one another on two sides of (x, y, z). 


(4) Functions of any number of variables invented by suggestion 
from (2). 

The designation “many-valued function” which has hitherto been applie^, 
to such functions is not satisfactory, if only because it is also applicable to 
functions of roots of algebraic or transcendental equations. 
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The analytical expression of the condition which X, F, Z must Fluid under 
fulfil in order that (1) may be possible is found thus; offerees. 


we have 


etc 

“ A.. 


d dp 
dy dz^ 

w-iw 


d dp 
dz dy 
cl 
dz 

dx 

a, <<■’') 


.(5). 


Performing the dififerentiations, and multiplying the first of the 
resulting equations by X, the second by F, and the third by Z^ 
we have 




(IX 

dx 



which is merely the Avell-known condition that XdxA- Tdy ■¥ Zdz 
may be capable of being rendered by a factor the complete dif- 
ferential of a function of three independent variables. 

Or if we multiply the first of (5) by dpjdx, the second by dp/dy, 
and the third by clpjclz, and add, v/e have* 


dp fdZ dY\ dp fdX dZ\ dp /dY dX\ ^ 

dx \ Hy dz ) dy\(iz dx) ^ dz\dx dy) ^ ^ * 


This shows that the line whose direction-cosines are propor- 
dZ _ clY dX _dZ cIY ^ dX 
dy dz ’ dz dx ’ dx dy 


tional to 


is perpendicular to the surface of equal density through (x, y, Sf); 
and (6) shows that the same line is perpendicular to the resultant 
force. It is therefore tangential both to the surface of equal 
density and to that of equal pressure, and therefore to their 
curve of intersection. The differential equations of this curve 
are therefore 

dx dy dz 

d_Z __dX^ ^ ’ 

dy dz dz dx dx dy 


756. If we imagine all the fluid to become rigid except an Equilibrium 

p r* 1 condition. 

infinitely thin closed tubular portion lying in a surface oi equal 
density, and if the fluid in this tubular circuit be moved through 
any space along the tube and left at rest, it will remain in 
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Equilibrium 
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3l4 


equilibrium in the new position, all positions of it in the tube 
being indifferent because of its homogeneousness. Hence the 
work (positive or negative) done by the force (X, F, Z) on any 
portion of the fluid in any displacement along the tube is 
balanced by the work (negative or positive) done on the 
remainder of the fluid in the tube. Hence a single particle, 
acted on always by the resultant of X, F, Z, and kept moving 
round the circuit, that is to say moving along any closed cuxve 
on a surface of equal density, has* at the end of one complete 
circuit, done just as much work against that resultant force 
in some parts of its course, as the resultant force does on it in 
the remainder of the circuit. 


An interesting application of ( J) § 190 may be made to prove 
this result analytically. Thus, if we take for a, /3, y our present 
force-components Y, Z\ and for the surface there referred 
to, a surface of equal density in our heterogeneous fluid; the 
exprcooion 



dx) ^ dx dy ) ) 


vanishes because of (7), and we conclude that 
J{Xdx-h Yd7j+ Zdz)=^0, 

for any closed circuit on a surface of equal density. 


757. The following ideal example, and its realization in a 
subsequent section (§ 759), show a curiously interesting practical 
application of the theory of fluid equilibrium under extraordi- 
nary circumstances, generally regarded as a merely abstract 
analytical theory, practically useless and quite unnatural, be- 
cause forces in nature follow the conservative law.’’ 


758. Let the lines of force be circles, with their centres all 
in one line, and their planes perpendicular to it. They are cut 
at right angles by planes through this axis ; and therefore a 
fluid may be in equilibrium under such a system of forces. 
The system will not be conservative if the intensity of the 
force be according to any other law than inverse proportionality 
to distance from this axial line ; and the fluid, to be in equili- 
brium* must be heterogeneous, and be so distributed as to vary 
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in density from point to point of every plane through the axis, ideal 
inversely as the product of the force into the distance from the 
axis. But from one such plane to another it may be either 
uniform in density, or may vary arbitrarily. To particularise 
farther, we may suppose the force to be in direct simple pro- 
portion to the distance from the axis. Then the fluid will be 
in equilibrium^if its density varies from point to point of every 
plane through the axis, inversely as the square of that distance. 

If we still farther particulaiize by making the force uniform 
all round each circular line of force, the distribution of force 
becomes precisely that of the kinetic reactions of the parts of a 
rigid body against accelerated rotation. The fluid pressure will 
749) be equal over each plane through the axis. And in 
one such plane, which we may imagine cairied round the axis 
in the direction of the force, the fluid pressure will increase in 
simple proportion to the angle at a rate per unit angle (§41) 
equal to the product of the density at unit distance into the 
force at unit distance. Hence it must be remarked, that if any 
closed line (or circuit) can be drawn round the axis, without 
leaving the fluid, there cannot be equilibrium without a firm 
partition cutting every such circuit, and maintaining the differ- 
ence of pressures on the two sides of 
it, corresponding to the angle 2??. 

Thus, if the axis pass through the 
fluid in any part, there must be a 
partition extending from this part of 
the axis continuously to the outer 
bounding surface of the fluid. Or 
if the bounding surface of the -whole 

fluid be annular (like a hollow anchor-ring, or of any irregular 
shape), in other words, if the fluid fills a tubular circuit; and 
the axis (A) pass ihrough the aperture of the ring (without 
passing into the fluid); there must be a firm partition (CD) 
extending somewhere continuously across the channel, or 
passage, or tube, to stop the circulation of the fluid round it; 
otherwise there could not be equilibrium with the supposed 
forces in action. If we further suppose the density of the fluid 
to be uniform round each of the circular lines of force in the 
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Ideal system we have so far considered (so that the density shall be 

example of •' ti t* it oi* 

equilibrium equal over every circular cylinder having the line ot their 

under non- ^ i t ^ i t i i 

conserva- centres for its axis, and shall vary irom one such cylindrical 
tive forces. c* i 

surface to another, inversely as the squares of their radii), we 

may, without disturbing the equilibrium, impose any conserva- 
tive system of force in lines perpendicular to the axis; that is 
(§ 488), any system of force in this direction, with intensity 
varying as some function of the distance. If t£is function be 
the simple distance, the superimposed system of force agrees 
precisely with the reactions against curvature, that is to say, 
the centrifugal forces, of the parts of a rotating rigid body. 

Actual case. 759. Thus we arrive at the remarkable conclusion, that if 
a rigid closed box be completely filled with incompressible 
heterogeneous fluid, of density varying inversely as the square 
of the distance from a certain line, and if the box be moveable 
round this liiie as a fixed axis, and be urged in any way by 
forces applied to its outside, the fluid will remain in equilibrium 
relatively lo the box ; that is to say, will move round with the 
box as if the whole were one rigid body, and will come to rest 
with the box if the box be brought again to rest: provided 
always the preceding condition as to partitions be fulfilled if 
the axis pass through the fluid, or be surrounded by continuous 
lines of fluid. For, in starting from rest, if the fluid moves 
like a rigid solid, we have reactions against acceleration, tan- 
gential to the circles of motion, and equal in amount to wr 
per unit of mass of the fluid at distance r from the axis, w 
being the rate of acceleration (§ 42) of the angular velocity; 
and (§ 259) we have, in the direction perpendicular to the 
axis outwards, reaction against curvature of path, that is to 
say, ‘'centrifugal force,’’ equal to wV per unit of mass of the 
fluid. Hence the equilibrium which we have demonstrated 
in the preceding section, for the fluid supposed at rest, and 
arbitrarily influenced by two systems of force (the circular 
non-conservative and the radial conservative system) agreeing 
A^chm^cas''. in law with these forces of kinetic reaction, proves for us now 
equilibrium the D’Alembert (§ 264) equilibrium condition for the motion 
tivTforces whole fluid as of a rigid body experiencing accelerated 

rotation; that is to say, shows that this kind of motion fulfils 
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for the actual circumstances the laws of motion, And, therefore, 
that it is the motion actually taken by the fluid. 

760. If the fluid is of homogeneous substance and uniform Eeiation 

^ • ' botwoGU 

temperature throughout, but compressible, as all real fluids are, density and 

11 ^ .,7 Pj-ir potentmlof 

it can be heterogeneous in density, only because ot dinerence apj^d 
of pressure in different parts; the surfaces of equal density 
must be also S>irfaces of equal pressure ; and, as we have seen 
above (§ 753), there can be no equilibrium unless the system 
of forces be conservative. The function which the density is 
of the pressure must be supposed known (§ 448), as it depends 
on physical properties of the fluid. Comj)are § 752. 


Let p-=f{p) (^)* 

We have, by g 753 (3), integrated, 

5dplf{p) = G-V.... ( 10 ), 

or, if F denote such a function, that 

d^{Sdplf{p)}=^p ( 11 ), 

p = F(G-V), 

and, by (9), p - F)} (12). 


761. In § 746 we considered the resultant pressure on a Eesuitant 
plane surface, when the pressure is uniform. We may now apianearea. 
consider briefly the resultant pressure on a plane area when 
the pressure varies from j)oint to point, confining our attention 
to a case of great importance; — that in which gravity is the 
only applied force, and the fluid is a nearly incompressible 
liquid such as water. In this case the determination of the 
position of the Centre of Pressure is very simple ; and the 
whole pressure is the same as if the plane area were turned 
about its centre of inertia into a horizontal position. 

The pressure at any point at a depth z in the liquid may be Kinetic 
1 n measiufc 

expressed by p = +p^ 

where p is the (constant) density of the liquid, and the (atmo- 
spheric) pressure at the free surface, reckoned in units of weight 
per unit of area. 

Let the axis of x be taken as the intersection of the plane 
of the immersed plate with the free surface of the liquid, and 
that of y perpendicular to it and in the plane of the plate. Let 



Eesultant 
pressure o: 
a plane 
area. 
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a be the inclination of the plate to the vertical. Let also A be 
the area of the portion of the plate considered, and tbe co- 
ordinates of its centre of inertia. 

Then the whole pressure is 

JJpilxdi/ = J f (jB„ + py cos a) dxdy 
- + A py cos a. 

The moment of the pressure about the axis oi^^r is 
f Ah^p cos a, 

h being the radius of gyration of the plane area about the axis 
of X. 

For the moment about y we have 

J = Ap^x + p cos a j jxydxdy. 

The first terms of these three expressions merely give us again 
the results of § 746 ; we may therefore omit them. This will be 
equivalent to introducing a stratum of additional liquid above the 
free surface such as to produce an equivalent to the atmospheric 
pressure. If the origin be now shifted to the upper surface of 
this straium we have 


Pressure - A py cos a, 
Moment about Ox = A Irp cos a, 


J3istance of centre of pressure from axis of a; = — , 

y 


But if 1)6 the radius of gyration of the plane area about a 
horizontal axis in its plane, and passing through its centre of 
inertia, we have, by § 283, ~h^ -v y^. 

Hence the distance, measured parallel to the axis of y, of the 
centre of pressure from the centre of inertia is h^iy\ and, as we 
might expect, diminishes as the plane area is more and more 
submerged. If the plane area be turned about the line through 
its centre of inei'tia parallel to the axis of sc, this distance varies 
as the cosine of its inclination to the vertical; supposing, of 
course, that by the rotation neither more nor less of the plane 
area is submerged. 

762. A body, wholly or partially immersed in any fluid 
iiilluenced by gravity, loses, through fluid pressure, in apparent 
weight an amount equal to the weight of the fluid displaced. 
For if the body were removed, and its place filled with fluid 
homogeneous with the surrounding fluid, there would be equi- 
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librium, even if this fluid be supposed to become rigid. And Loss of 

the resultant of the fluid pressure upon it is therefore a single weight by 
• 11*1 ‘IT 1 1* immersion 

force equal to its weight, and in the vertical line through its in a fluid. 

centre of gravity. But the fluid pressure on the originajly 

immersed body was the same all over as on the solidified portion 

of fluid by which for a moment we have imagined it replaced, 

and therefore must have the same resultant. This proposition 

is of great use in Hydrometry, the determination of specific 

gravity, etc. etc. 


Analytically, the following demonstration is of interest, 
especially in its analogies to some preceding theorems, and 
others which occur in electricity and magnetism. 

If V be the potential of the impressed forces, —dV/dx is the 
force parallel to the axis of x on unit of matter at xyz, and 
pdxdydz is the mass of an element of the fluid, and therefore the 
whole force [)araliel to the axis of a; on a mass of fluid substituted 
for the immersed body, is represented by the triple integral 

- Ijjp ^^dxdydz taken tli rough the whole space enclosed by the 

surface. But, by § 752, 

dp dV 


dx ^ dx ' 


Hence the triple integral becomes 


~ dxdydz = 
extended over the whole surface. 


///; 


JJpchjdz 


Let dS be an element of any surfice at x, y, z\ \ /a, v the 
direction-cosines of the normal to the element; p the pressure in 
the fluid in contact with it. The whole resolved pressure parallel 
to the axis of ic is = ^ jXpdS 

= 

the same expression as above. 

The couple about the axis of z, due to the applied forces on 
any fluid mass, is (§ 559) '%dm {Xy - Yx)^ dm representing the 
mass of an element of fluid. 


This may be written in the form 

dY\ 

""dy)^ 

the integral being taken throughout the mass. 


— Jj jpdxdydz 


dY 

^ dx 
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This is evidently equal to 

= J jp^/dydz — fjpxdzdx 

which is the couple due to surface-pressure alone. 

763. The following lemma, while in itself iif'ceresting, is of 
great use in enabling us to simplify^ the succeeding investigations 
regarding the stability of equilibrium of floating bodies: — 

Let a homogeneous solid, the weight of unit of volume of 
which we suppose to be unity, be cut bv a horizontal plane 

in XYX'T. Let 0 be the 
centre of inertia, and let XX\ 
YY' be the principal axes, of 
this area. 

Let there be a second plane 
section of the solid, through 
YY\ inclined to the first at 
an infinitely small angle, 6, 
Then (1) the volumes of the 
two wedges cut from the solid by these sections are equal ; 
(2) their centres of inertia lie in one plane per 2 >endicular to 
YY ; and (3) the moment of the weight of each of these, 
round YY\ is equal to the moment of inertia about it of the 
corresponding portion of the area, rnultij^lied by 6, 

Take OX OY as axes, and let 0 be the angle of the wedge; 
the thickness of the wedge at any point F {x, y) is Qx^ and the 
volume of a right prismatic 2 )ortion whose base is the elementary 
area dxdy at P is Oxdxdy. Now let [] and () be employed to 
distinguish integrations extended over the portions of area to 
the right and left of the axis of y respectively, while integrals 
over the whole area have no such distinguishing mark. Let 
a and d be these areas, v and v the volumes of the wedges; 
(ic, y), (£6*', y) the co-ordinates of their centres of inertia. Then 
0[ff xdxdy'j = axO 
= 6 (jj xdxdy) = dxOj 

whence v — v' =^0fjxdxdy = 0 since 0 is the centre of inertia. 
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Hence = whicli is (1). Lemma. 

Again, taking moments about XX\ 
vy -0 [f ^xydxdy\ 
and — vy — 0 {j jxydxdy). 

Hence vy — vy — 0 JJ xydxdy. 

But for a principal axis (§ 281) '^xydm vanishes. Hence 
-2;'^'= whence, since v = v\ we ha,vey = y\ which proves (2). 

And (3) is merely a -statement in words of the obvious equation 
[/ Jx.xOdxdy] ~ 0[fj xydxdy]. 

764. If a positive amount of work is required to produce st^iity of 
any possible infinitely small displacement of a body from a 
position of equilibrium, the equilibrium in this position is 
stable (§ 291). To apply this test to the case of a floating 

body, we may remark, first, that any possible infinitely small 
displacement may (§§ 26, 95) be conveniently regarded as com- 
pounded of two horizontal displacements in lines at right angles 
to one another, one vertical displacement, and three rotations 
round rectangular axes through any chosen point. If one of 
these axes be vertical, then three of the component displace- 
ments, viz. the two horizontal displacements and the rotation 
about the vertical axis, require no work (positive or negative), 
and therefore, so far as they are concerned, the equilibrium is 
essentially neutral. But so far as the other three modes of 
displacement are concerned, the equilibrium may be stable, or 
may be unstable, or may be neutral, according to the fulfilment 
of conditions which we now proceed to investigate. 

765. If, first, a simple vertical displacement, downwards Vertical dis- 

, , , , ■* placements 

let' US suppose, be made, the work is done against an increasing 
r^esultant of upward fluid pressure, and is of course equal 
to the mean increase of this force multiplied by the whole 
space. If this space be denoted by the area of the plane of 
flotation by A, and the weight of unit bulk of the liquid by w, 
the increased bulk of immersion is clearly Azj and therefore 
the increase of the resultant of fluid pressure is wAz, and is 
in a line vertically upward through the centre of gravity of A. 

The mean force against which the work is done is therefore 
iwAZf as this is a case in which work is done against a force 
VOL. II. 21 



322 ABSTRACT DYNAMICS: [ 765 . 

4 '- 

Work done increasing from zero in simple proportion to the space. Hence 
the work done is ^wAz^. We see, therefore, that so far as 
vertical displacements alone are concerned, the equilibrium is 
necessarily stable, unless the body is wholly immersed, when 
the area of the plane of flotation vanishes, and the equilibrium 
is neutral. 

Displace- 766. The lemma of § 763 suggests that we .^-hould take, as 
rotation the two horizontal axes of rotation, the principal axes of the 
aSs^L^'the plane of flotation. Considering then rotation through an in- 
flotetioD finitely small angle 6 round one of these, let G and E be the 



displaced centres of gravity of the solid, and of the portion 
of its volume which w^as immersed when it was floating in 
equilibrium, and G\ E the positions which they then had ; 
all projected on the plane of the diagram which we suppose to 
be through I the centre of inertia of the plane of flotation. 
The resultant action of gravity on the displaced body is TT, its 
weight, acting downwards through 0\ and that of the fluid 
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pressure on it is JV upwards through corrected by the amount Bwpiace- 
(upwards) due to tlie additional immersion of the wedge station ^ 

and the amount (downwards) due to the extruded wedge «isin the 
Hence the whole action of gravity and fluid pressui^e on the dotation, 
displaced body is the couple of forces up and down in verticals 
through (t and E. and the correction due to the wedges. This 
correction consists of a force vertically upwards through the 
centre of gravity of and downwards through that of BIS , 

These forces are equal [§ 70^ (1)], and therefore constitute a 
couple which [§ 763 (2)] has the axis of the displacement for 
its axis, and which [§ 763 (3)] has its moment equal to 6wh^A, 
if A be the area of the plane of flotation, and k its radius of 
gyration (§ 281) round the principal axis in question. But 
since GE, which was vertical (as shown by G’E') in the position 
of equilibrium, is inclined at the infinitely small angle 6 to the 
vertical in the displaced body, the couple of forces W in the 
verticals through G and E has for moment Whd,ii h denote GE; 
and is in a plane perpendicular to the axis, and in the direction 
tending to increase the displacement, when G is above E. 

Hence the resultant action of gravity and fluid pressure on the 
displaced body is a couple whose njoment is 

{wAk^ - Wk) e, or ^ {AF - Vh).e, 

if V be the volume immersed. It follows that when Ak^> Vh 
the equilibrium is stable, so L r as this displacement alone is 
concerned. 

Also, since the couple worked against in producing the dis- work done 
placement increases from zero in simple proportion to the piVtSment! 
angle of displacement, its mean value is half the above; and 
therefore the whole amount of work done is equal to 

iw (Ak^ ~ I7i) e\ 

767 . If now we consider a displacement compounded of a General dis- 
vertical (downwards) displacement Zy and rotations through 
infinitely small angles 6, 6' round the two horizontal principal 
axes of the plane of flotation, we see (SS 765, 766) that the Work re- 

\ . . quired. 

work required to produce it is equal to 

itu [Az^ + {Ak^ - Vh) - Vh) e'% 



324 


ABSTKACT DYNAMICS. 


[767. 


Conditions and WG Conclude that, for complete stability with reference to 
all possible displacements of this kind, it is necessary and 


sufficient that 


V ' 


Themeta- 768. When the displacement is about any axis through the 
Conditionof Centre of inertia of the plane of flotation, the resultant of fluid 
encof pressure is equal to the weight of the body ; '^but it is only 
when the axis is a principal axis ,of the plane of flotation that 
this resultant is in the plane of displacement. In such a case 
the point of intersection of the resultant with the line originally 
vertical, and through the centre of gravity of the body, is called 
the Metacentre. And it is obvious, from the above investiga- 
tion, that for either of these planes of displacement the con- 
dition of stable equilibrium is that the metacentre shall be 
above the centre of gravity. 

769. The spheroidal analysis with which we jDropose to 
conclude this volume is proper, or practically successful, for 
hydrodynauiic problems only when the deviations from spheri- 
cal symmetry are infinitely small ; or, practically, small enough^-: 
to allow us to neglect the squares of ellipticities (§801); or, 
which is the same thing, to admit thoroughly the principle of ^ 
the superposition of disturbing forces, and the deviations pro- 
duced by them. But we shall first consider a case which 
admits of very simple synthetical solution, without any re- 
striction to approximate sphericity ; and for which the follow- 
ing remarkable theorem was discovered by Newton and 
Maclaui’in : — 


A homo- 770. An oblate ellipsoid of revolution, of any given eccen- 
efupSJdis tricity, is a figure of equilibrium of a mass of homogeneous 
eqmiiSium incompressible fluid, rotating about an axis with determinate 
hqSmS aijgular velocity, and subject to no forces but those of gravitation 
among its parts. 

The angular velocity for a given eccentricity is independent 
of the bulk of the fluid, and proportional to the square root of 
its density, 

771. The proof of these propositions is easily obtained from. 
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the results already deduced with respect to the attraction of an 
ellipsoid and the properties of the free surface of a fluid as 
follows : — 

We know, from § 522, that if APB be a meridional section 
of a homogeneous oblate spheroid, OG the polar axis, OA an 
etjuatorial radius, and P any point on the surface, the attraction 
of the spheroid may be resolved into two components; one, Pp, 
perpendicular to the ^ 

polar axis, and vary- ^ 

ing as the ordinate 

PM \ the other, Ps, " 

parallel to the polar Nv 

axis, and varying as ^ ^ 

PN, Th(3se compo- ^ n jv" 

nents are not equal x / 

when MP and PJSf are 'f y 

equal, else the result- 

ant attraction at all ^ 

points in the surface ' 

would pass through 0; whereas we know that it is in some 
such direction as Pf, cutting the radius OA between 0 and Ay 
but at a point nearer to 0 than n the foot of the normal at P, 
Let then Pp — a . PM, 

and Ps = y , PN, 

where a and 7 are known constants, depending merely on the 
density, (p), and eccentricity {e), of the spheroid. 

Also, we know^ by geometry that Nn = (•! — e^) ON, 

Hence ; to find the magnitude of a force Pq perpendicular 
to the axis of the spheroid, which, when compounded with the 
attraction, will bring the resultant force into the normal Pn : 
make pr = Pq, and we must have 


geneous 
ellipsoid is 
a figure of 
equilibrium 
of a rotating 
liquid mass. 




i-pp 


Pr = (1 — - Pp 

/ ^ r 


Fp-Pq = {\-<^){Pp, 


^ Hence 
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A homo- 
geneous Qf 
ellipsoid is 
a figure of 
equilibrium 
of a rotating 
liquid mass. 

Now if the 


= {a-(l-e")7} Pil. 

spheroid were to rotate with angular velocity 


CO 


about OG, the centrifugal force (§§ 32, 35a, 259), would be in 
the direction Pq, and would amount to co^PM. 

O ^ 

Hence, if we make &)“ = a — (1 — 7 (1) ; 


the whole force on P, that is, the resultant of the attraction 
and centrifugal force, will be in the direction of the normal to 
the surface, which is the condition for the free surface of a mass 
of fluid in equilibrium. 

Now, § 527 (31)*, 7 = (./- tan-/) 

14-/V f 


Hence by (1) 


=^^-{(3 + /=) tan-/- 3/1 (3). 


The square This determines the angular velocity, and proves it to bo pro- 
site angular portional tO ^Jp. 
velocity IS 

sftyStS* When e, and therefore also / is small, this formula is most 
liquid. easily calculated from 

= + 

of which the first term is sufficient when we deal with spheroids 
so little oblate as the earth. 


772. The following table has been calculated by means of 
these simplified formulae. The last figure in each of the four 
last columns is given to the nearest unit. The two last columns 
will be explained in §§ 775, 770. 

From this we see that the value of co^lhrp increases gradually 
from zero to a maximum as the eccentricity e rises from zero to 

* Remark that the “c” of § 527 is not the eccentricity of the oblate 
spheroid which we now denote by c, and that with / as there and e as here we 
have 1- e-= 1/(1 -1-/3). 
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ubout 0*93, and then (more quickly) falls to zero as the eccen- 


i. 

ii. 

iii. 

iv. 

see § 775. 

V. 

-see § 776. 

eccentri- 
city c = 

//V(i+/-) 

/= 

0}^ 

2-n-p 

Rotational period, in 
mean solar seconds, 
for case of density 
equal to Earth’s 
mean density. 

k 2frp 

where yu is mo- 
ment of momen- 
tum, and k a 
constant *, 

0 

0 

0 

00 

0 

0-093 

•0934 

•0023 

86,164 ^ 

•0023 

•1 

•1005 

•0027 

79,966 

•0027 

•2 

•2041 

•0107 

39,397 

•0110 

•3 

•3145 

•0243 

26,495 

•0258 

•4^ 

•4365 

•0436 

19,780 

•0490 

•5 

•5774 

•0690 

15,730 

•0836 

•6 

•7502 

•1007 

13,022 

•1356 

•7 1 

•9804 

•1387 

11,096 

•2172 

•8 i 

1-3333 

1 -1816 

9,697 

•3588 

•8127 

1-3946 

' -1868 

9,561 

•3838 

•9 

2-0648 

•2203 

8,804 ! 

*6665 

•91 

2-1949 

•2225 

8,759 

•7198 

•92 

2-3474 

[ -2241 

8,729 

•7813 

•93 

2-5304 

1 -2247 

8,718 

•8533 

•94 

2-7556 

■2239 

8,732 

•9393 

•95 

3-0423 

•2218 

8,783 

1-045 

•96 

3-4282 

•2160 

8,891 

1-179 

•97 

1 3-9904 

I -2063 

9,098 

1 1-850 

•98 

4-9261 

1 -1890 

9,504 

1-627 

•99 

7-0175 

1 -1551 

10,490 

2-113 

1-00 

00 

0-0000 

00 

00 


tricity rises from O' 93 to unity. The values of the other quan- 
tities corresponding to this maximum are given in the table. 


773. If the angular velocity exceed the value calculated from 



when for p is substituted the density of the liquid, equilibrium 
is impossible in the form of an ellipsoid of revolution. If the 
angular velocity fall short of this limit there are always two 
ellipsoids of revolution which satisfy the conditions of equi- 
librium. In one of these the eccentricity is greater than 0*93, 
in the other less. 


Calculated from the mass and density, by the formula 

Vtt 


\'^PJ 


Table of ow- 
responding 
values of 
ellipticities 
and angular 
velocities. 




Mean den« 
sily of the 
earth ex- 
pressed in 
attraction 
units. 


Time of 
rotation for 
spheroid of 
given eccen- 
tricity. 


Mass and 
moment of 
moraentum 
of fluid 
given. 
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774. It may be useful, for special applications, to indicate 
briefly how p is measured in these formulae. In the definitions 
of §§ 459, 460, on which the attraction formulae are based, 
unit mass is defined as exerting unit force on unit mass at 
unit distance; and unit volume-density is that of a body which 
has unit mass in unit volume. Hence, with the foot as our 
linear unit, we have for the earth's attraction (jp a particle of 
unit mass at its surface 


= 82-2 ; 


where R is the radius of the earth (supposed spherical) in feet; 
and a its mean density, expressed in terms of the unit just 
defined. 


Taking 20,900,000 feet as the value of R, we have 

<r = 0-000000368 = 3-68 x lO'’ (6). 

As the mean density of the earth is about 5*5 times that of 
-water, § 479, the density of water in terms of our present imit is 

-^^10-’ = G■7xl0-^ 

O'D 


775. The fourth column of the table above gives the time of 
rotation in seconds, corresponding to each value of the eccen- 
tricity, p being assumed equal to the mean density of the 
earth. For a mass of water these numbers must be multiplied 
by isjb bj as the time of rotation to give the same figure is in- 
versely as the square root of the density. 

For a homogeneous liquid mass, of the earth's mean density, 
rotating in 23*^ 56“ 4®, we find e = 0 093, which corresponds to 
an ellipticity of about 

776. An interesting form of this problem, also discussed by 
Laplace, is that in which the moment of momentum and the 
mass of the fluid are given, not the angular velocity ; and it is 
required to find what is the eccentricity of the corresponding 



776.] 


STATICS. 


329 


ellipsoid of revolution, the result proving that there can be 
but one. 


Calling M the mass, and /a the moment of momentum, we 


have 

J/=f7rpc^(l+/“") (7), 

and ^ (1 +/^) CO (8). 


These equations, with \^3) determine c, /. and o>, for any given 
values of M and p. Eliminating c and o) from (8) by (7) and 
(3), we find 




" 5^ Up. 


1 0 2 


— tan 

/ 


■^-1) w 


It is by this formula, that Col. v. of the table of § 772 has 
been calculated. The result shows that for any given value of 
p,, the moment of momentum, there is one and only one value 
of/. 


777. It is evident that a mass of any ordinary liquid (not 
a perfect fluid, § 742), if left to itself in any state of motion, 
must preserve unchanged its moment of momentum (§ 235). 
But the viscosity, or internal friction (§ 742), will, if the mass 
remain continuous, ultimately destroy all relative motion 
among its parts; so that it will ultimately rotate as a rigid 
solid. We have seen (§ 776), that if the final form be an ellip- 
soid of revolution, there is a single definite value of its eccen- 
tricity, But, as it has not yet been discovered whether there 
is any other form consistent with stable equilibrium, we do not 
know that the mass will necessarily assume the form of this 
particular ellipsoid. Nor in fact do we know* whether even 
the ellipsoid of rotation may not become an unstable form if 
the moment of momentum exceed some limit depending on the 
mass of the fluid. We shall return to this subject in Vol. ii., 
as it affords an excellent example of that difficult and delicate 
question Kinetic Stability (§ 346). [See § 778 below.] 


* The present tense in this sentence relates to fifteen years ago. We now 

(Jan. 1882) know that the ellipsoid of revolution is unstable for moment of 

6 1 

momentum exceeding some definite multiple of ; or, which comes to th$ 

same, the figure is unstable with eccentricity exceeding some definite amount. 


Mass and 
moment of 
momentum 
of fluid 
given. 
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778. No one seems yet to have attempted to solve the 
general problem of hndiiig ail the forms of equilibrium which a 
mass of homogeneous incompressible fluid rotating with uniform 
angular velocity may assume. Unless the velocity be so small 
tliat the figure differs but little fi*om a sphere (a case which 
will be carefully treated later), the problem presents difficulties 
of an exceedingly formidable nature. It is theyfore of some 
importance to show by a synthetical process that besides the 
ellipsoid of revolution, there is an t^llipsoid with three unequal 
axes, which is a figure of equilibrium when the moment of mo- 
mentum is great enough. This curious theorem was discovered 
by Jacobi in 1834, and seems, simple as it is, to have been 
enunciated by him as a challenge to the French mathematicians*. 
The following proof was given by Archibald Smith in the second 
number of the Cambridge Mathematical Journals. 


The components of the attraction of a homogeneous ellipsoid, 
whose semi-axes are a, b, c, on a point y, z) at its surface, 
found in ^ 526 above, may be written Ax, By, Cz, where 


A = §3f 
where 


I ^ '*’^1 (OUuyj^’ + 


D -(a~ -f w)- (c“ + u)K 


If the ellipsoid revolve, with angular velocity ct>, about the 
axis of the components of the centrifugal force are co'a;, o>“y, 0. 
Hence the components of the whole resultant of gra\ity and 
centrifugal force on a particle at {x, y, z) are 

( J — CD“) X, {B — w“) y, Cz. 

But the direction-cosines of the normal to the surface of the 
ellipsoid at (x, y, z), are proportional to 

cr’ 6^’ 

and, for equilibrium, the resultant force must be perpendicular 
to the free surface. Hence 

a" {A - o>") = (D^) = c^C (2). 


* See a Paper by Liouville, Journal de VEcole Boly technique, cahier xxiii. 
foot-note to p. 290. 

t Cambridge Math. Journal, ¥eh. 1838. 
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Tliese equations give 


and 


(A--B) + (a^--b^)c^C=^0 
, a^A - 

w = — 5 — rr- 


( 3 ), 


(4>; 


BauMbrium 
eliip«)id of 
three un- 
equal exes. 


which, with A, B, C eliminated by (1), become 



cr \ du 

{of + u) {b^ + u)) jD 


and 




« 

j 0 


udu 


• u) (Jy + ii) 1) 


(5) , 

( 6 ) . 


The first factor of (5) equated to zero, gives a = h^ and (6) gives 
the angular velocity for any assumed ratio of c to a : thus we 
fall back on the solution by an ellipsoid of revolution worked 
out in § 771 above. 


Another solution is found by equating the second factor of 
(5) to zero. This equation which is equivalent to 
r* udu f\ 1 1 u 






_ 


)= 0 . 


•( 7 ), 


may be regarded as an equation to determine c’ for any given 
values of a and b. It has obviously one and only one real 
positive root; which is proved by remarking, that while u in- 
creases from zero to infinity, u/D^ decreases continually to zero, 
and the last factor under the integi'al sign continuously increases, 
only reaching a positive value for infinitely great values of 
when c is zero, and being positive for all values of u when 
l/c^ = or cl/a^ -h l/¥ : and that, for any constant value of u, 
the last factor increases with increase of c®. As every element 
of the integral is positive when l/c® = or < l/a^ + 1/6^ and as 
we may write this inequality as follows, c® = or > ¥/(! + 
we see that if c = or < the less of a, or 6, every element of the 
integral is positive, and we infer that the root c is less than the 
least of a or b. 


778 '. The solution of (7) for the case of a = 6 is particularly 
interesting. It will be interpreted and turned to account in 
§ 778". It is the case, and obviously the only case, in which (5), 
regarded as an equation for determining any one of the quanti- 
ties, a®, 6®, c® in terms of the two others, has equal positive roots. 
In this case the integral forming the first member of (7) is 
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reducible from the elliptic function required to express it when 
a is not equal to 6, to a formula involving no other transcendent 
than an inverse circular function. The reduction is readily 
performed by aid of the notation of § 527 (22), where however 
a stood for what we now denote by c. It is to be noted also 
that the q of g 527 is now zero, because the point we are now 
considering is on the surface of the ellipsoid. The resulting 
transcendental equation equivalent to (7) may,^!*, as in § 527 
(28), we put 



be written as follows, 

t an-y ^ 


(9). 


When f is increased continuously from zero to infinity the left- 
hand member of this equation diminishes continuously from 
unity to zero : the right-hand member diminishes also from 
unity to zero, but diminishes at first less rapidly and afterwards 
more rapidly than the other. Thus there is one and only one 
root, which by trial and error we find to be 
/= 1-39457. 

Some numerical particulars relating to this case are inserted in 
the Table of § 772, as amended for the present edition. 


General 778'. During the fifteen years which have passed since 
rotating ^ the publication of our first edition we have never abandoned 
liquid mass. problem of the equilibrium of a finite mass of rotating 
incompressible fluid. Year after year, questions of the multi- 
plicity of possible figures of equilibrium have been almost in- 
cessantly before us, and yet it is only now, under the compulsion 
of finishing this second edition of the second part of our first 
volume, with hope for a second volume abandoned, that we 
have succeeded in finding anything approaching to full light on 
the subject. 

aM^in^a oblate ellipsoid of revolution is proved by § 776 and 

by the table of § 772 to be stable, if the condition of being an 
revXt^n^ ^fiipsoid of revolution be imposed. It is obviously not stable 
for very great eccentricities without this double condition of 
being both a figure of revolution and ellipsoidal. 
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(h) If the condition of hein? a figure of revolution is im- Annular 
posed, without the condition of being' an ellij^soid, there is, for 
large enough moment of momentum, an annular figure of equi- 
librium which is stable, and an ellipsoidal figure which is un- 
stable. It is probable, that for moment of momentum greater 
than one definite limit and less than another, there is just one 
annular figuw^ of equilibrium, consisting of a single ring. 

(c) For sufficiently large moment of momentum it is certain 
that the liquid may be in equilibrium in the shape of two, three, 
four or more separate rings, with its mass distributed among 
them in arbitrary portions, all rotating with one angular velocity, 
like parts of a rigid body. It does not seem probable that the 
kinetic equilibrium in any such case can be stable. 

(d) The condition of being a figure of revolution being still 
imposed, the single-ring figure, when annular equilibrium is straintto 
possible at all, is probably stable. It is certainly stable for very symmetri- 

1 1 r u at X cal round 

large values ot the moment oi momentum. an axis. 

(e) On the other hand let the condition of being ellipsoidal 
be imposed, but not the condition of being a figure of revolution. 
Whatever be the moment of momentum, there is one, and only 
one revolutional figure of equilibrium, as we have seen in § 776; 
we now add : 

(1) The equilibrium in the revolutional figure is stable, or instability 

. ___ — of 

unstable, according as f[ = ) is < or > 1*.S9457. andstabi. 

^ V c / lityof 

Jacobian 

(2) When the moment of momentum is less than that which 
makes /= 1*39457 (or eccentricity = *81266) for the revolu- 
tional figure, this figure is not only stable, but unique. 

(3) When the moment of momentum is greater than that 
which makes /*= 1*39457 for the revolutional figure, there is, 
besides the unstable revolutional figure, the Jacobian figure 
(§ 778 above) with three unequal axes, which is always stable 
if the condition of being ellipsoidal is imposed. But, as will be 
seen in (/) below, the Jacobian figure, without the constraint 
to ellipsoidal figure, is in some cases certainly unstable, though 
it seems probable that in other cases it is stable without any 
constraint. 



Unstable 

Jacobian 

figures. 


Configura- 
tion of two 
detached 
rotating 
masses 
stable. 
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(/) Looking back now to § 778 and choosing the case of a 
a great multiple of 6, we see obviously that the excess of h above 
c must in this case be very small in comparison with c. Thus 
we have a very slender ellipsoid, long in the direction of a, and 
approximately a prolate figure of revolution relatively to this 
long a-axis, which, revolving with proper angular velocity round 
its shortest axis c, is a figure of equilibrium, yjie motion so 
constituted, which, without any constraint is, in virtue of § 778 
a configuration of minimum energy or of maximum energy, for 
given moment of momentum, is a configuration of minimum 
energy for given moment of momentum, subject to the condition 
that the shape is constrainedly an ellip)Soid. From this proposi- 
tion, which is easily verified, in the light of § 778, it follows 
that, with the ellipsoidal constraint, the equilibrium is stable. 
The revolutional ellipsoid of equilibrium, with the same moment 
of momentum, is a very flat oblate spheroid ; for it the energy 
is a miiiimax, because clearly it is the smallest energy that , a 
revolutional ellipsoid with the same moment of momentum can 
have, but it is greater than the energy of the Jacobian figure 
with the same moment of momentum. 

{g) If the condition of being ellipsoidal is removed and the 
liquid left perfectly free, it is clear that the slender Jacobian 
ellipsoid of (/) is not stable, because a deviation from ellipsoidal 
figure in the way of thinning it in the middle and thickening it 
towards its ends, would with the same moment of momentum 
give less energy. With so great a moment of momentum as to 
give an exceedingly slender Jacobian ellipsoid, it is clear that 
another possible figure of equilibrium is, two detached approxi- 
mately spherical masses, rotating (as if parts of a solid) round 
an axis through their centre of inei tia, and that this figure is 
stable. It is also clear that there may be an infinite number of 
such stable figures, with different proportions of the liquid in 
the two detached masses. With the same moment of momen- 
tum there are also configurations of equilibrium with the liquid 
in divers proportions in more than two detached approximately ^ 
spherical masses. 

Qi) No configuration in more than two detached masses, 
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has secular stability according to the definition of (fc) below, 
and it is doubtful whether any of them, even if undisturbed by 
viscous influences, could have true kinetic stability: at all 
events, unless approaching to the case of i^he three material 
points proved stable by Gascheau (see Routb’s Rigid 
Dynamics,” § 475, p. 381). 

(^) The tY^iuisitioii from the stable kinetic equilibrium of a 
liquid mass in two equal or unequal portions, so far asunder 
that each is approximately spherical, but disturbed to slightly 
prolate figures (found by the Avell-known invebtigation of 
equilibrium tides, given in § 804 below), and to the more and 
more prolate figures which would result from subtraction of 
energy without change of moment of momentum, carried so far 
that the prolate figures, now not even approximately elliptic, 
cease to be stable, is peculiarly interesting. We have a most 
interesting gap between the unstable Jacobian ellipsoid when 
tdo slender for stability, and the case of smallest moment qf 
momentum consistent wdth stability in two equal detached 
portions. The consideration of how to fill up this gap with 
^ intermediate figures, is a most attractive question, towards 
answering which we at present offer no contribution. 

(j) When the energy with given moment of momentum is 
either a minimum or a maximum, the kinetic equilibrium is 
clearly stable, if the liquid is perfectly inviscid. It seems 
probable that it is essentially unstable, when the energy is a 
minimax ; but we do not know that this proposition has been 
ever proved. 

(k) If there be any viscosity, however slight, in the liquid, or 
if there be any imperfectly elastic solid, however small, floating 
on it or sunk within it, the equilibrium in any case of energy 
either a minimax or a maximum cannot be secularly stable : 
and the only secularly stable configurations are those in which 
the energy is a minimum with given moment of momentum. 
It is not known for certain whether wdth given moment of 
momentum there can be more than one secularly stable configu- 
ration of equilibrium of a viscous fluid, in one continuous mass, 
but it seems to us probable that there is only one. 


Conflj?urar 

tion of two 
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stable. 
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779. A few words of explanation, and some graphic illustra- 
tions, of the chaiacter of spherical surface harmonics may pro- 
mote the clear understanding not only of the potential and 
hydrostatic applications of Laplace’s analysis, which will occupy 
us presentl}^ but of much more important applications to be 
made in Vol. li., when waves and vibrations in spherical fluid 
or elastic solid masses will be treated. To aj,i)id circumlo- 
cutions, we shall designate by the term harmonic spheroid^ or 
sp>herical harmonic undulation, a «surface whose radius to any 
point differs from that of a sphere by an infinitely small length 
varying as the value of a surface liarinonic function of the 
position of this point on the sj)herical surface. The definitions 
of Sjjherical solid and surface harmonics [App. B. (a), (6), (c)] 
show that the harmonic splieroid of the second order is a surface 
of the second degree subject only to the condition of being 
approximately spherical: that is to say, it may be any elliptic 
spheroi 1 (or ellipsoid with approximately equal axes). Gerue- 
rally a 1 armonic spheroid of any order i exceeding 2 is a sur- 
face of rdg'jbraic degree t, subject to further restrictions than 
that of merely being approximate!}' spherical. 


Let /S) be a surface Larmoiiic of the order / with the coefficient of 
the leading term so chosen as to make the greatest maximum 
value of the function unity. Then if a be the radius of the 
mean sjhere, and c the greatest deviation from it, the polar 
equation of a harmonic spheroid of order i will be 


r = a + cS^ (1) 

if is regarded as a function of polar angular co-ordinates, 
Considering that cl a is infinitely small, we may reduce this to an 
equation in rectangular co-ordinates of degree i, thus: — Squaring 
each member of (1); and putting for eja, from which it 

differs by an infinitely small quantity of the second order, we 
have 

( 2 ). 


This, reduced to rectangular co-ordinates, is of algebraic degree 

Harmonic 780. The line of no deviation from the mean sjolierical sur- 
andiine. face is called the nodal line, or the nodes of the harmonic 
spheroid. It is the line in which the spherical surface is cut 
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with vertex at the 
jjhere, ana or algebraic degree equal to the order 
aic. An important property of the harmonic nodal 
'd by an interesting hydrodynamic the^orem due to 
is that when self-cutting at any point or points, the 
d’/fferent branches make equal angles with one another round 
^ach point of lection. 

Denoting r^Si of § 779 by we Lave 

. (3) 

for the equation of the harmonic nodal cone. As is [App. 
B. (a)] a homogeneous function of degree % we may write 

Vi -- + II ^ ‘ ■ ••('!)> 

where 11^ is a constant, and //g, etc., denote integral 
homogeneous functions of x, y of degrees 1,2, 3, etc. ; and then 
the condition Fi = 0 [App. B. (a)] gives 

which express all tlie conditions binding on 7/^, etc. 

Now suppose the nodal cone to be autotomic, and, for brevity 
and simplicity, take OZ along a line of intersection. Then z — a 
makes (3) the equation in x, y, of a curve lying in the tangent 
plane to the si)herical surface at a double or multiple point of the 
nodal line, and touching both or all its branches in this point. 
The condition that the curve in the tangent plane may have a 
double or multiple point at the origin of its co-ordinates is, when 
(4) is put for Viy 

— 0 ; and, for all values of x, y, = 0. 

Hence (5) gives 

so that, if H„ — Aaf -f By" + 2Cxyj 

we have A -h B = 0. This shows that the two branches cut one 
another at right angles. 

If the origin be a triple, or 7 z-multiple point, we must have 

and (5) gives ^ 

♦ “Summary of the Properties of certain Stream-Lines.” Phil, Mag,y Oci, 
1864. 
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Hence [§ 707 (‘2o), v. 

H^^—A {(.X + 2 / v)” + (u3 — 2/^)”} + ^ V { (ic + yv)'" ~ {x 
or. if x = p cos <^, y — p sin 

~ 2p'' (A cos 710 + JB sin 7i<j>), 

which shows that the 7i branches cut one another at equal angl 
round the origin. 


Cases^of 781. The harmonic nodal cone may; in a great variety of 
monies re- cases [V. resolvable into factors], be composed of others of lower 
into factors degrees. Thus (the only class of cases yet worked out) each of 
monfes.^^' "Ihe 2i + 1 elementary polar harmonics [as we may conveniently 
call those expressed by (36) or (87) of App. B, with any one 
alone of the 2i4-l coefficients jBJ has for its nodes circles 
Zonal and of tlic Spherical surface. These circles, for each such harmonic 
harmonic? element, are either (1) all in parallel planes (as circles of lati- 
tude on a globe), and cut the spherical surface into zones, in 
which case the harmonic is called zonal ; or (2) they are all in 
planes through one diameter (as meridians on a globe), and cut 
the surface into equal sectors, in which case the harmonic is 
called sectorial ; or (3) some of them are in parallel planes, 
and the others in planes through the diameter perpendicular to 
those planes, so that they divide the surface into rectangular 
quadrilaterals, and (next the poles) triangular segments, as 
areas on a globe bounded by parallels of latitude, and meridian!^ 
at equal successive differences of longitude. 

With a given diameter as axis of symmetry there are, for 
complete harmonics [App. B. (c), (c?)], just one zonal harmonic 
of each order and two sectorial. The zonal harmonic is a function 
of latitude alone (^tt — 0y according to the notation of App. B.); 
being the given by putting 5 = 0 in App. B. (38). The 
sectorial harmonics of order i, being given by the same with 


s = are 


sin*^ cos icf), and sin'^ sin i<f> 


( 1 ). 


The general polar harmonic element of order i, being the 
cos Sip and 0/*^ sin S(p of B. (38), with any value of s from 
0 to ly has for its nod^ ^ — 5 circles in parallel planes, and $ 
great circles intersecting one another at equal angles round 
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their poles; and the variation from maximum to minimum Pigr^ion 
along the equator, or any parallel circle, is according to the harmonics, 
simple harmonic law. It is easily proved (as the mathematical 
student may find for himself) that the law of \ariation is 
approximately simple harmonic along lengths of each meridian 
cutting but a small number of the nodal circles of latitude, and 
not too near either pole, fc^' any polar harmonic element of high 
order having a large number of such nodes (that is, any one Xesserai 

* ® » s rm 1 p • • 1 division Of 

for which z — 5 is a large numoer). The law or variation along surface by 

® ' /» 1 1 nodes of a 

a meridian in the neighbourhood of either pole, for polar har- 
monic elements of high orders, will be carefully examined and 
illustrated in Vol. ll., when we shall be occupied with vibra- 
tions and waves of water in a circular \essel, and of a circular 
stretched membrane. 

782. The following simple and beautiful investigation of 
thje zonal harmonic due to Murphy^ may be acceptable to the 
analytical student; but (§ 453) rve give it as leading to a use- 
ful formula, with expansions deduced from it, differing from any 
of those investigated above in App. B: — 

'' Pbop. I. 

“To find a rational and entire function of given dimensions Murpixj^s 
“ with respect to any variable, such that when multiplied by invention 

^ ^ T . 1 of the zonal 

“ a/iy rational and entire function oi lower dimensions, the harmonics, 
“integral of the product taken between the limits 0 and 1 
“shall always \anisli. 

“ Let f (rt be the required function of n dimensions with respect 
“ to the variable t ; then the proposed condition will evidently re- 
‘‘ quire the following equations to be separately true ; namely, 

“(a) Jf(t)dt=0, Jf{t)tdt=0, Jf{t)fdt^O, j/{t)rhle='-0, 

each integral being taken between the given limits. 

“ Let the indefinite integral of f (^), commencing when ^ = 0, be 
represented by f^{t) ; the indefinite integral of /j(0, commencing 
**also when ^ = 0, by and so on, until we arrive at the 

function (t)j which is evidently of 2?z dimensions. Then the 
** method of integrating by parts will give, generally, 

» f/(i) fdt = tXit) - + * (.r - 1 ) - etc. 

. * Treatise on Electricity, Cambridge, 1833. 
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‘‘ Let us now put ^=1, and substitute for x the values 1, 2, 3, 

“ successively ; then in virtue of the equations (a), 

** we get, 

“ (h) m = 0. .4(0 = 0, fM = 0, .Mf) = 0. 

Hence, the function /J(^) and its (i -1) successive differential 
coefficients vanish, both when ^ = 0, and when \ \ therefore 
and (1 - are each factors ; and since this function is 

‘‘of 2i dimensions, it admits of no other factor but a constant a 

“Putting \ —t — t\ we thus obtain 

ft (0 “ ^ y i 

“ and therefore — ^ 

cct 

Corollary . — If we suppose the first term of fit), when arranged 
“ according to the powers of t, to be unity, we evidently have 

“c= r; on this su 2 ) 2 Josition we shall denote the above 

“ quantity by (f. 


“Prop. II. 


“ The function Q^ which has been investigated in the pre- 
‘‘ ceding joroposition, is the same as the coefficient of in the 
“ expansion of the quantity 

{1 - 2e (1 - 20 + eO’t 

“Let 2 ^ be a quantity which satisfies the equation 
(c) u — t-¥eu(\-u)y 

“that is, u==- ^ sy — + ~ (1 ^ 

“therefore { 1 - 2<? (1 - 2t) + e^}~K ; 

I 

“But if, as before, we write t' for 1 — we have, by Lagrange^t, 
“theorem, applied to the equation (c), 

1-2 It + 073 + etc. 

“If we differentiate, and put for value 1.2.3.. .^Q^ give 
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“by the former proposition, we get 

^ = 1 + Q e + + etc. 
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“Comparing this with the above value of -j the proposition is 
“manifest. 


“Pkop. V, 

“ To develope the function 

First Expansion . — Bj Prop, i., we have 
^ 1 d' . 


Expansions 
of zonal 
hanzionics. 


“Hence Q,= -,- ^ 

1 . dt { 1.2 


1 _ ^ (i+i) i + iiizi) + i)ii+ 2) ^ 


^^Seco7id Expansion . — If u and v are functions of any variable t, 
“then the theorem of Leibnitz gives the identity 

d" . d^u . dv d"^^u iii - 1) d^v 

dl' ^ + ^ + -TTT-S? 

“Put u = V and v — 1'\ and dividing by 1.2.3...^, we have 

“ (/) e. = - (y)V‘-< + 

1 8 

“ Third Expansion . — Put 1 - 2^ = ^u, and therefore it’ = 

2 


Pormulse 
for zonal, 




’ 2.4.6. ..2i rf/x‘r ^ 1.2 

l_^.5...(2t-l)/, 1^-1) . -a 


i.2.3...i r 


2(2*--l)' 


{i-3 ) _ gtc \ • 

2. 4. {2i-l)(2i-3)'^ ]■ 
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The t' and /x of Murphy notation are related to the 0 we 
have used, thus : — 


t== {2 sin 1^)*, = (2 cos 

a = cos 0 


( 2 ). 


Also it is convenient to recall from App. B. {v), (38), (40), and 
(42), that the value of [or of App. B. (61) when ^ = 0 is 
unity, and that it is related to the , of our notation for polar 
harmonic elements, thus : — 



and tesserai 
iiarmonios. 


as is proved also by comparing {g) with App. B. (38). We add 
the following formula, manifest from (38), which shows a deriva- 
tion of ©f from valuable if only as proving that the i- 8 
roots of = 0 are all real and unequal, inasmuch as App. B. 
(p) proves that the i roots of = 0 are all real and unequal : — 

o;*’ _ 1 r 

sin ^ 5 + 1 c/p, Lsin^“^6*J 


From this and (3) we find 






1.3.5...(2i-l) 


•’) • 

T Sin' 61 j-/ 
dfA.’ 


(5). 


And lastly, referring to App. B. (to); let 

Q'f and [cos 6 cos 6' + sin 6 sin 6' cos - tp')] 


harmonic 

expanded 


denote respectively what becomes when cos 0 is replaced by 
cos 0'j and again by cos 0 cos 0' + sin 0 sin 0' cos (<^ - 0') : and let /x 
denote cos 0 -, and /x', cos 0\ By what jjrecedes, we may put (61) 
of App. .B into the following much more convenient form, agree- 
ing with that given by Murjdiy [Electricity^ p. 24): — 

[cos 0 cos + sin 0 sin 0' cos (0 - 0')] 
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783. Elementary polar harmonics become, in an extreme physical 
case of spherical harmonic analysis, the proper harmonics forStiv^L 
the treatment, by either polar or rectilinear rectangular co- anguiarand 
ordinates, of problems in which we have a plane, or twp plates, 
parallel planes, instead of a spherical surface, or two concentric 
* spherical surfaces, thus: — 

First, let be any surface harmonic of order i, and and 
^-,-1 the solid harmonics [App. B. {h}] equal to it on the 
spherical surface of radius aT: so that 



and 





Now [compare § 655] 



tlog(r/a) ^ 
® 3 


and, therefore, if a be infinite, and r - a a finite quantity denoted 
by if, which makes log (r/a) = xia, and if i be infinite, and 
we have 


Q'= and similarly Q'"’ = j 

the solid harmonics then become 


and 


Supposing now S. to be a polar harmonic element, and consider- 
ing, as Green did in his celebrated Essay on Electricity, an area 
sensibly plane round either pole, or considering any sensibly plane 
portion far removed from each pole, it is interesting and instruc- 
tive to examine how the formiilaB [App. B. (36).. .(40), (61), (65); 
and § 782, (e), {f), (g)] wear down to the proper plane polar 
or rectangular formulae. This we may safely leave to the ana- 
lytical student. In Yol. ii. the plane polar solution will be fully 
examined. At present we merely remark that, in rectangular 
surface co-ordinates (?/, z) in the spherical surface reduced to a 
plane, may be any function whatever fulfilling the equation 


d>/‘ ffe’* 


0 , 


and that the rectangular solution into which the elementary polar 
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Zonal, 


Tesscral, 


Sectorial 

Seventh 
order ; 

Zonal, 

Tesseral, 


Sectorial, 
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splierical harmonic wears down, for sensibly plane portions of the 
spherical surface far removed from the poles, is 

Si = cos - cos -?7 

^ q 

where q and q are two constants such that q^ + q'^ = p^. 

784. The following tables and graphic repi-^sentations of 
all the polar harmonic elements of the 6th and 7th orders may 
be useful in promoting an intelligent comprehension of the 
subject. 


Qe = A (231/4« - 315/^4 + ^ 5) 


UT- ^ = i (33/44- 30/^2 + 5) /A 



= n ®f(l 


= 

itVit • = iV - 1) 




1 _ , 

= iiot shown. 


= (420ac«- 693/t« + 315^^ - 35) ^4 = -^/©^. 


,V • * (429m'- 495m* + 135m= - 5) 



=\v©®(i-M=r». 

^”^-U=*’ei43M*-66MH3) 

=¥i?©f(i-M=)-i 


= H©'*>(1-mV- 

•«57T-'^|^=*(13m^-1) 

= 4i©®(i-M“)-l 

1 d'Q, 

= ®,'(l-M=)-». 

1 _ 1 

= ©JT^ (1 ~ not shown. 
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fJL , 

Qq ‘ 

1 



1 

•0 

- -3125 

•0000 

•0000 

4 - -0625 

4 - *0625 

•01 

- -3118 





•05 

- -2961 

+ -0308 

+ -0307 

4 - -0597 

- f - -0595 

•08 ^ 

^ - -2738 





•10 

~ -2488 

+ -0588 

+ •OoSS 

4 - *0515 

4 - *0510 

•13 

- *2072 





•15 

- -1746 

+ -0814 

+ *0805 

4 - *0382 

4 - -0373 

*17 

- *1390 

• 




•2 

- -0806 

+ -0963 

4 - -0944 

4 * *0208 

+ -0200 

•24 

+ -0029 





•25 

+ -0243 

+ -1017 

4 - -0984 

4 - -0002 

4 - -0002 

•2506 




•0000 

•0000 

•3 

+ -1293 

+ - b ' j'ee 

+ -0921 

- -0221 

- -0201 

•34 

+ -2053 





•35 

+ -2225 

+ -OTGe 

+ *0745 

~ -0441 

- -0387 

•36 

+ -2388 

1 




•4 

+ -2926 

4 - -0522 

4 - -0479 

- • bC 47 

- -0544 

•43 

+ -3191 





•45 


+ *0157 

4 -0140 

- -0807 

- -0644 

•46 

+ -3314 






•4688 


•0000 

•0000 



•469 

+ *3321 





•5 

+ -3233 

- -0273 

- -0237 

- -0898 

- -0674 

•54 

+ -2844 





•55 


- -0726 

- *0606 

- -0891 

- ’0622 

•56 

4 - -2546 





•6 

+ -1721 

- -1142 

- -0914 

- * -6752 

- -0481 

•63 

+ -0935 





•65 


— *1450 

- -1102 

- -0446 

- -0258 

•66 

+ -0038 


i 



•7 

- *1253 

- -1555 

i^'lllO 1 

4 - *0064 

+ -0033 

•74 

^ -2517 





•75 

- -2808 

- -1344 

- *0889 j 

4 - -0823 

4 - -0360 

•76 

- -3087 





•8 

- *3918 

- -0683 

- -0410 

4 - -1873 

4 - *0674 

•82 

- -4119 1 





•8302 

- -4147 

•0000 

•0000 ( 



. -84 

~ -4119 


1 



•85 

- -4030 

+ -0586 

4 - -0308 i 

4 - -3263 

4 - *0905 

•87 

- -3638 





•90 i 

- -2412 

+ -2645 

4 - -1153 1 

4 - -5044 

4 - *0959 

•92 

- -1084 

+ -1764 

4 - *1464 1 



•93 


+ *4346 

4 - *1597 1 



•9325 

•0000 





•94 

+ -0751 

+ •5002 

4 - -1706 ; 



•95 


1 - -5704 

4 - -1778 

4 - -7271 

^ 4 - * *0709 

•96 

+ -3150 





•97 

j 

+ -7260 

4- -1764 



•98 

+ -6203 1 

-r -8117 

4 - *1615 

4 - *8844 

4 - -0350 

•99 

+ -8003 1 

+ •9029 

4 - -1274 

4 - -9411 

4 - -0187 

1-00 

+ 1-00(X) ! 

1 

+ 1-0000 

•0000 

; 4 - 1*0000 

4 - -0000 
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Polar liai 
monifs oi 
sixth ord^. 



, ''Va 


i , 


© f . 

•0 

•0000 

•0000 

- *1000 

- -1000 

•0000 

•05 

- *0186 

- -0185 

- -0975 

- -0970 

r *0497 

•1 

- *0361 

- -0356 

1 - -0890 

- -0886 

+ *0975 

*15 

- -0510 

- -0499 

- *0753 

- -0720 

+ -1417 

•2 

- *0640 

- -0602 

- -0560 

- *0516 

+ *1806 

•25 

- -0723 

- -0656 

- -0313 

- *0275 

+ *2127 

•3 

- -0754 

~ *0655 

- -0010 

- -0008 

+ -2370 

•35 

- -0767 

- -0630 

+ -0348 

+ -0268 

+ -2524 

•4 

- -0620 

- -047,7 

j + -0760 

+ *0536 

+ *2586 

*45 

- -0435 

- -0310 

j + *1227 

+ -0773 

+ *2555 

•5 

- -0156 

- -0101 

+ -1750 

+ *0984 

+ *2436 

•55 

+ *0225 

+ -0131 

+ -2327 

+ *1132 

+ -2234 i 

•0 

+ -0720 

+ *0369 

' + *2960 

+ -1211 

+,•1966 

•63 


;; + -3366 

+ -1224 

i 

1 

^65 

+ *1338 

+ *0587 

+ -8647 

+ -1204 

! + -1647 

•7 

+ -2091 

+ -0750 1 

+ -4390 

+ *1139 

i + -1300 

•75 

+ -2988 

+ *0865 

+ -5188 

+ -0991 ' 

+ -0949 

•8 

+ -4040 

+ -0873 

+ -6040 

+ -0783 

+ *0622"^ 

•83 



+ -6578 

+ -0637 : 


•85 

+ -5257 

+ •0768«, 

+ -6947 

+ *0 o 35 ; 

+ *0344 

op 



+ -7326 

+ -0433 


•89 



+ -7713 1 

+ -0333 ii 


•9 

+ -6649 

+ *0551 ; 

+ *7910 

+ -0285 ,| 

+ -0150 

•92 





+ *0085 

•93 

+ *7572 

+ -0376 , 

+ -SSll 

+ -0155 


•95 

+ -8226 

+ -0249 i; 

+ -8928 

+ *0084 

+ -0028 

•96 

+ '8565 

i ; 

+ *9138 



•97 

+ -8911 

+ *0128 i 

+ *9350 

+ -0032 


•98 

+ -9216 

+ -0073 j: 

+ -9564 

+ -0015 


•99 

-9629 

!■ 

+ -9781 

+ -0004 


100 

+ 1-0000 

•0000 1 

+ 1-0000 

•0000 

•0000 
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M . 

Qt 

1 




•0 

•0000 

1 - -0781 

- *0781 

•0000 

•0000 

•05 ^ 

-1096 

1 - -0720 

- -0719 

+ -0153 

+ -0153 

•1 

- -1996 

- -0574 

- -0522 

+ -0290 

+ -0287 

•15 

- *2649 

; - *0345 

- -0341 

+ *0394 

+ -0385 

•18 

- *2873 





•2 

- -2935 

- 

- -0056 

+ -0451 

+ *0433 

•2093 






•2261 




+ '0459 


•23 

- •2905 





•24 


+ -0190 

+ '0243 



•25 

- -2799 

+ -0251 

+ *0515 

+ -0452 

+ -'6424 

•3 

- -2240 

+ -0540 

+ -0717 , 

+ '0391 

+ *0356 

•35 

- -1318 

j + *0765 


+ -0208 

+ -0235 

•38 

“■ •0635 





•4 

- -0365 

+ -0888 

+ ‘ 0^^14 

i + '0084 

+ *0074 

•42 

+ -0356 



1 


^•4209 


+ -0901 


! -0000 

•0000 

' -45 

+ -1106 

+ -0875 

+ '0782 

; - '0132 

- -0105 

•5 

+ *2231 

+ -0706 

+ -0611 

i - -0371 

- '0278 

•53 


1 


1 

- -0360 

•55 

+ *3007 

+ -0378 

+ -0315 


- -0415 

•57 

+ -3207 





•58 



1 


1 

6 

•5917 

+ -3236 

•0000 

‘0000 ; 



•6 

+ -3226 

- *0115 

- -0092 1 

' - -0758 

- -0485 

•62 

+ -3121 



1 ...... 


•6406 




; - '0809 i 


•65 

4 - -2737 

' - -0619 

- -0471 

! - -0806 

- -0465 

•7 

+ -1502 

- -1129 

- -0806 ; 

- '0666 

- -0340 

•7415 

•0000 

! 




•75 

- -0342 

' - -1458 

-- ‘0964 

i - -0254 

- -0111 

•7694 


1 - -1490 




'7695 




•0000 

*0000 

•8 

- -2307 

- -1390 

- '0834 

+ '0529 

+ -0190 

•82 , 

- -3134 


1 



•85 

- -3913 

~ -0634 

- '0334 

+ -1801 

+ -0500 

•86 

- -4054 





'8717 

- -4117 

•0000 

•0000 



•88 

- -4082 





•9 

- -3678 

+ *1183 

+ *0515 

+ -3698 

+ -0723 

'92 1 

- -2713 





•93 ! 




+ '5270 

+ -0712 

•9491 

•0000 





•95 

+ -0112 

+ -4533 

+ -1413 

+ -6373 

+ -0621 

•97 ; 

+ *3365 

+ -6421 

+ -1563 

+ -7699 

+ *0455 

•98 1 

+ -5110 

+ -7517 

+ -1458 




•99 1 

+ -7384 

+ -8706 

+ -1230 

+ -9190 

+ -0184 1 

1-00 ’ 

+ 1-0000 

+ 1-0000 

•0000 i 

i i 

, + 1-0000 

•0000 1 

1 


Polar har- 
monics of 
seventh 
order. 




ABSTBACT DYNAMICS, 


Polar har- 
monics of 
seventh 
order. 


35Q 


{78i 


fX . 

1 , 

! yA 

,PQ, 

1 

*s 


i , < 1 % 

1 ii ©;"'. 




•0 

+ 

•0375 

4- 

•0375 

' 

•0000 


•0000 

! 

! - 

• ossi ' 

- *0833 

•0000 

•05 

+ 

•0355 


•0353 

1 ~ 

•0148 

-- 

•0147 

’ - 

•0806 

- -0801 

+ •0496 

. -1 


•0294 


•0290 

; - 

•0287 

- 

•0281 

... 

•0725 

- -0707 

+ *0970 

•15 

+ 

•0198 


•0192 

■ - 

•0406 


•0387 

- 

•0590 

- *0557 

+ *1401 

•2 

4- 

•0074 


•0008 

- 

•0496 

- 

•0457 

-- 

•0400 

- '0361 

+ •1769 

•2261 


•0000 


•0000 









•25 

- 

•0071 

- 

•0064 

: - 

•0544 


•0478 

; - 

•0156 

- •0133 

+ *2059 

•2773 






- 

•0555 



1 

1 

•0000 

•0000 


•3 


•0225 

- 

•0195 

i 

•0549 

- 

•0454 

1 

’ 4- 

•0142 

4 - *0112 

+ •2260 

• B 5 

- 

•0367 


•0302 

- 

•0493 


•0378 

4- 

•0494 

-{-•0356 

+ -2364 

•4 

- 

•0487 


•0375 


•0368 

- 

•0260 

' 4- 

•0900 

-f • 0 d 82 

+ •2369 

■45 

- 

•' J 5 G 3 

- 

•0400 

- 

■0165 


•0104 

4- 

•1361 

4 - *0773 

'+- 2|81 

•4804 

- 

• 0:77 




•0000 


•0000 






•5 

- 

•0570 

- 

•0370 

1 4- 

•0125 

4- 

'0070 

, 4- 

•1875 

-f -0913 

+ -2110 

•55 

- 

•0485 1 

- 

'0282 1 

, 4- 

•0513 

4- 

•0248 

4- 

•2564 

4 - *1041 

+ -isso 

, •e 

- 

•0278 

- 

•0142 I 

+ 

•0708 

4- 

•0412 

: + 

•3067 

4 - -1004 

+ * 1573 . 

•0406 


•0000 ' 


'0000 1 


i 







•65 

+ 

•0080 ; 

+ 

•0035 

+ 

•1620 1 

4- 

•0540 

' 4 - 

•3744 

4 - -0948 

+ ‘1252 

•7 

-r 

•0624 1 

4- 

'0227 

i 

; 4- 

•2359 

4- 

•0613 

' 4- 

•4475 

+ •0831 

+ '0928 

•75 

4* 

•1390 i 

j 

4- 

•0401 

1 4" 

•3234 

4- 

'0619 

4 - 

•5260 

+ •0665 ; 

+ •0627 

; -9 

4- 

•2417 

4- 

•0521 

+ 

•4256 

4- 

•0551 

' 4- 

•6100 

+ •0474 ^ 

+ •0373 

' -85 

4- 

•3745 

4- 

'0546 

4- 

•5434 

4- 

•0418 

-h 

•6994 

+ ‘0283 

+ •0181 

•9 

4- 

•5420 

4- 

•0448 

4- 

•6777 

4- 

• 0^44 

4- 

•7942 

+ -0132 

+ •0065 

•02 

4- 

•6197 

4- 

.0373 

4- 

•7363 

4- 

•0170 

i 

1 



+ -0033 

•95 

4- 

•7489 

4- 

•0227 

4- 

•8732 

4- 

•0083 

i + 

•8944 

+ -0026 

+ ’0087 

•97 

4- 

•8062 

4- 

•0116 

4- 

•9230 

4- 

•0032 

• 



+ -0002 

•93 

4- 

•9564 

4- 

•0076 





1 

i 



• 4 . 

•99 









1 




DOO 

1 

•0000 


•0000 i 

1 

4-1 

•0000 


•0000 

4-1 

i 

•0000 

•0000 

•0000 
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786. A short digression here on the theory of the potential, ^ 

and particularly on equipotential surfaces differing little from potential, 
concentric spheres, will simplify the hydrostatic examples which 
follow. First we shall take a few cases of purely synthetical 
investigation, in which, distributions of matter being given, 
resulting forces and level surfaces (§ 487) are found ; and then 
certain problems of Green’s and Gauss’s analysis, in which, from 
data regarding amounts of force or values of potential over 
individual surfaces, or shape-s of individual level surfaces, the 
distribution of force through continuous void space is to be 
determined. As it is chiefly for their application to physical Seaieirel 
geography that we admit tliese questions at present, we shall 
occasionally avoid circumlocutions by referring at once to the 
Earth, when any attracting mass with external equipotential 
surfaces approximately spherical would answer as well. We 
shall also sometimes speak of ''the sea leveV (§§ 750, 754) 
rtierely as a level surface,” or “ surface of equilibrium ” (§ 487) 
just enclosing the solid, or enclosing it with the exception of 
comparatively small projections, as our dry land. Such a sur- 
face will of course be an equipotential surface for mere gravita- 
tion, when there is neither rotation nor disturbance due to 


attractions of other bodies, such as the moon or sun, and due 
to change of motion produced by these forces on the Earth ; but Level sur- 
it may be always called an equipotential surface, as we shall see tiveiy to 
.(§79«) that both centrifugal force and the other disturbances centriSi^^ 
leferred to may be represented by potentials. 


786. To estimate how the sea level is influenced, and how Disturbance 
. . • 1 1 1 1 • • of sea level 

much the force of gravity in the neighbourhood is increased or by denser 

....T, T man aver* 

diminished by the existence within a limited volume under- a«e matter 
ground of rocks of density greater or less than the average, let us ground, 
imagine a mass equal to a very small fraction, l/?^, of the earth’s 
whole mass to be concentrated in a point somewhere at a depth 
below the sea level which we shall presently suppose to be 
small in comparison with the radius, but great in comparison 
with l/Vw of the radius. Immediately over the centre of dis- 
turbance, the sea level will be raised in virtue of the disturbing 
attraction, by a height equal to the same fraction of the radius 
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Disturbance 
of sea level 
by a denser 
than aver* 
age matter 
under- 
ground. 
Intensity 
and direc- 
tion of 
gravity 
altered by 
under- 
ground 
local ex- 
cess above 
average 
density. 


that the distance of the disturbing point from the chief centre 
is of n times its depth below the sea level as thus disturbed. 
The augmentation of gravity at this point of the sea level 
will be the same fraction of the whole force of gravity that n 
times the square of the depth of the attracting point is of the 
square of the radius. This fraction, as we desire to limit our- 
selves to natural circumstances, we must supposd to be very 
small. The disturbance of direction of gravity will, for the 
sea level, be a maximum at points of a circle described from 
A as centre, with as radius; D being the depth of the 

centre of disturbance. The amount of this maximum deflec- 
tion will be of the unit angle of 57^*296 (§ 41), a 

denotino' the earth's radius. 


Let G be the centre of the chief attracting mass (1 - and 
jB that of the disturbing mass the 

two parts being supposed to act as if 
^ collected at these points. Let P Ije any 

/ / \ point on the equipotential surfixce for 

/ Iq j which the potential is the same as what it 

\ / 'would be over a spherical surface of ladius 

\ y and centre C if the whole were collected 

in C. Then (§ 491) 


A _ 1\ 1 1 J_ 

V n)' CP ^ n' BP a ’ 


which is the equation of the equipotential surface in question. 
It gives 

This expresses rigorously the positive or negative elevation of 
the disturbed equipotential at any point above the undisturbed 
surface of the same potential. For the points, over the centre 
of disturbance, it gives 

CA-a=y-..CB, 

n, PA 

which agrees exactly with the preceding statement ; and it proves 
the approximate truth of that statement as applied to the sea 
level when we consider that when BP is many times ^.4, CP —a 
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is many times smaller than its value at A. We leave the proof 
of* the remaining^ statements of this and the following sections 
(§§ 787... 7 92) as an exercise for the student. 

787 . If p be the general density of the upper crust, and* cr Effects of 

^ ® ^ ^ local excess 

the eartE’s mean density, and if the disturbance of § 786 be above aver- 

^ density 

due to therg being matter of a different density, p', throughout 

a spherical portion of radius b, with its centre at a depth D rection and 
^ ^ , ■*' intensity of 

below the sea level, the value of 7i will be cra^ / {p' — p) ; and 

the elevation of the sea level, ^nd the proportionate augmenta- 
tion of gravity at the point right over it, will be respectively 


{p-p )b' 
era I) 


. b, and 


(p-pW 

aaD^ 


The actual value of a is about double that of p. And let us example, 
suppose, for example, that i> = 6 = 1000 feet, or oYoiTo 
earth’s radius, and p to be either equal to 2p or to zero. The 
pievious results become 

± ^ of a foot, and + of gravity, 

which are therefore the elevation or depression of sea level, and 
the augmentation or diminution of gravity, due to there being 
matter of double or zero density through a spherical space 2000 
feet in diameter, with its centre 1000 feet bolow the surface. 

The greatest deviation of the plummet is at points of the circle 
of 707 feet radius round the point; and it amounts to j^ooo 
of the radian, or nearly 2", 


788 . It is worthy of remark that, to set oflf against the in- 
crease in the amount of gravity due to the attraction of the 
disturbing mass, which we have calculated for points of the sea 
level in its neighbourhood, there is but an insensible deduc- 
tion on account of the diminution of the attraction of the chief 
mass, owing to increase of the distance of the sea level from its 
centre, produced by the disturbing influence. The same remark 
obviously holds for disturbances in gravity due to isolated 
mountains, or islands of small dimensions, and it will be proved 
(§ 794) to bold also for deviations of figure represented by^ 
harmonics of high orders. But we shall see (§ 789) that it is 
otherwise with harmonic deviations of low orders, and conse- 
ypL. ir. 23 
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qnently with wide-spread disturbances, such as are produced 
by great tracts of elevated land or deep sea. We intend to‘ 
return to the subject in Vol. IL. under Properties of Matter, 
when we shall have occasion to examine the phenomenal and 
experimental foundations of our knowledge of gravity ^ and we 
shall then apply §§ 477 (b) (c) (d), 478, 479, and solutions of 
other allied problems, to investigate the effects on the magnitude 
and direction of gravity, and on the level surfaces, produced by 
isolated hills, mountain-chains, large table lands, and by cor- 
responding depressions, as lakes or circumscribed deep places 
in the sea, great valleys or clefts, large tracts of deep ocean. 

Harmonic 789 . All the level surfaces relative to a harmonic spheroid 
(§ 779) of homogeneous matter are harmonic spheroids of the 
same order and type. That one of them, which lies as much 
inside the solid as outside it, cuts the boundary of the solid in 
a line (or group of lines) — the mean level line of the surface of 
the solid. This line lies on the mean spherical surfacp,; and 
therefore (§ 780) it constitutes the nodes of each of . thb two 
harmonic spheroidal surfaces which cut one another iii' it. If i 
be the order of the harmonic, the deviation of the level spheroid 
is (§§ 545,815) just 3/(2i-|-l) of the deviation of the bounding 
spheroid, each reckoned from the mean spherical surface. 

Thus if the level coincides with the boundary of the , 
solid : the reason of which is apparent when it is considered 
that any spherical harmonic deviation of the first order from a 
given spherical surface constitutes an equal spherical surface 
round a centre at some infinitely small distance from the centre 
of the given surface. 

If i = 2, the level surface deviates from the mean sphere 
by f of the deviation of the bounding surface. This is the 
case of an ellipsoidal boundary differing infinitely little from 
spherical figure. It may be remarked that, as is proved readily 
from § 522, those of the equipotential surfaces relative to 
a homogeneous ellipsoid which lie wholly within it are exact 
ellipsoids, but not so those which cut its boundary or He wholly 
without it: these being approximately ellipsoidal only when 
the deviation from spherical figure is very small. 
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790. The circumstances ^or very high orders are sufficiently Hwm(mic 

, ^ ^ . . spheroidal 

illustrated if we confine our attention to sectorial harmonics 

. . . orders 

(§781). The figure of the line in which a sectorial harmonic 
' spheroid is cut by any plane perpendicular to its polar axis"^ is 
[§ 781 (1)], as it 'were, a harmonic curve (§ 62} traced from a 
circular instead of a straight line of abscissas. Its wave length 
(or double length along the line of abscissas from one zero or 
nodal point to the next in order) will be l/^ of the circumference 
of the circle. And when i is tcry great, the factor sm’^ makes 
the sectorial ^armonic very small, except for values of 6 differ- 
ing littja from a right angle, and therefore a sectorial harmonic 
^ sph^oid of very high order consists of a set of parallel ridges 
and valleys perpendicular to a great ciicle of the globe, of 
nearly simple harmonic form in the section by the plane o*l 
this circle (or equator), and diminishing in elevation and* 
depression symmetrically on the two sides of it, so as to be 
irfsensible at any considerable angular distance (or latitude) 
from it on either side. The level surface due to the attraction 
of a homogeneous solid of this figure is a figure of the same 
kind, but of much smaller degree of elevations and depressions, 
that is, as we have seen, only 3/(2/ + 1) of those of the figure : 
or approximately three times the same fraction of the inequali- 
ties of figure that the half-wave length is of the circumference 
of the globe. It is easily seen that when i is very large the 
level surface at any place will not be sensibly affected by the 
inequalities in the distant parts of the figure. 

791. Thus we conclude that, if the substance of the earth Undulation 
were homogeneous, a set of several parallel mountain-chains to parallel 
and valleys would produce an approximately corresponding un- ridges and 
dulation of the level surface in the middle district : the height 

to which it is raised, under each mountain-crest, or drawn down 
below the undisturbed level, over the middle of a valley, being 
three times the same fraction of the height of mountain above 
or depth of valley below mean level, that the breadth of the 
mountain or of the valley is of the earth’s circumference. 

792. If the globe be not homogeneous, the disturbance in 
magnitude and direction of gravity, due to any inequality in 

23—2 
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the figure of its bounding surface, will (§ 787) be pjcr of what it 
would be if the substance were homogeneous; and further, it 
may be remarked that, as the disturbances are supposed to be 
small, we may superimpose such as we have now described, on 
any other small disturbances, as, for instance, on the general 


oblateness of the earth’s figure, with which we shall^,be occupied 
presently. 


Practically, then, as the density of the upper crust is some- 
where about J the earth’s mean density, we may say that the 
effect on the level surface, due to a set of parallel mountain- 
chains and valleys, is, of the general character explained in 
§ 791, but of half the amounts there stated. Thus, for instance, 
a set of several broad mountain-chains and valleys twenty 
sgautical miles from crest to crest, or hollow to hollow, and of 
several times twenty miles extent along the crests and hollows, . 
and 7,200 feet vertical height from hollow to crest, would 
raise and lower the level by feet above and below what 

it would be were the surface levelled by removing the elevated 
matter and filling the valleys with it. 

Determin- 793. Green’s theorem [App. A. (e)]* and Gauss’s theorem 

&.t 0 n 6 ss of i- 1 A \ / j 

through^ (§ 497) show that if the potential of any distribution of matter, 
spac^from attracting according to the Newtonian law, be given for every 
over^every point of a surface completely enclosing this matter, the poten- 
surface. tial, and therefore also the force, is determined throughout all 
space external to the bounding surface of the matter, whether 
this surface consist of any number of isolated closed surfaces, 
each simply continuous, or of a single one. It need scarcely 
be said that no general solution of the problem has been ob- 
tained. But further, even in cases in which the potential has 
been fully determined for the space outside the surface over 
which it is given, mathematical analysis has hitherto failed to 
determine it through the whole space between this surface and 
the attracting mass within it. We hope to return, in later 


* First apply Green’s theorem to the surface over which the potential is 
given. Then Gauss’s theorem shows that there cannot be two distributions of 
potential agreeing through all space external to this surface, but differing for 
any part of the space between it and the bounding surface of the matter. 
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volumes, to the grand problem suggested by Gauss’s theorem 
of § 497. Meantime, we restrict ourselves to questions practi- 
cally useful for physical geography. 

Jfxample (1) — Let the enclosing surface be spherical, of radius I^termina- 
a; and^let F {6, <l>) be the given potential at any point of it, potential* 
specified in the usual manner by the polar co-ordinates Oj vSue^over 
Green’s solution [§ 499 (3) and App. B. (46)] of his problem for 
the spherical surface is immediately applicable to part of our 
present problem, and gives 

V= — r €t>')r^sine'dO'dct>' 

Jo 2ar [cos 6* cos 6*' 4- sin ^ sin cos (<^-<^')] -I- •••(^) 

for the potential at any point (r, 6, €j>) external to the spherical 
surface. But inasmuch as Laplace’s equatic a — 0 is satisfied 
through the whole internal space as well as the whole external 
• space by the expression (46) of App. B., and in our present pro- 
blem v*F=0 is only satisfied [§ 491 (c)] for that part of the in- 
ternal space which is not occupied by matter, the expression (3) 
gives the solution for the exterior space only. When F (0, (f>) is 
such that an expression can be found for the definite integral in 
finite terms, this expression is necessarily the solution of our pro- 
blem through all space exterior to the actual attracting body. Or 
when F{0j ^) is such that the definite integral, (3), can be trans- 
formed into some definite integral which varies continuously across 
the whole or across some part of the spherical surface, this other 
integral will carry the solution through some part of the interior 
space : that is, through as much of it as can be reached without 
discontinuity (infinite elements) of the integral, and without 
meeting any part of the actual attracting mass. To this subject 
we hope to return later in connexion with Gauss’s theorem 
(§ 497) ; but for our present purpose it is convenient to expand 
(3) in ascending powers of a Jr, as before in App. B. (s). The 
result [App. B. (51)] is 

F= I FXe, <P) + Q <!>) + </>) + etc. (3 bis) 


where F^{0y ^), F^{0, </>), etc., are the successive terms of the 
expansion [App. B. (52)] of F($, <^) in spherical surface liar- 
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monies ; the general term being given bj the formula 


where is tlie function of (^, </>) {O', ^') expressed by App. 
B. (61). 


In any case in which the actual attracting matter i^es all within 
an interior concentric spherical surface of radius a, the harmonte: 
expansion of F {0, must be at least as conv^ergent as the 
geometrical series 



+ etc. ; 


and therefore (3 bis) will be convergent for every value of r 
exceeding a', and will consequently continue the solution into 
the interior at least as far as tins second spherical surface. 


Exanqdc (2) — Let the attracting mass be approximately 
cenirobaric (§ 531), and let one equipotential surface completeIy:|| 
enclosing it be given. It is required to find the distribution ojj 
force and potential through all space external to the smallest 
spheiical surface that can be drawn round it from its centre of 
gravity as centre. Let a be an approximate or mean radius ; 
and, taking the origin of co-ordinates exactly coincident with 
the centre of inertia {% 230), let 

r = a[\+F{e, <t>)] (.I)' 

be the polar equation of the surface ; F being for all values of 
6 and </> so small that we may neglect its square and higher 
powers. Consider now two proximate points {r, 0, <f)) {a, 0, ^). 
The distance between them is aF{0, and is in the direction 
through 0, the origin of co-ordinates. And if M be the whole 
mass, the resultant force at any point of this line is approximately 
equal to Mja^ and is along this line. Hence the difference of po- 
tentials (§ 486) between them is MF {0, And if a be the 

proper mean radius, the constant value of the potential at the 
given surface (5) will be precisely M ja. Hence, to a degree of 
approximation consistent with neglecting squares of F (0, <f>), the 
potential at the point (a, 0, <l>) will be 
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Hence the problem is reduced to that of the previous example : 
and remarking that the part of its solution depending on the term 
Mja of (6) is of course simply Af/r, we have, by (3 bis), for the 
potential now required, 

^ + + + (7) 

where is given by (4). is zero in virtue of a being the 
proper mean radius; the equation expressing this condition 

being / / F{6, cl>J sin OdOdcfi = 0 (8). 

If further 0 be chosen in a proper mean position, that is to say, 
such that fJQi^ (^) <^>) sin OdM<p =. 0 (9) 

jPj vanishes and [§ 539 (12)] 0 is the centre of gravity of the 
attracting mass; and the liarmonic expansion of F (0^ eft) becomes 

F(0, cf>) -- F, {0, cf>) + F^ {6, <f>) -f F, (0, <!>) + etc (10). 

If a' be the radius of the smallest spherical surface having 0 for 
centre and enclosing the whole of the actual mass, the series (7) 
necessarily converges for all values of 0 and (f>, at least as rapidly 
as the geometrical series 





for every value of r exceeding a. Hence (7) expresses the 
solution of our present particular problem. It may carry it even 
further inwards ; as the given surface (6) may be such that the 
harmonic expansion (10) converges more rapidly than the series 


1 + 


f“'Y 

a \aj \a/ 


+ etc. 


The direction and magnitude of the resultant force are of 
course [§§ 486, 491] deducible immediately from (7) throughout 
the space through which this expression is applicable, that is all 
space through which it converges that can be reached from the 
given surface without passing through any part of the actual 
attracting mass. It is important to remark that as the resultant 
force deviates from the radial direction by angles of the same 
order of small quantities as F{0, ^), its magnitude will differ 
from the radial component by small quantities of the same order 
as the square of this : and therefore, consistently with our degree 
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^ultant of approximation, if R denote the magnitude of the resultant force 

^ ^ ^ ^ 0 )’ ^ 

For the resultant force at any point of the spherical surface 
agreeing most nearly with the given surface we put in this for^ 
mula 7* = (X, and find ^ 

^{1 + 3F. {e, <!>) + 4F^ (0, <!>) + etc.} (13). 

to 

And at the point (r, Oy <^) of the given surface we have r — a 
nearly enough for our approximation, in all terms except the 
fii'st, of the series (12): but in the first term, Mjr-, we must put 
r := a {I + F (0, <!>)} ; so that it becomes 

? - a w Amr ■ ? ? |1 - 2 K (0. « + e.c.]|...(U), 


Resultant 
force at any 
point of ap- 
proximately 
spherical 
level sur- 
face, for 
gravity 
alone. 


and we find for the normal resultant force at the point {0, of 
the given approximately spherical equipotential surface » 

^{l+F,(e, <l>}^2F,{0, <t>) + 3F,(9, ^)+...} (15). 

Taking for simplicity one term, i^., alone, in the expansion of 
F, and considering, by aid of App. B. (38), (40), (p), afid 
§§ 779... 784, the character of spherical surface harmonics, we 
see that the maximum deviation of the normal to the surface. 


r=^a{l + F,{6y </>)} ...( 16 ) 

from the radial direction is, in circular measure (§ 404), just i 
times the half range from minimum to maximum in the values of 
Ft {0, <f>) for all harmonics of the second order (case i = 2), and 
for all sectorial harmonics (§ 781) of every order; and that 
it is approximately so for the equatorial regions of all zonal 
harmonics of very high order. Also, for harmonics of high 
order contiguous maxima and minima are approximately equal. 
We conclude that 


794. If a level surface (§ 487), enclosing a mass attracting 
according to the Newtonian law, deviate from an approximately 
spherical figure by a pure harmonic undulation (§ 779) of order 
the amount of the force of gravity at any point of it will ex- 
ceed the mean amount by i — 1 times t^e very small fraction by 
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which the distance of that point of it from the centre exceeds 
the mean radius. The maximum inclination of the resultant 
force to the true radial direction, reckoned in fraction of the 
unit angle (§ 404) is, for harmonic deviations of the 

second order, equal to the ratio which the whole range from 
minimum to maximum bears to the mean magnitude. For 
the class described above under the designation of sectorial 
harmonics^ of whatever order, the maximum deviation in 
direction bears to the proportionate deviation in magnitude 
from the mean magnitude, exactly the ratio ^y(^ — 1); and 
approximately the ratio of equality for zonal harmonics of high 
orders. 


Example (3). — The attracting mass being still approximately 
centrobaric, let it rotate with angular velocity w round OZ, and 
let one of the level surfaces (§ 487) completely enclosing it be 
expressed by (5), § 793. The potential of centrifugal force 
(§§ 800, 813), will be Ja>*(a;^ + y), or, in solid spherical har- 
monics, + 1 ^ 0 )^ {x^ + ~ 2z^). 


This for any point of the given surface (5) to the degree of Resultant 

approximation to which we are bound, is equal to of 

proximately 

> 0, V + |a,W (I - cos^ 6 ) ; ffiSriace* 

' for tyravit;^ 

which, added to the gravitation potential at each point of this 

surface, must make up a constant sum. Hence the gravitation 
potential at {6, of the given surface (5) is equal to 


M 

a 


Jcu V - cos^ 0 ) ; 


and therefore, all other circumstances and notation being as in 
Example 2 (g 793), we now have instead of (6) for gravitation 
potential at (a, 0, <^), the following : 

a - cos' e) (16). 

W* tt 

Hence, choosing the position of 0, and the magnitude of a, ac- 
cording to (9) and (8), we now have, instead of (7), for the 
potential of pure gravitation, at any point (r, $, <^), 
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B«sultant where m denotes or the ratio of centrifugal force at the 

force at any \ , . . . , mi /* 

point of ap- equator, to pure gravity at the mean distance a. ine force oi 

sphei^l*^^ • pure gravity at tJie point (^, 0) of the given surface (5) is conse« 

for^gn^ty^^ quently expressed by the following formula instead of (15): — . 
and centri- 

^ ff{ -3. a - 6) + 2^, {6, 4,) + 3^, {6, .(18). 

U 

€ 

From this must be subtracted the radial component of the centri- 
fugal I'orce, which is (in harmonics) 

|-(o®a + co\« (* — cos‘^), 

to find the whole amount of the resultant force, g (apparent 
gravity), normal to the given surface: and therefore 

' If in a particular case we have 

= 0, except for i = 2; and {9, <f>) = e (-J- ~ cos^^); 
this becomes 


M 

9 = -A^-p>'- - e) - cos' ^)} 

(m 


( 20 ). 


Clairaut’s 

theorems. 


795. Hence if outside a rotating solid the lines of resultant 
force of gravitation and centrifugal force are cut at right angles 
by an elliptic spheroid* symmetrical round the axis of rotation, 
the amount of the resultant differs from point to point of this 
surface as the square of the sine of the latitude : and the excess 
of the polar resultant above the equatorial bears to the whole 
amount of either a ratio which added to the ellipticity of the 
figure is equal to two and a half times the ratio of equatorial 
centrifugal force to gravity. 

For the case of a rotating fluid mass, or solid with density 
distributed as if fluid, these conclusions, of w^hich the second 
is now generally known as Clairaut’s theorem, were first dis- 
covered by Clairaut, and published in 1743 in his celebrated 
treatise La Figure de la Terre. Laplace extended them by 
proving the formula (19) of § 794 for any solid consisting 


* Following the best French writers, we use the term spheroid to designate 
any surface differing very little from spherical figure. The commoner English 
usage of confining it to an ellipsoid symmetrical round an axis, and of extend- 
ing it to such figures though not approximately/spherical is bad. 
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of approximately spherical layers of equal density. TJlti- ciairaut’s 
mately Stokes* pointed out that, only provided the surfaces of 
Equilibrium relative to gravitation alone, and relative to the 
resultant of gravitation and centrifugal force, are approximately 
spherical; whether the surfaces of equal density are approxi- 
mately spherical or not, the same expression (19) holds. A 
most important practical deduction from this conclusion is that, Figure of 
irrespectively of any supposition regarding the distribution of detenmn- 
the earth’s density, the true figure of the sea level can be measure- 
determined from pendulum observations alone, without any gravity; 
hypothesis as to the interior condition of the solid. 

Let, for brevity, 

% {1 + |m a - 008=6)} =/(6, <#>) (21) 

where m (§ 801) is 9 known b} observation in differ- 

ent localities, with reduction to the sea level according to the 
square of the distance from the earth’s centre (not according to 
Young’s rule). Let the ex 2 :>ansion of this in spherical surface 
harmonics be 

/(^, <(>) = /„ +/. (P, <f>) +A P) + ‘■to )22). 

We have, by (19), 

^.{0, (23), 

and therefore the equation pi) of the level surface becomes 

r = « {l + 1 [If^ (6, <!>) f If, (6, <^) + etc.]} (24). 

Confining our attention for a moment to the first two terms we 
have for by App. B. (38), explicitly 

A (^> 0 (cos^^ - -f (A 1 cos 0 + sin 0) sin ^ cos ^ (Ag cos 20 + sin 20) sin*^. . . (25). 

Substituting in (24) squared, putting 

cos^ = -, sin^cos^ = -, sin^ sinoS = - , 
r r r 

and reducing to a convenient form, we find 

Oo + - ^2)^''+ (/o + M 0 + ^2)y“ + (/o - -^^o) - -^1?/^ - ^1^^ - =/oa 2 ..( 26 ). 


* “On the Variation of Gravity at the surface of the Earth.” — Trans, of the 
Camh, Phil Soc., 1849. 
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Now from §§ 539, 534, we see that, if OX, OY^ OZ are 
principal axes of inertia, the terms of which, expressed in 
rectangular co-ordinates, involve the products yz, zx, xy must 
disappear: that is to say, we must have -^j = 0, ^i = 0, = 

But whether vanishes or not, if OZ is a principal axis we 
must have both = 0 and = 0; which therefore is the case, 
to a very minute accuracy, if we choose for 0^^ the average 
axis of the earth’s rotation, as will be proved in Yol. ii., on the 
assumption rendered probable by the reasons adduced below, 
that the earth experiences little or no sensible disturbance in its 
motion from want of perfect rigidity. Hence the expansion (22) 
is reduced to 

<^) = 4 -f (cos“ 6 + {A ^ cos 2^ + sin 2(^) sin“ 0+f^ {0, + etc. ... (27). 

If y^(^, fji) and higher terms are neglected the sea level is an 
ellipsoid, of which one axis must coincide with the axis of the 
earth’s rotation. And, denoting by e the mean ellipticity of 
meridional sections, e the ellipticity of the equatorial section, 
and i the inclination of one of its axes to OX, we have 


, V(--i: + i0 ^ -,-e. 

r y , e = , 1= J tan 

Jo Jo 




In general, the constants of the exj^ansion (2£); (being the 
mean force of gravity), A^, A^, B^, the seven coefficients in 
<^), the nine in J\{0, <^), and so on; are to be determined 
from sufficiently numerous and wide-spread observations of the 
amount of gravity. 


796. A first approximate result thus derived from pendu- 
lum observations and confirmed by direct geodetic measure- 
ments is that the figure of the sea level approximates to an 
oblate spheroid of revolution of ellipticity about Both 

methods are largely affected by local irregularities of the 
solid surface and underground density, to the elimination of 
which a vast amount of labour and mathematical ability have 
been applied, with as yet but partial success. Considering the 
general disposition of the great tracts of land and ocean, we 
can scarcely doubt that a careful reduction of the numerous 
accurate pendulum observations that ^ave been made in locali- 
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ties widely spread over the earth* will lead to the determina- Kgureof 
tion of an ellipsoid with three unequal axes coinciding more dete^in- 
nearly on the whole with the true figure of the sea level than measure- 
does any spheroid of revolution. Until this has been either ac- gra^ty; 
complisned or proved impracticable it would be vain to specu- 
late as to ^Jie possibility of obtaining, from attainable data, a larities. 
yet closer approximation by introducing a harmonic of the third 
order <}>) in (27)]. But there is little probability that 

harmonics of the fourth or Mgher orders will ever be found 
useful : and local quadratures, after the example first set by 
Maskelyne in his investigation of the disturbance produced by 
Schehailien, must be resorted to in order to interpret irregulari- 
ties in particular districts ; whether of the amount of gravity 
shown by the pendulum ; or of its direction, by geodetic observa- 
tion. We would only remark here, that the problems presented 
by such local quadratures with reference to the amount of gravity 
se’em about as much easier and simpler than those with refer- 
ence to its direction as pendulum observations are than geodetic 
measurements : and that we expect much more knowledge re- 
garding the true figure of the sea level from the former than 
from the latter, although it is to the reduction of the latter 
that the most laborious efforts have been hitherto applied. We 
intend to return to this subject in Vol. ll. in explaining, under 
Properties of Matter, the practical foundation of our knowledge 
of gravity. 

797. Since 1860 geodetic work of extreme importance has Results of 
been in progress, through the co-operation of the Govern- 
ments of Prussia, Russia, Belgium, France, and England, in 
connecting the triangulation of France, Belgium, Russia, and 
Prussia, which were sufficiently advanced for the purpose in 
1860, with the principal triangulation of Great Britain and 


* In 1672, a pendulum conveyed by Eicher from Paris to Cayenne first 
proved variation of gravity. Captain Kater and Dr Thomas Young, Trans. JR. S., 
1819. Biot, Arago, Mathieu, Bouvard, and Chaix ; Base du Systeme Metrique^ 
Vol. III., Paris, 1821. Captain Edward Sabine, E.E., “Experiments to deter- 
mine the Figure of the Earth by means of the Pendulum;” published for the 
Board of Longitude, London, 1825, Stokes “ On the Variation of Gravity at the 
Surface of the Earth.” — Camb, Phil. Trans. ^ 1849. 
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Ireland, which had been finished in 1851. With reference 
to this work, General Sir Henry James made the following 
remarks : — ‘‘ Before the connexion of the triangulation of the 
'' several countries into one great network of triangles extend- 
‘'ing across the entire breadth of Europe, and before' the dis- 
“ CO very of the Electric Telegraph, and its extension from 
'‘Valentia (Ireland) to the Ural mountains, it was not possible' 
to execute so vast an undertaking as that which is now in 
“ progress. It is, in fact, a wotk which could not possibly 
liave been executed at any earlier period in the history 
of the world. The exact determination of the Figure and 
Dimensions of the Earth has been one great aim of astrono- 
‘‘mers for upwards of two, thousand years; and it is fortunate 
that we live in a time when men are so enlightened as to 
combine their labours to effect an object which is desired by all, 

“ and at the first moment when it was possible to execute it.” 

For yet a short time, however, we must be contented with 
the results derived from the recent British Tiiangulation, with 
the separate measurements of arcs of meridians in Peru, France, 
Prussia, Russia, Cape of Good Hope, and India. The investiga- 
tion of the ellipsoid of revolution agreeing most nearly with 
the sea level for the whole Earth, has been carried out with 
remarkable skill by Captain (now Colonel) A. R. Clarke, R.E., 
and published in 1858, b}^ order of the Master General and 
Board of Ordnance (in a volume of 780 pages, quarto, almost 
every page of which is a record of a vast amount of skilled 
labour). The following account of conclusions subsequently 
worked out regarding the ellipsoid of three unequal axes most 
nearly agreeing with the sea level, is extracted from the preface 
to another volume recently published as one item of the great 
w^ork of comparison with the recent triangulations of other 
countries* : — 

‘'In computing the figures of the meridians and of the 

*■ Comparisons of the Standards of Length of England, France, Belgium, 
Prussia, Bussia, India, Australia, made at the Ordnance Survey Office, South- 
ampton, by Captain A. B. Clarke, R.E., under the direction of Colonel Sir 
Henry James, B.E., F.B.S.” Published by order of the Secretary of State for ' 
War, 186C. , 
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3 equator for the several measured arcs of meridian, it is found 
"that .the equator is slightly elliptical, having the longer 
"diameter of the ellipse in 15® 34' east longitude. In the 
"eastern hemisphere the meridian of 15® 34' passes through 
" Spitzbergen, a little to the west of Vienna, through the Straits 
"fcof Messina, through Lake Chad in North Africa, and along 
"the west coast of South Africa, nearly corresponding to the 
"meridian which passes over the greatest quantity of land in 
"that hemisphere. In the wtstern hemisphere this meridian 
passes through Behring’s Straits and through the centre of the 
"Pacific Ocean, nearly corresponding to the meridian which 
"passes over the greatest quantity of water of that hemi- 
" sphere. 


"The meridian of 105® 34' passes near North-East Cape, in 
"the Arctic Sea, through Toriquin and the Straits of Sunda, and 
"corresponds nearly to the meridian which passes over the 
" greatest quantity of land in Asia ; and in the western hemi- 
sphere it passes through Smith’s Sound in Behring’s Straits, 
"near Montreal, near New York, between Cuba and St Do- 
mingo, and close along the western coast of South America, 
" corresponding nearly to the meridian passing over the greatest 
" amount of land in the western hemisphere. 


" These meridians, therefore, correspond with the most re- 
" markable physical features of the globe. 

Feet. 

" The longest semi-diameter of the equatorial ellipse is 20926350 

" And the shortest 20919972 

" Giving an ellipticity of the equator equal to 

"The polar semi-diameter is equal to 20853429 

" The maximum and minimum polar compressions 

2 ^ 5*¥7 ¥13 38 

"Or a mean compression of very closely 3 o¥*” 


Fourteen years later Colonel Clarke corrected this result in 
the following statement*: "But these are affected by the error 

* Extracted from pages 308, 309 of “Geodesy,” by Col. A. R. Clarke, C.B. 
Oxford. 1880. 
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'' in the southern half of the old Indian arc. A revision of thi« 
calculation, based on the revision and extension of the Indian 
‘^geodetic operations, is to be found in the Philosophical Maga* 
'' zine for August, 1878, resulting in the following numbers : 

“ Major semi-axis of equator (long. 8M5' W.) a = 20926629 
Minor semi-axis ,, (long. 81®.45' W.) h — 20925105 

'' Polar semi-axis „ c = 20854477 

“ The meridian of the greater Equatorial diameter thus passes 
“ through Ireland and Portugal, cutting off a small bit of the 
‘'north-west corner of Africa: in the opposite hemisphere this 
"meridian cuts off the north-east corner of Asia and passes 
" through the southern island of New Zealand. The meridian 
" containing the smaller diameter of the equator passes through 
" Ceylon on the one side of the earth and bisects North 
" America on the other. This position of the axes, brought out 
" by a very lengthened calcidation, certainly corresponds very 
" remarkably with the physical features of the globe — the dis- 
" tribution of land and water on its surface. On the ellipsoidal 
" theory of the earth’s figure, small as is the difference between 
"the two diameters of the equator, the Indian longitudes are 
" much better represented than by a surface of revolution. But 
"it is nevertheless necessary to guard against an impression 
" that the figure of the equator is thus definitely fixed, for the 
" available data are far too slender to warrant such a con- 
" elusion.” 


Colonel Clarke had previously found (" Account of Principal 
Triangulation/’ 1858) for the spheroid of revolution most nearly 
representing the same set of observations, the following 


Equatorial semi-axis = a = 20926062 feet, 

Polar semi-axis = o = 20855121 feet ; 

. G 293*98 , .y a-c 

a = ^4^ ’ elhpticity = — 


1 

294-98 ■ 


Colonel Clarke’s twenty- two years’ labours, from 1858 to 
1880, have led him to but very small corrections on these 
results. In his “ Geodesy,” page 31^, he gives the following as 
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the most probable lengths of the polar semi-axis and of the Results of 
mean equatorial semi-axis of the terrestrial spheroid so far as 
all observations and comparisons of standards up to 1880 have 
allowed him to judge : 

a = 20926202, 
c = 20854895, 

and their ratio 


c ^^2*465 

a " 29M65 ’ 


and ejlipticity 



1 

293-465 • 


798. As an instructive example of the elementary principles Hydrostatic 
of fluid equilibrium, useful also because it includes the cele- ?esi^edL 
brated hydrostatic theories of the Tides and of the Figure of 

the Earth, let us suppose a finite mass of heterogeneous incom- 
pressible fluid resting on a rigid spherical shell or solid sphere, 
under the influence of mutual gravitation between its parts, 
and of the attraction of the core supposed symmetrical ; to be 
slightly disturbed by any attracting masses fixed either in the 
core or outside the fluid ; or by force fulfilling any imaginable 
law, subject only to the condition of being a conservative 
system ; or by centrifugal force. 

First we may remark that were there no such disturbance 
the fluid would come to rest in concentric spherical layers 
of equal density, the denser towards the centre, this last 
characteristic being essential for stability, which clearly re- 
quires also that the mean density of the nucleus shall be not 
less than that of the layer of fluid next it ; otherwise the 
nucleus would, as it were, float up from the centre, and either 
protrude from the fluid at one side, or (if the gradation of 
density in the fluid permits) rest in an eccentric position 
completely covered ; fulfilling in either case the condition 

762) for the equilibrium of floating bodies. 

799. The effect of the disturbing force could be at once No mutual 
found without analysis if there were no mutual attraction tween por- 

1 -n T tions of the 

between parts of the fluid, so that the influence tending to liquid, 
maintain the spherical figure would be simply the symmetrical 
attraction of the fixed core. For the equipotential surfiices 
VOL. II. 24 
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would then be known (as directly implied by the data), and 
the fluid would (§ 7o0) arrange itself in layers of equal density 
defined by these surfaces. 

800 . Examples ()/*§ 799. — ( 1 ) Let the nucleus act according 
to the Newtonian law, and be either .symmetrical round a point, 
or (§ 534) of any other centrobaric arrangement ; and let the 
disturbing influence be centrifugal force. In Vol. II. it will 
appear, as an immediate consequence from the elementary 
dynamics of circular motion, that kinetic equilibrium under 
centrifugal force in any case will be the same as the static 
equilibrium of the imaginary case in which the same material 
system is at rest, but influenced by repulsion from the axis in 
simple proportion to distance. 


If c: be the axis of rotation, and m the angular velocity, the 
comjKonents of centrifugal force (§§ 32, 35a, 259) are and 
Hence the potential of centrifugal force is 

W {x^ + 


re(..k..'ned from zero at the axis, and increasing in the direction 
of the force, to suit the convention (§ 485) adopted toi gravita- 
tion potentials. The expression for the latter (g§ 491, 534 a.) is 

^ 

J {x^ + y- + *■) 

where E denotes the mass of the nucleus, and the co-ordinates 
are reckoned from its centre of gravity (§ 534) as origin. Hence 
the “level surfaces” (§ 487) external to the nucleus are given 
by assigning different values to G in the equation 


E 


J{x‘ + f + 2 *) 


+ + f) = c 


( 1 ). 


and the fluid when in equilibrium has its layers of equal density 
and its outer boundary in these surfaces. If p be the density 
and p the pressure of the fluid at any point of one of these 
surfaces, regarded as functions of 0, we have (§ 760) 


P = !pdC ( 2 ). 

Unless the fluid be held in by pressure applied to its bounding 
surface, the potential must increase from this surface inwards 
(or the resultant of gravity and centrifugal force, perpendicular 
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as it is to the surface, must be directed inwards), as negative No mutual 
pressure is practically inadmissible. The student will find it an twmi^por- 
interesting exercise to examine the circumstances under which 
this condition is satisfied ; which may be best done by tracing Example<i), 
the meridional curves of the series of surfaces of revolution 
given by equation (1). 

Let a and a (1 — e) be the equatorial and polar semidiameters 
of one of these surfaces. We have 




-f ^o,V - 


E 


whence 




Ejcb^ + 2 -r m 


•(^)> 


where m denotes the ratio of centrifugal force at its equator 
to pure gravity at the same place. (Contrast approximately 
agreeing definition of m, § 794-.) From 'his, and the form of 
(1), we infer that 

• 

801 . In the case of but small deviation from the spherical 
figure, which alone is interesting with reference to the theory 
of the earth’s figure and internal constitution, the bounding 
surface and the surfaces of equal density and pressure are very 
approximately oblate ellipsoids of revolution*; the ellipticityf 
of each amounting to half the ratio of centrifugal force in its 
largest circle (or its equator, as we may call this) to gravity at 
any part of it ; and therefore increasing from surface to surface 
outwards as the cubes of the radii. The earth’s equatorial radius 
is 20,926,000 feet, and its period (the sidereal day) is 86,164 
mean solar seconds. Hence in British absolute measure (§ 225) 
the equatorial centrifugal force is (27r/86164)^ x 20926000, or 
*ill27. This is of 32T58 ; or very approximately the same 
fraction of the mean value, 32*14, of apparent gravity over the 


* Airy has estimated 24 feet as the greatest deviation of the bounding surface 
from a true ellipsoid. 

^ t A term used by writers on the figure of the earth to denote the ratio which 
the difference between the two axes of an ellipse bears to the greater. Thus if e 
be the elliptic! ty, and « the eccentricity of an ellipse, we have e" = 2e - e^. Hence, 
when the eccentricity is small, the ellipticity is a small quantity of the same 
order as its square ; and the former is equal approximately to the square root of 
twice the latter* 


24—2 
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No^mutuai whole sea level, as determined by pendulum observations. It is 
tinTof the [§ 794 (20)] or approximately of the mean 

liquid: value of true gravitation. Hence, if the solid earth attracted 

Example (1). ^ point of matter collected at its centre, and there 

were no mutual attraction between the different parts of the sea, 
the sea level would be a spheroid of ellipticity In reality, 

we find by observation that the ellipticity of the spheroid 
of revolution which most nearly coincides with the sea level is 
about The difference between these, or must therefore 
be due to deviation of true terrestrial gravity from spherical 
S3unmetry. Thus the whole ellipticity of the actual sea level, 
may be regarded as made up of two nearly equal parts; 
of which the greater, is due directly to centrifugal force, 
and the less, to deviation of solid and fluid attracting 
mass from any truly centrobaric arrangement (§ 534). A little 
later (§§ 820, 821) we shall return to this subject. 

802 . The amount of the resultant force perpendicular to 
the free sarface of the fluid is to be found by compounding 
the force of gravity towards tlie centre with the centrifugal 
force from the axis; and it will be aj^proxin lately equal ’ to 
the former diminished by^ tlie component of the latter along 
it, when the deviation from spherical figure is small. And 
as the former component varies inversely as the square of 
the distance from the centre, it will be less at the equator than 
at either pole by an amount which bears to either a ratio equal 
to twice the ellipticity, and wdiich is therefore (§ 801) equal to 
the centrifugal force at the equator. Thus in the present case 
half the difference of apparent gravity between poles and 
equator is due to centrifugal force, and half to difference of 
distance from the centre. The gradual increase of apparent 
gravity in going from the equator towards either pole is readily 
proved to be as the square of the sine of the latitude ; and 
this not only for the result of the two combined causes off 
variation, but for each separately. These conclusions needed, 
however, no fresh proof, as they constitute merely the appli- 
cations to the present case, of Clairaut s general theorems, 
demonstrated above (§ 795). 
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Analytically, for the present case, we have 

dV 


if g denote the magnitude of the resultant jf true gra\lty and 


No mutaal 
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centrifugal force : 

dr 


[as in App. B. (p^)] rate of variation per 


unit of length along the direction of r ; and V the first member 
of (1) § 800. Hence taking and + jf — r^sin^^ we 

find 

pr = ^ - coV sin' 6 (4). 


On ihe hypothesis of infinitely small deviation from spherical 
figure this becomes 


9 ^ 



— 2t4) — a>"a sin^ Q 


(5), 


if in the small term we put a, a constant, for r, and in the ether 
r = a(l -hu). By (1) we see that E!C is an approximate value 
for r, and if w’e take it for a, that equation gives 

u = (G); 

and using this in (5) we have 



where, as before, m denotes the i-atio of equatorial centrifugal 
force to gravity. 

803. Examples of § 799 continued. — (2) The nucleus being Examp]e(2). 
held fixed, let the fluid on its surface be disturbed by the 
attraction of a very distant fixed body attracting according to 
the Newtonian law. 


Let r, 6 be polar co-ordinates referred to the centre of gravity of 
the nucleus as origin, and the line fr.)m it to the disturbing body 
as axis ; let, as before, E be the mass of the nucleus ; lastly, let 
M be the mass of the disturbing body, and D its distance from 
the centre of the nucleus. The equipotentials have for their 
equation 

r J{D^ - 2rD cos 0 + r') 
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■which, for very small values of rjD, becomes approximately 

^ ^ (l + ^ cos 6l) = const (9). 

And if, as in corresponding cases, we put r = a (1 +u) where a 
is a proper mean value of r, and u is an infinitely small 
numerical quantity, a function of we have finally 

“ = 

This is a spherical surface harmonic of the first order, and 
(§ 789) we conclude that 

The fluid will not be disturbed from its spherical figure, but 
it will be drawn towards the disturbing body, so that its centre 
will deviate from the centre of the nucleus by a distance 
amounting to the same fraction of its radius that the attraction 
of the disturbing body is of the attraction of the nucleus, on a 
point of the fluid surface. This fraction is about (being 

— ^ — ) for the earth and moon, as the moon’s distance is 60 
times the earth’s radius, and her mass about of the earth’s. 
Hence if the earth’s and moon’s centres were both held fixed, 
there would be a rise of level at the point nearest to the moon, 
and fall of level at the point farthest from it, each equal to 
^be earth’s radius, or about 70 feet. Or if we con- 
sider the sun’s influence under similar unreal circumstances, 
we should have a tide of 12,500 feet rise on the side next 
the sun, and the same fall on the remote side ; 12,500 feet 
being (8 812) of the sun’s distance. 

o NCf ^39 1x10* 


804 , Examples of § 799 continued, — (3) With other con- 
ditions, the same as in Example (2) (§ 803), let one-half of 
the disturbing body be removed and fixed at an equal distance 
on the other side. 


The equation of the equipotentials, instead of (8), is now 


E 




1 


V(i^'-2rZ>cos^+r") 


^ ^ =const....(ll), 
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and as the first approximation when rjD is treated as very small, 
instead of (9), we now have 

^ ^ [^1 + J (3 cos' «> - 1)J = const. (12) ; 

whence finally, instead of (10), with corresponding notation ^ 

u = 1^3(3 cos' «-l) (13). 


lliis is a spherical surface harmonic of the second order, and 
Ma^jEB^ is one-quarter of the ratio that the diflference between 
the moon's attraction on the nearest and farthest parts of the 
earth bears to terrestrial gravity. Hence 

The f!ttid will be disturbed into a prolate ellipsoidal figure, 
with its long axis m the line joining the two disturbing bodies, 
and with ellipticity (§ 801) equal to f of the ratio which the 
difference of attractions of one of the disturbing bodies on the 
nearest and farthest points of the fluid surface bears to the 
surface value of the attraction of the nucleus. If, for instance, 
we suppose the moon to be divided into two halves, and these 
to be fixed on opposite sides of the earth at distances each 
equal to the true moon’s mean distance ; the ellipticity of the 
disturbed terrestrial level would be — > or ~-A ., — • 
and the whole difference of levels from highest to lowest would 
be about If feet. We shall have much occasion to use this 
hypothesis in Vol. II., in investigating the kinetic theory of the 
tides. We shall see that it (or some equivalent hypothesis) is 
essential to Laplace’s evanescent diurnal tide on a solid spheroid 
covered with an ocean of equal depth all over; but, on the 
other hand, we find presently (§ 814) that it agrees very closely 
with the actual circumstances so far as the foundation of the 
equilibrium theory is concerned. 

805. The rise and fall of water at any point of the earth’s 
surface we may now imagine to be produced by making these 
two disturbing bodies (moon and anti-moon, as we may call 
them for brevity) revolve round the earth’s axis once in the 
lunar twenty-four hours, with the line joining them always 
inclined to the earth’s equator at an angle equal to the moon’s 
declination. If we assume that at each moment the condition 
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of hydrostatic equilibrium is fulfilled ; that is, that the free 
liquid surface is perpendicular to the resultant force, we have 
what is called the equilibrium theory of the tides.” 

Correction 806. But even on this equilibrium theory, the rise ^and fall 

of ordinary pit • i-X 

egmi^riuu] at any place would be most lalsely estimated if we were to take it, 
as we believe it is generally taken, as the rise and fall of the sphe- 
roidal surface that would bound the water, if none of the solid 
were uncovered, that is if there no dry land. To illustrate 
this statement, let us imagine the ocean to consist of two circular 
lakes A and B, with their centres 90® asunder, on the equator, 
communicating with one another by a narrow channeh In the 
course of the lunar twelve hours the level of lake A would 
rise and fall, and that of fake B would simultaneously fall and 
rise to maximum deviations from the mean level. If the areas 
of the two lakes were equal, their tides would be equal, and 
would amount in each to about one foot above and below the 
mean level ; but not so if the areas were unequal. Thus, if 
the diamt f-er of the greater be but a small part of the earth^s 
quadrant, not more, let us say, than 20®, the amounts of the 
rise and fall in the two lakes will be inversely as their areas 
to a close degree of approximation. For instance, if the dia- 
meter of B be only of the diameter of ^4, the rise and fall in 
A will be scarcely sensible ; while the level of B will rise and 
fall by about two feet above and below its mean ; just as the 
rise and fall of level in the open cistern of an ordinary barometer 
is but small in comparison with the fall and rise in the tube. 
Or, if there be two large lakes A, A' at opposite extremities 
of an equatorial diameter, two small ones B, B' at two ends of 
the equatorial diameter perpendicular to that one, and two 
small lakes (7, G' at two ends of the polar axis, the largest of 
these being, however, still supposed to extend over only a 
small portion of the earth’s surface, and if all the six lakes 
communicate with one another freely by canals, or under- 
ground tunnels, there will be no sensible tides in the lakes 
A and A' ; in B and B there will be high water of two feet 
above mean level when the moon or anti-moon is in the 
zenith, and low water of two feet below mean when the moon 
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is rising or setting ; and at C and C' there will be tides rising 
and falling one foot above and below the mean, the time of 
low water being when the moon or anti-moon is in the meri- 
dian of Ay and of high water when they are on the horizon .nf 
A, The cimplest way of viewing the case for the extreme 
circumstances we have now supposed is, first, to consider the 
spheroidal surface that would bound the water at any moment if 
there were no dry land, and then to imagine this whole surface 
lowered or elevated all round, by the amount re^quired to keep 
the height at A and A' invariable. Or, if there be a large lake 
A in any part of the earth, communicating by canals with small 
lakes various parts of the surface, having in all but a 

small area of water in comparison with that of A, the tides in 
any of these will be found by drawing a spheroidal surface of 
two feet difference between greatest and least radius, and, with- 
out disturbing its centre, adding or subtracting from each radius 
such a length, the same for all, as shall do away with rise or 
fall at A. 

807 . It is. however, only on the extreme supposition we have 
made, of one water aroa much larger than all the others taken 
together, but yet itself covering only a small part of the 
earth’s curvature, that the rise and fall can be nearly altogether 
obliterated in one place, and doubled in another place. Taking 
the actual figure of the earthV sea-surface, we must subtract a 
certain positive or negative quantity a from the radius of the 
spheroid that would bound the water were there no land, a 
being determined according to the moon’s position, to fulfil 
the condition that the volume of the water remains unchanged, 
and being the same for all points of the sea.'^t the same time. 
Many writers on the tides have overlooked this obvious and 
essential principle; indeed we know of only one sentence* 
hitherto published in which any consciousness of it has been 
indicated. 

808 . The quantity a is a spherical harmonic function of the 
second order of the moon’s declination, and hour-angle from 
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* -'Eigidity of the Earth,” § 17, Phil. Trans., 1862. 
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The tides, the meridiau of Greenwich, of w’hich the five constant co- 

mutual 

attraction of eflficients depend merely on the configuration of land and water, 

the waters ^ ° i i * 

neglected: and may be easily estimated by necessarily very laborious 

corrected i i / i . * 

egm^rium quadratures, with data derived from the inspection of good 
maps. 

Let as above 

r = a{l +u) (14) 

be the spheroidal level that would bound the water were the 
whole solid covered ; u being given by (13) of § 804. Thus, if 
JJda- denote surface integration over the whole surface of the 
sea, aJJ udcr expresses the addition (positive or negative as the 
case may be) to the volume required to let the water stand to 
this level everywhere. To do away with this change of volume 
we must suppose the “^^hole surface lowered equally all over by 
such an amount a (positive or negative) as shall equalize it. 
Hence if O be the whole area of sea, we have 

“ = ( 15 )." 


And 


: = r- a = a|l '^dcr^^ 


il6), 


is the corrected equation of the level spheroidal surface of the 
sea. Hence 


( 1 ").- 


where h denotes the height of the surface of the sea at any 
place, above the level which it would take if the moon were 
removed. 


To work out (15), put fir.st, for brevity, 

Ma^ 


^ ED^ 


.(18); 


and (13) becomes 

= T (cos^ 0 - ^) (19), 

Kow let I and A be the geographical latitude and west longitude 
of the place, to which u corresponds ; and and 8 the moon’s 
hour-angle from the meridian of Greenwich, and her declination. 
As ^ is the moon’s zenith distance at the place (corrected for 
2 >arallax), we have by spherical trigonometry 

cos B = cos I cos 8 cos (A — -f sin / sin 8 ; 
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which gives 


Bco^^d - 1 = fcos2Zcos25cos2(,\ - ^)4-6sin/cos^sm5cos5cos(X - ^) + ^(3siii-5 - l](3sm^Z 

Hence if we take 13, M, (B to denote five integrals depend- 
ing solely on the distribution of land and water, e:?Lpressed* as 


follows ; 


The tides, 
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^ = -ff cos^ / cos 2Xd(Ty ^ / sin 2 At/cr, ^eory. 

i* 12 

1 . 1 'f 

- 1 fain I cos I cos \d(T^ 13 - Jf sin I cos I sin Ac/cr, . _ . _ 

' 12 )■ ( 21 )*, 

& = lr fj (3 sinU~ l)d<r, 

whereof course do- = cos JdldX, 
we have 

I ^^j'judo- = ^ar { fcos^o(^cog2'/' -f 13sin2i/^) -t- Gsin5cos5(C''osi/' + I3sin\//) + |<|?(3sir 25 — 1) } (22). 


• This, used with (19) and (20) in (17), gives for the full conclu- 
sion of the equilibrium theory, 

h = ^ar [(cos® I cos 2X-^) cos 2ip + (cos® I sin 2 A - 13) sin 2 j/^] cos® 5 
+ 2aT[(sin / cos /cos A - ^)cosi//+ (sin /cos/sinA— S)sini/^]sin8cosS ► (^^)> 

+ \aT (3 sin® / - 1 ~ ^) (3 sin® S - 1) 

in which the value ot t maybe taken fi*om (18) for either the moon 
or the sun : and 8 and if/ denote the declination and Greenwich 
hour-angle of one body or the other, as the case may be. In this 
expression we may of course reduce the semi-diurnal terms to 
the form A cos ('Iij/ — e), and the diurnal terms to A' cos (if/ — c'). 
Interpreting it we have the following conclusions : — 

809. In the equilibrium theory, the whole deviation of 
level at any point of the sea, due to sun and moon acting jointly, 
is expressed by the sum of six terms, three for each body. 

(1) The lunar or solar semi-diurnal tide rises and falls in Lunar or 

^ ^ ^ ^ ^ solar semi- 

proportion to a simple harmonic function of the hour-angle from diumaitide. 
the meridian of Greenwich, having for period ISO*^ of this angle (or 
in time, half the period of revolution relatively to the earth), with 
amplitude varying in simple proportion to the square of the cosine 
of the declination of the sun or moon, as the case may be, and 
therefore varying but slowly, and through but a small entire range. 

* [The numerical values of these integrals will be found in a paper by G. H. 

Darwin and H. H. Turner in G, H. Darwin’s Scientific Papers, Yol. i, p. 323. 

G. H. D.] 
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Liinarpr (2) The lunar or solar diurnal tide varies as a simple bar- 

solar di- ' ' ^ ^ 

urnai tide, monic function of the hour-angle of period 860^ or twenty-four 
hours, with an amplitude varying always in simple proportion 
to the sine of twice the declination of the disturbing body, and 
therefore changing from positive maximum to negative, and 
back to positive maximum again, in the tropical* period of 
either body in its orbit. 


(3) The lunar fortnightly or solar semi-annual tide is a 
variation on the average height j of water for the twenty-four 
lunar or the twenty-four solar hours, according to which therd 


is on the whole higher water all round the equator and lower 
water at the poles, when the declination of the disturb Mg body 
is zero, than when it has any other value, whether north or 
south ; and maximum height of water at the poles and lowest 
at the equator, when the declination has a maximum, whether 


noith or south. Gauss’s way of stating the circumstances on 
which ‘‘ secular ” variations in the elements of the solar system 
depend is convenient for explaining this component of the 
Expiana- tides. Let the two parallel circles of the north and south de- 

tion of the . ^ , . 

lunar fort- cliuation of the iiioon and anti-moon at any time be crawn on 

nightly and ^ 

solar semi- a geocentric spherical surface of radius equal to the moon’s 

annual _ ^ ^ . . . 

tides. distance, and let the moon’s mass be divided into two halves 


and distributed over them. As these circles of matter gradu- 
ally vary each fortnight from the equator to maximum declina- 
tion and back, the tide produced will be solely and exactly the 
“ fortnightly tide.” 


810. In the equilibrium theory as ordinarily stated there 
is, at any place, high water of the semi-diurnal tide, precisely 
when the disturbing body, or its opposite, crosses the meridian 
of the place ; and its amount is the same for all places in the 
same latitude ; being as the square of the cosine of the latitude, 
and therefore, for instance, zero at each pole. In the corrected 


* The tropical period is the interval of time between two successive passages 
of the tide-raising body through the intersection of the orbit of that body 
with the earth’s equator. In the case of the moon this intersection oscillates, 
with a period of 18^ years, through about 13® on each side of the first point of 
Aries, as the nodes of the lunar orbit regrede on the ecliptic (see § 848 a, h). In 
the case of the sun the intersection is the fi^st point of Aries, which completes 
its revolution in 26,000 years. 
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810.] 

equilibrium theory, high water of the semi-diurnal tides may The tides, 
be either before or after the disturbing body crosses the meri- tTMtiourf 
dian, and its amount is very different at different places in the neglected: 
same latitude, and is certainly not zero at the poles. In tjae i^ortance 

-Ti- ^ • *7 1 of correction 

ordinarily stated equilibrium theory, tliere is, precioeLy at the for equui-^ 
time of transit, high water or low water of diurnal tides in nightly and 

. . . . semi-an- 

the northern hemisphere, according as the declination of the nuai tides, 
body is north or south ; and the amount of the rise and fall is 
in simple proportion to the sir^e of twice the latitude, and there- 
fore vanishes both at the equator and at the poles. In the 
corrected equilibrium theoiy, the time of high water may be 
consideii^j^y either before or after the time of transit, and its 
amount is very different for different places in the same lati- 
tude, and certainly not zero at either equator or poles. In the 
ordinary statement there is no lunar fortnightly or solar 
semi-annual tide in the latitude 35*^ 16' (being sin”^ l/V'^)^ 
a^id its amount in other latitudes is in proportion to the devia- 
tions of the squares of their sines from the value In the 
c.orrected equilibrium theory each of these tides is still the 
same in the same latitude, and vanishes at a certain latitude, 
and in any other latitudes is ia sim.ple proportion to the devia- 
tion of the squares of their sines from the square of the sine of 
that; latitude. But the latitude where there is no tide of this Latitude of 

0VJiIlGSO0Ilt 

class is not sin'^ (1/V3), but sin"*[>/^ (1 + ($)], where ® is the 
mean value of SsiffZ— 1, for the whole covered portion of the 
earth's surface. In § 848 c below will be found an appi\>ximate 
evaluation hy means of quadratures of the function (S, contri- 
buted by Mr G. H. Darwin to our present edition. The uncer- 
tainty as to the amount of land in arctic and antarctic regions 
renders this evaluation to some degree uncertain ; but it appears 
in any caise that the distribution of the land is such that the 
latitude of evanescent fortnightly tide is only removed a little 
to the southward of 35® 16'. The computations show, in fact, 
that this latitude is 34®40' or 34®57', according to the assumptions 
made as to the amount of polar land. 

As the fortnightly and semi-annual tides have been supposed 
by Laplace* to follow in reality very nearly the equilibrium 
* In our first edition we undoubtingly accepted this supposition. 
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law, the determination of the latitude of evanescent tide is a 
matter of great importance. It is moreover possible that careful 
determination of the fortnightly and semi-annual tides at various 
places, by proper reductions of tidal observations, may contribute 
to geographical knowledge as to the amount of water-surface in 
the hitherto unexplored districts of the arctic and antarctic 
regions. 

811 . The superposition of the solar semi-diurnal on the 
lunar semi-diurnal tide has begn investigated above as an 
example of the composition of simple harmonic motions; and 
the well-known phenomena of the “ spring- tides ” and ‘'neap- 
tides,” and of the “priming” and “lagging” have* .keen ex- 
plaineO (§ 60). We have now only to add that observation 
proves the proportionate difference between the heights of 

' spring-tides and neap-tides, and the amount of the priming 
and lagging to be much less in nearly all places than estimated 
in § 60 on the equilibrium hypothesis ; and to be very differe^it 
in different places, as ^^e shall see in Y<>\, ii. is to be expected 
fiorn the kinetic theory. „ 

812 . The potential expressions used in the pieceding in- 
vestigation are immediately applicable (§§ 802, 804) to the 
hydrostatic problem. But it is interesting, in connexion with 
til is problem, to know the amount of the disturbing influence on 
apparent terrestrial gravity at any point of the earth’s surface, 
produced by the lunar or solar influence. We shall therefore 
— still using the convenient static hypothesis of § 804 — deter- 
mine convenient rectangular components for the resultant of the 
two approximately equal and approximately opposed disturbing 
forces assumed in that hypothesis. First, we may remark that 
these two forces are approximately equivalent to a force equal 
to their difference in a line parallel to that of the centres of 
the eai’th and moon, compounded with another perpendicular 
to this and equal to twice either, multiplied into the cosine 
of half the obtuse angle between them. 

Resolving each of these components along and perpendicular 
to the earth’s radius through the place, we obtain, by a process, 
the details of which we leave to the student, the following results, 
which are stated in gravitation measure : — 
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Vertical component, upwards = ^^3 (3 cos* ^ - 1) . . . (23'). 




Horizontal component = 3-^r^3sin 6 cos 0 (23"). 


Lunar and 
solar in- 
fluence on 
apparent 
terrestrial 
gravity. 


The^ direction of this component is towards the point of the 
horizon under the moon or anti-moon. 


Here, as before, E and M denote the masses of the earth and 
moon, D the distance between their centres, a the earth’s radius, 
and 9 the moon’s zenith distance. 

Or from the potential expression (12), by taking ^ and 

we the same expressions. 

The vertical component is a maximum upwards, amounting to 


2 




when the moon or anti-moon is overhead; and a maximum 
downwards, of half this amount when the moon is on the 
horizon. The horizontal component has its maximum value, 
amounting to ^ Ma^ 

^ ED^^ 

when the moon or anti-moon is 4 ( 5 ^ above the horizon. Similar 
statements, of course, apply to the disturbing influence of the 
sun. For the moon Ma^fED^ is probably equal to about 

or ^ : and the corresponding measure of the sun’s influ- 

ence is very approximately ( 1 +X)(| 0 /^, or 5 ^::^. 
Hence, considering the lunar influence alone, we see that as 
the moon or anti- moon rises from the horizon to the zenith 
of any place on the earth’s surface, the intensity of apparent 
gravity is diminished by about one six-millionth part : and 
the plummet is deflected towards the point of the horizon 
under either moon or anti-moon, by an amount which reaches 
its maximum value, — of the unit angle (57^*3), or 0" 017, 
when the altitude is 45^. The corresponding effects of solar 
influence are of nearly half these amounts. 


Taking the notation of § 808 above, and using the expansion 
(20) of that section, we find, from (23') of the present, the ver- 
tical component equal to 
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f {cos®Z cos^S cos 2{\ — \f/) + sin 21 sin 28 cos (X - \f/) 

+ - sin®Z) (1-3 siir 8)} (23'"). 

Further remarking that dhjadl and dhjaco^ldk are respectively 
the northward and the westward components of the inclina- 
tion of the apparent level to the undisturbed terrestrial level, 
we find for the southward and eastward components of the 
horizontal disturbing force, as given in (23"), the following 
expressions : ^ 

Southward component = f ^^ 3 {sin 21 cos^ 8 cos 2 (A — i/^) 

— 2 cos 21 sin 28 cos (A — 

+ sin 2Z (1 - 3 sin“ 8)} . . ; 

3fa^ 

Eastward component = -| I cos® 8 sin 2 (A — «//) 

+ sin I sin 28 sin (A — \j/)] (^^0- 

These formulas show how in any one place the three cam- 
pon cuts of the lunar disturbing force vary in the course of the 
21 lioiTrs. They also show how the lunar disturbing force varies 
in longer periods when we consider them as affected by the 
monthly and fortnightly variations of 8 and D. 


Actual tide- 813. Examples of § 799 continued. — (4) All other circum- 

gencrating .. . 

influence staiices remaining as in Example (2), let tiie two bodies be not 

by method fixed, but let them revolve in circles round their common centre 

ofccii'in- 

fugaitorce. of inertia, with angular velocity such as to give centrifugal force 
to each just equal to the force of attraction it experiences 
from the other. 

Let the centre of the earth be origin of rectangular co-ordi- 
nates, and OZ perpendicular to the plane of the circular orbits, 
and let OX revolve so as always to j>ass through the disturbing 
boily. Then, dealing with centrifugal force by the potential 
method, as in § 794; for the equation of a series of surfaces 
cutting everywhere at right angles the resultant of gravity and 
centrifugal force, we find 


V(' 


A 

7/““ + Z^) 


M 

j[(i)-xy + f + z^] 


-H [(6 - xf -f 2 /®] = const. ...(24), 


where co denotes the angular velocity of revolution of the two 
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bodies round their centre of inertia, and h the distance of this 

point from the earth’s centre ; — so that mfluenoe 

* explained 

Turjji by method 

J[f(Z>-6)<o“=^W=-^ (25)., 

Hence ^-o>=bx = 0. 

Using this in (24), expanded and dealt with generally as (12) in 
Example (3), we see that the first power of x disappears; and, 
omitting terms of third and4iigher orders, we have 

EM( 3a?^-r"\ 2/ 2 2\ j. /o^\ 

7 + ^ ~"W~ ) ^ ^ 

To reduce to spherical harmonics we have 




andgifcherefore, as according to our approximation we may take 
o)V for a)V^, we find [with the notation r = a (1 + w) as above] 


- Ma 2tx“ - 


or in polar co-ordinates - ....(27), 

W = 1 (3 sin'e cos> - 1) - i (3 cos' 61 - 1) 

" MjU Jh 

This interpreted is as follows : — 


The surface of the fluid will be a harmonic spheroid of the 
second order [that is (§ 799), an ellipsoid difiPering infinitely 
little from a sphere], which we may regard as the result of 
superimposing on the deviation from spherical figure investi- 
gated in § 804, another consisting of the oblateness due to 
rotation with angular velocity cu round the diameter of the 
earth perpendicular to the plane of the disturbing body's orbit. 
We may prove this conclusion with less analysis by supposing 
the purely static system of Example (3), § 804, to rotate, first 
with any angular velocity &>, about any diameter of the earth 
perpendicular to the straight line through its centre in which the 
disturbing bodies are placed ; and then supposing this angular 
velocity to be just such as to balance the earth’s attraction on 
the two disturbing bodies, so that the holdfasts by which they 
were prevented from failing together may be removed. Then 
VOL. II. 25 
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it is easy to prove a\ia]ytically that the effect of carrying either 
disturbing body tu the other side, and uniting the two, will be 
a small disturbance in the figure of the fluid amounting to 
some such fraction of the deviation investigated in Example (3) 
as the earth’s radius is of the distance of the disturber. ’ 

814 . The purely static system of Example (3), § 804, gives 
the simplest and most symmetrical foundation for the equili- 
brium theory of the tides. The kinetic system of Example (4), 
§ 813, is indeed not less purely static in relation to the eaith, 
and is equivalent to an absolutely static ideal system in 
which repulsion from a fixed line, on parts of a non-'»"otating 
sysrem, is substituted for the centrifrugal force of the rotating 
system. But it is complicated by the oblateness of the fluid 
surface produced by the centrifugal force or repulsion. This 
oblateness, as we see from § 801, would amount to as much as 
rh’ 4T5V60’ eilipticity.of 

the lunar tide-level for the case of the earth and moon. For the 
case of the sun and earth, the corresponding oblateness amounts 
i. so’ 7 -^ 000 ’ wUchis only of tbe eili*p- 
ticity of the solar tide-level. 

Augmenta- 815 . When the attraction of the fluid on itself is sensible, 
by the disturbance in its distribution gives rise to a counter dis- 
of the turbing force, which increases the deviation of the equipotential 

water. surfaces from the spherical figure. The general hydrostatic 

condition (§ 750), that the surfaces of equal density must still 
coincide with the equipotential surfaces, thus presents an 
exquisite problem for analysis. It has called forth from 
Legendre and Laplace an entirely new method in mathematics, 
commonly referred to by English writers as “ Laplace’s co- 
efficients” or ‘‘ Laplace’s Functions.” The principles have been 
sketched in the second Appendix to our first Chapter; from 
which, and the supplementary investigations of §§ 778 — 784, 
we have immediately the solution for the case in which the 
fluid is homogeneous, and tbe nucleus (being a solid* of any 
shape, and with any internal distribution of density, subject 
only to the condition that its external equipotential surfaces 
are approximately spherical) is wljolly covered by the fluid. 
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The conclusion may be expr essed thus: — Let p be the density Augmentn- 

^ tionofresult 

01 the fluid, and let cr be the mean density of the whole mass* byrnut^i 

n , . . gravitation 

fluid and solid. Let the disturbing influence, whether of ex- 
ternal disturbing masses, or of deviation from accurate centto- water, 
baric (§ 534) quality in the nucleus, or of centrifugal force due 
to rotation, be such as to render the level surfaces harmonic 
spheroids of order when the liquid is kept spherical by a 
rigid envelope in contact with it all round. The tendency of 
the liquid surface would be take the figure of that one of 
these level surfaces which encloses the proper volume. But 
in changing its figure, if permitted, it would increase the 
deviatioii" this level surface. The result is, that if the con- 
straint be removed the level surface of the liquid in equilibrium 

will be a harmonic spheroid of the same type, but of deviation ' 

from sphericity augmented in the ratio of 1 to 1 — , • 

^ ® (Lh + l)«r 

Let the j)otential at or infinitely near the bounding surface be 


when the liquid is held fixed in shape by a spherical envelope, of 
radius a. In these circumstances 


is the equipotential surface of mean radius a. If now the bound- 
ing surface of the liquid be changed into the harmonic spheroid 

r^a{\^cS) (3), 

the potential (§ 543) becomes changed from (1) to 

4T(ra’ + q + c? / 1\ 


and the equipotential surface becomes, instead of (2) 


» 


Hence that the boundary (3) -of the liquid may be an equi- 
jpotential surface, 

3 

25—2 
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whence 


47rca^ ~ • 


2/+I 


2t + 1 3p 

(2i+l)o- 


( 6 ). 


Using this in (5), and comparing with (2), we prove the pro- 
position. 

* 

Stability of 816. The instability of the equilibrium in the case in which 
the ocean, density of the liquid is greater than the mean density 

of the nucleus, already remarked as obvious, is curiously 
illustrated by the present^ result, which makes the” deviation 
infinite when i = 1 and a = p. But it is to be remarked that 
it is only when the nucleus is completely covered that the 
equilibrium would be unstable. However dense the liquid 
may bo, there would be a position of stable equilibrium with 
the nucleus protruding on one side ; and if the bulk of the 
liquid is either very small or very large in comparison with 
that of the nucleus, the figure of its surface in stable equi- 
librium would clearly be approximately spherical. Excluding 
the case of a very small nucleus of lighter specific gravity 
(which would become merely a small floating body, not sensibly 
disturbing the general liquid globe), w^e have, in the apparently 
simple question of finding the distribution of a small quantity 
of liquid on a symmetrical spherical nucleus of less specific 
gravity, a problem which utterly transcends mathematical skill 
as hitherto developed. 


Augmenta- 817. The cases of i — 1 and give the solutions of the 

results by Several examples of § 799 when the attraction of the liquid on 
gravitation itself is taken into account, provided always that the solid is 

of Wflit/Cl* Cfil* 

cuiatedfor wholly covered. Thus [8 799, Example (2)1 if the earth and 

examples of ^ i i 1 i i 

§ 709 . moon were stopped, and each held fixed, the moons attraction 
would still not disturb the figure of the liquid surface from 
true sphericity, but would render it eccentric to a^reater 
degree than that previously estimated, in the ratio of 1 to 
1 — p/cr. For the earth and sea, p/cr is about and therefore 
the spherical liquid surface would ha drawn towards the moon 
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by 86 feet, being 1|- times the amount of 70 feet found above Augmenta- 
(§ 803). And the tidal and rotaticnal ellipticities estimated resui^by 
in §& 800, 814, 813 would, on the supposition* now made, be gravitation 
augmented each in the ratio of 1 to 1 — ^a/p; or oo to 49.-ior cuiated for 
the ca^e oi earth and sea. The true correction for the attrac-§709. 
tion of the sea, as altered by tidal disturbance, in the equi- 
librium theory of the tides, must be less than this, as the liquid 
does not cover more than about f of the surface of the solid. 

To find the true amount of Uie correction for the attraction of 
the water on itself when the whole solid is not covered, even 
if the arrangement of dry land and sea were quite symmetrical 
and sRx/\e (as, for instance, one circular continent and the rest 
ocean), beTongs to the transcendental })roblem already referred 
to (§ 816). It can be practically solved, if necessary, by 
laborious methods of approximation; but the irregular bound- 
aries of land and sea on the real earth, and the true kinetic 
oircumst^^nces of the tides, are such as to render nugatory any 
labours of this kind. Happily the error committed in neglect- 
ing altogether the correction in question may be safely esti- 
mated as less than 10 per cent. being 12'3 per cent.), and 
may be neglected in our jnesent uncertainty as to absolute 
values of causes and effects in the theory of the tides. 

818 . But although the influence on the tides produced Local influ- 
by the attraction of the water itself as it rises and falls is 
not considerable even in any one place; it is a manifest, of gravity, 
though not an uncommon, error to suppose that the moon’s 
disturbing influence on terrestrial gravity is everywhere in- 
sensible. It was pointed out long ago by Robison* that the 
great tides of the Bay of Fundy should produce a very sensible 
deflection on the plummet in the neighbourhood, and that 
observation of this effect might be turned to account for 
determining the earth’s mean density. But even ordinary 
tides must produce, at places close to the sea shore, deviations 
in tlm plummet considerably exceeding the greatest direct 
effect of the moon, which, as we have seen (§ 812), amounts 
to 2 of the unit angle (57®*3). Thus, at a point on 

12.000,000 & V y f r 


* Mechanical Philosophy, 1804. See also Forbes, Proc. P.S.E,, April, 1849. 
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or not many feet above the mean sea level, and 100 yards 

from low- water mark, a deflection, amounting to more than 

1 of the unit anp*le on each side of the mean verti- 

8 . 000,000 ® 

cal, will be produced by tides of five feet rise and fall on each 
side of the mean, if the line of coast does not deviate very 
much from one average direction for 50 miles on either side, 
and if the rise and fall is approximately simultaneous and 
equal for 50 miles out to sea. For, a point placed as 0 in the 





j.' 


sketch will, as the water rises from low tide to high tide, ex- 
perience the attraction of 'a plate of water indicated in section 
by HKK/L'L. If we neglect the small part of the whole effect 
due to the long bar (extending along the coast) shown in section 
by HKLy we have only to find the attraction of the rectangular 
plate of Avater by hypothesis of 50 miles’ breadth* -from KL, 
100 miles’ length parallel to the coast, 
and 10 feet thickness {KL). This will 
not be sensibly altered if 0 is precisely 
in the continuation of the middle plane 
EE' (instead of a few feet above it, as 
- \E. would generally be the case in a con- 

venient sea-side gravitation observatory), 
and the whole matter of the plate were 
condensed into its middle plane. But 
the attraction of a uniform rectangular plate on a point 0 has, 
for component parallel to OE, 


/ 

E 




.( 7 ), 


( (OA+AE)(OB^BE)OE^ 

{{OA' -f A'E'} {OB' + B E) OE^ 

where p denotes the density of the water, and t the thickness 
of the plate, by hypothesis a small fraction of OE. (We leave 
the proof as an exercise to the student.) Now, taking the 
nautical mile as 2000 yards, we have, according to the msumed 
data, very approximately 


OA AE OE' 


1 r\r\r\ J 


OA' 
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and B, B' are to be taken as at the same distances on one side Attraction 
-of OE' as A A' on the other. Hence the precedin^r expression water on a 

. X o i plummet at 

becomes the sea- 

sida. 


. SHOO 


, which is equal to 13 44 x pt 


The ratio of tliis to the earth’s whole attraction on 0, is 

3 X 13'4p^/47rc7r : which (as i/r is — by hypothesis, and pjcr 

is about -?-) amounts to - — t . The plummet will therefore, 

at high tide, be disturbed from the position it had at low 
tide, by a horizontal force of somewhat more than I 

4 , 000.000 

of th^v ‘ rtical force ; and its deviation will of course be this 
% 

fraction of 57°*3, the unit angle. 


818 . Since the publication of our first edition the British Grarita- 

1 P'T tional Ob- 

Association has endeavoured to promote the existence oi practical servatory 
ga:*avitati£>nal observatories by the appointment of a committee 
for determining experimentally the lunar disturbance of gravity. 

The Reports for the years 1881 and 1882 contain accounts of 
the work which has been done hitherto. In § 818 we did not 
mean to suggest the seaside as a proper site for a gravitational 
observatory, and the investigation of that section renders it 
evident that for the purposes in view of the committee it is 
essential that the observatory should be remote from the sea- 
coast. 

The object of the experimenters for the committee, Mr 
George and Mr Horace Darwin, being to measure, if possible, 
the attraction of the moon, and thus to throw light on the 
elastic yielding of the earth’s mass (see § 837 et seq.), care was 
taken by them to eliminate as far as possible the effects of 
tremors, either local and seismic. The experiments were, and 
are still being, carried out at Cambridge, but notwithstanding 
all the precautions taken to shield the instrument (a pendulum 
hung in flu id j from disturbance, it was found that the agitation 
of thJ^soil was incessant. There is strong evidence that this 
agitation is wholly independent of the tremors produced by 
traffic in the town, for (amongst other proofs) it appeared that 
there were periods, lasting during several days, of abnormal 
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Gravita^ agitation and of abnormal quiescence. The experimenters 
servatory. found that superposed on this minute agitation there is st 
diurnal oscillation of level of some regularity ; and that super- 
posed on that again there are continuous changes of level 
lasting over many weeks. The experiments afford no evidence 
as to the extent of land over which these changes range ; and as 
the work is still in progress, we should have made no allusion 
to it here, but that the subject has been attacked from an 
entirely different point of view, and at earlier dates, by a 
number of other observers. The general character of the dis- 
turbances noted by these other observers agrees in every par- 
ticular with what is described by the Darwins, and thT^ :" we are 
compelled to believe that none of them were noting a purely local 
effect. As most of the other experimenters have had in view 
the observation of minute earthquakes, their instruments have 
in general been made excessively sensitive to tremor, and the 
selection of appropriate sites has been rendered very difficult... 

We muy mention the following instances of observations 
which agree in character with those of which we have 
spoken, viz. by D'Abbadie in Brazil and Ethiopia with spirit 
levels, and on the Pyrenees by reflexion from mercury ; by 
Plantamour at Geneva with spirit-levels ; by Zollner at Leipsig 
with “a horizontal pendulum''; by Bouquet de la Grye at 
Campbell Island in the S. Pacific Ocean, wdth a pendulum. 
But the observations to which we would especially draw at- 
tention are those of the Italians, who have far excelled in zeal 
all the other nations combined. This has probably been due 
to the presence in their country of active volcanoes, so that 
attention has been drawn to the science of earthquakes. In 
Italy we find Rossi, Bertelli, Palmieri, Mocenigo, Malvasia, 
Agostini, Galli and many others making continuous obser- 
vations in many parts of the country for some years past. 
Their results are being recorded in the Bulletino del Vidcanismo 
ItaKano*, Milne, Ewdng, and Gray have worked in Japan in 
the same field, — but to note all those wffio have attended to 
Seismology would be beyond the scope of our present remarks. 

* One of the most interesting points is the use of the microphone for the 
detection of telluric disturbance. 
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We here only wish to draw attention to the subject of the Gravita- 
slower changes in the direction of gravity relatively to the earth^s servatory. 
surface, and to shew that although such results of gravitational 
observation, as were contemplated by the British Association in 
the appointment of a Committee, may probably be impossible, 
yet an important method appears to be initiated for discovery 
with regard to the mechanical constitution of the upper strata 
of the earth. For this end it is essential that instruments 
should be improved, for whiqh there is much scope, and that, 
following the Italian example, tiie observations should be 
simultaneous over large tracts of country, 

819. n^curring to the case of p — a-, we learn from § 817 to" 
that a homogeneous liquid in equilibrium under the influence 

of centrifugal force, or of tide-generating action, has 2^ times figure, 
as much ellipticity as it would have if mutual attraction between 
the parts of the fluid were done away with (§ 800), and gravity 
were tolTaxtis a fixed interior centre of force. For a homogeneous 
liquid of the same mean density as the earth, rotating in a time 
equal to the sidereal day, the ellipticity is theiefore being 
times the result, -g-^, which we found in § 801. This 
agrees with the conclusion for the case of approximate spheri- 
city, which we derived (§ 775) from the theorem of § 771, 
regarding the equilibrium of a homogeneous rotating liquid. 

But even for this case Laplace’s spherical harmonic analysis is 
most important, as proving that the solution is uniqus, when 
the figure is approximately spherical ; so that neither an 
ellipsoid with three unequal axes, nor any other figure than 
the oblate elliptic spheroid of revolution, can satisfy the hydro- 
static conditions, when the restriction to approximate sphericity 
is imposed. Our readers will readily appreciate this item of 
the debt we owe to the great French naturalist, when we tell 
them that one of us had actually for a time speculated on three 
unequal axes as a possible figure of terrestrial equilibrium. 

820. * As another example of the result of § 817 for the case 
i = 2, let us imagine the earth, rotating wuth the actual angular 
velocity, to consist of a solid centrobaric nucleus covered with 
a thin liquid layer of density equal to the true density of the 
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Application tipper crust, that is, we may say, half the mean density of the 
theory of nucleus. The ellipticity of the free surface would be 

tlie earth’s 

figure. 11 1 

^ ^ l-ix| ’ 406 ■ 

Or, lastly, let it be required to find the density of a super- 
ficial liquid layer on a centrobaric nucleus which, with the 
actual angular velocity of rotation, would assume a spheroidal 
figure with ellipticity equal to the actual ellipticity of the 
sea level. We should have 

1 _ _ 580 

r=f7/cr-^’ 

which gives p = *819 x cr. * 


821. Bringing together the several results of §§ 801, 817, 819, 
for a centrobaric nucleus revolving with the earth’s angular 
velocity, and covered wdth a thin layer of liquid of density'p, 
the mean density of the whole being cr, we have — 


(1) 

for - — 0, 
cr 

~ 5 S 0 ^ 

(2) 

P ^ o 

^ ~ B iT > 

(3) 

q 

11 

^ ~ 4oir> 

(4) 

„ ^=-819, 

cr 


(5) 

„ ^ = 1, 
cr 



where e denotes the ellipticity of the free bounding surface of 
the liquid. The density of the earth’s upper crust may be 
roughly estimated as ^ the mean density of the entire mass, 
and is certainly in every part less than *819 of this mean 
density. The ellipticity of the sea level does not differ from 
by more than 2 or 3 per cent., and is therefore decidedly 
too great to be accounted for by centrifugal force, and ellipticity 
in the upper crust alone, on the hypothesis that there is a rigid 
centrobaric nucleus, covered by onl;^ a thin upper crust with 
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surface on the whole agreeing in elliptioity with the free liquid 
surface. It is therefore quite certain that there must be on the Observation 
whole some degree of oblateness in the lower strata, in the great an 

j- • ° 1 1-1 11 1 ellipticity 

same^ direction as that which centriiugal force would produce 
if the mass were fluid. There is, as we shall see in later of “ 

volumes, a great variety of convincing evidence in support of 
the common geological hypothesis that the upper crust was surface^ but 
at one time all melted by heat. This would account for the ^Hor^iayers 
general agreement of the boiyidary of the solid with that of density! 
fluid equilibrium, though largely disturbed by upheavals, and 
shrinkings, in the process of solidification which (App. D.) has 
probably been going on for a few million years, but is not yet 
quite complete (witness lava flowing from still active volcanoes). 

The oblateness of the deeper layers of equal density which we 
now infer from the figure of the sea level, the observed density 
of the upper crust, and Cavendish’s weighing of the earth as 
a jvhQle,^renders it highly probable that the earth has been at 
one time melted not merely all round its surface, but either 
throughout, or to a great depth all round. 

822 . We therefore, as our last hydrostatic example, proceed Equilibrium 

1 T -1 .of rotating 

to investigate the conditions of a heterogeneous liquid resting spheroid of 

• 1 • 1 X 1 • 1 1 T 1 1 heterogene- 

on a rigid spherical centrobanc core or nucleus, and slightly 
disturbed, as explained in § 815 , by attracting masses fixed gated, 
either externally or in the core (among which, of course, must 
be included deviations, if any, from a rigorously centrobaric 
distribution in the matter of the core;. 

Foi- any point (r, 0, </>) in space let 

A be the potential due to the core, 

V ,, undisturbed fluid, 

Q ,, disturbing force, 

U „ ,, disturbance in the distribu- 

tion of the fluid. 

Thus the whole potential at the point in question is A+ V when 
the fluid is undisturbed, and A -t- (J -f V+ U when the disturbing 
force is introduced and equilibrium supervenes. Let also p be 
the density of the undisturbed fluid at (r, 0, <^) (which of course 
would vanish if the point in question were situated in any other 
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, [ 822 , 


part of space tlian that occupied by the fluid) ; and let pf w be 
the al ;d density at the same point (r, 0, </>) when the fluid 
rests unJer the disturbing influence. It is to be noticed that 
iV', V, p ar functions of r alone; while Qj U, tu are functions of 
r, 6, 4>. 


Let now Sr be an infinitely small variation of r. The density 
of the liquid at the point (r + 8r, 0, will be p + 'ey -p ~ {p+m)Sr, 


or simply 


p + w + -j-Sr, 
dr 


as is infinitely small by hypothesis. If we equate this to p we 


have 

and deduce 


zsr + ^ Sr = 0, 
’ dr 


Sr = — 7 


dpi’dr 


( 1 ) 


for the equation expressing the deviation from the^,.spherical 
surface of radius r, of the spheroidal surface over which the 
density in the disturbed liquid is p. The liquid being incom- 
pressible, the volume enclosed by this spheroidal surface must be 
equal to that enclosed by the spherical surface, and therefore, 
if da denote an element of the spherical surface, and / J integra- 
tion over the whole of it, 

JISrda=0 (2). 

Hence, by (1), ^ is independent of 9, 

ffmdo- =r0 (3). 

iNTow, as before for density, we have for the disturbed potential 
&t (r + 8r, 9, (fi) 

j\r+Q + r+u+ ^{sr+Q + r+ U)Sr, 


or, because ^ -i- ^7 is infinitely small, 

N+Q + r+U^j^(N+V)tr. 

And, therefore, to express that the spheroidal surface correspond- 
ing to (1), with r constant, is an equipotential surface in the 
disturbed liquid, we have 
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G+?7- 


dr 


{N^Y) 


dp 

dr 


■ w + V — F (r) 


Ji), 

eqmtion. 


which (§ 750) is the equation of hydrostatic equilibrium. In this 
equation we must suppose N and p to be functions of r, and Q a 
function of r, 6, all given explicitly: and from p we have, by 
putting ^ = 0, in (15) and (16) of § 542, 


Itt 


« 

(JVpW/+ij>pWr') (5), 


Equilibrium ' 
of rotating 
spheroid 
of hetero- 


where n is the value of p at distance r from the centre, and x 
the radius of the outer bounding surface of the undisturbed fluid, 
and a that of the fixed spherical surface of the core on which it 
rests. To find F + ^7, following strictly the directions of § 545, 
we add the potential of a distribution of matter with density p + w 
thrqT,igh the space between the spherical surfaces of radii a and 
X to that of the shell B of positive and negative matter there 
defined. Let the thickness of the latter at the point (r, 0, <t>) be 
called h, being the value of Sr at the surface; and let q denote 
its density, being the surface value of p. Then, subtracting the 
undisturbed potential F, we have 




•( 6 ). 


if as usual D denote the distance between the points (r, 0, <^), 

(r', 6'j and the accented letters denote the values of the 
corresponding elements in the latter ; and if [ ] denote surface 
values and integration. 

Let us now suppose the required deviation of the surfaces of Part of the 

equal pressure density and potential to be expressed as follows SueTo^ob- 
^ . . lateness * 

in surface harmonics, of which the term disappears because 

of (2):- 

for the interior of the fluid, hr = R^ + R^-{- R^ + etc., 
and for the outer bounding surface, 4 = + 3^^ -f 1^3 + etc. 



Hence by (1) 




( 8 ). 
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developed in 
harmonics. 


C7= 


U&ing this in (6) according to §§ 544, 542, 536, we have 


27T1 + E/dZ-eH. * 


Harmonic 
develop- 
ment of 
disturbii;g 
potent iaL 


where It/ denotes the value of IL^ from the point (r\ 0, cp) instead 
of (r, e, <j>). 

To complete the expansion of the hydrostatic equation (4) we 
may suppose the harmonic expression for Q to be either directly 
given, or be found immediately by Appendix B. (52), or by 
(8) of § 539, according to the form in which the data are pre- 
sented. Thus let us have 


Q = ^ ( d cos S(p + sin S(P) 0'* ' (10), 

,-=0 s=0 ' * ^ * * 

according to the notation of App. B. (37) and (38), Bf 
denoting known functions of r. Using now this and (8) in (4), 
we ha\'e 


<=« fs=i ^ 

2|^(AWcoss^+ /;%in s,#,)©;‘'+7?.-|(.V+ F) 

+ V=F(r) (11). 


Hence : first, for the terms of zero ordm^ 

.Fy+X-h V=F{r) (12), 

which merely shows the value of A(?’), introduced temporarily in 
(4) and not wanted again : and, by terms of order t, 




= 2 (yi/’cos Sfp -f By sin sc^) @y 
*=o * * ? 


(13). 


Equation of 
equilibrium 
for general 
harmonic 
term; 


Lastly, expanding B. (as above for the i term of Q) by App. B. 
(37), let us have 

jSj.= cos S(p -f sin S(f>) @5*' (l^)j 

«=o * * * 

where are functions of r, to the determination of which the 

problem is reduced. Hence equating separately the coefficients 
of 0j*’ cos S(/}j etc., on the two sides, ^ and using u^ to denote any 
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one of the required functions v’\ and any of the given 
* functions A and u'y the values of u^ for r = / and r-x 

, . T , w., rejfarded 

respectively, we have as a func- 

tion of r. 

-“•dt (^•+ 2t^+l + i '....(15), 

or, as it will be convenient sometimes to write it, for brevity, cr^{u^ = Ai J 

where denotes a determinate operation, performed on u any 
function of r, continuous or discontinuous. To reduce (15) to a 
differential equation, divide by r% differentiate, multiply by 
and differentiate again. If, for brevity, we put 


(A^-f F)=r^.... (16), Kof 


the result is 


; (r- Vw.)} - J = I . . .(17), 


rotating 
spheroid of 
hetero- 
geneous 
liquid. 


a lipear differential equation, of the second order, for w,, with Differential 
coefficients and independent terms known functions of r. The belntS-^ ^ 
general solution, as is known, is of the form grated. 

u, = CF-^C'r + a..., (18), 

where a is a function of r satisfying the integral equation 

cr,. (a) = Af (19) [(15) repeated] ; 

C and C' are two arbitrary constants, and F and F' are two 
distinct functions of r. 

Equation (15) requires that (7 = 0 and C' = 0 ; in other words, 
u., if satisfying it, is fully determinate. This is best shown by 
remarking that if, instead of (15), we take 

<T,{u) = A,^Kr' + IFr-^-^ ( 20 ) 

wffiere A' K' are any two constants, these constants disappear in 
the differentiations, and we have still the same differential^, 
equation, (17) : and that the two arbitrary constants C and G' Determina- 
of the general solution (18) of this are determined by (20) when stantsto 
any two values are given for A and K\ In fact, the expression th^fequired 
(18), used for reduces (20) to solution. 

(7(r,(A) + (7V,(P') = Ar* + A"V-‘-* (21), 

which shows that o*^ {P) and ar^ {P') cannot either of them be 
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zero, and that they must be distinct linear functions of r* and 
and determines G and C'. 

Thus we see that whatever be we have, in the integration 
of the differential equation (19), and the determination of the 
arbitrary constants to satisfy (15), the complete solutioli of our 
problem. 

Unless it is desired, as a matter of analytical curiosity, or for 
some better reason, to admit the supposition that N is any 
arbitrary function of r, it is unnecessary to retain both \f/ and p 
as two distinct given functions. For the external force of the 
nucleus, or that part of it of 'which iF is the potential, being by 
hypothesis symmetrical relatively to the centre, it must in 
nature vary inversely as the square of the distance from this 

f * -r 

point j that is to say, dJV _ p 


p being a constant, measuring in the usual unit (§ 459) the 
Cia,ss of the nucleus. And by (5) 


dr 


47r 


(W' 

Ja 


w 


(23). 


From this, with (22) and (17), we have 

= + J (24), 

which gives iirp = and = r + i— (25). 

^ ^ r"dr dr dr^ dr ^ ' 


Simplifica- 
tion by in- 
troducing 
the New- 
tonian law 
of force. 


Using this last in (17), and reducing by differentiation, we have 


d^u^ 


fd. , 2\du. 


2\du. (7-l)('i4-2)^ _ I d j 


d 


^ dr { dr 


(»--‘J,)}...(26). 


Another form, convenient for cases in 'v\diicli the disturbing 
force is due to external attracting matter, or to centrifugal force 
of the fluid itself, if rotating, is got by putting, in (17), 

r~''^\ = e. ( 27 ), 

and reducing by differentiation. Thus 


d\ 

dr^ 


+ 2 


( ^ -r X V 

— logl^+ ) 

idr r ^ 


i+\\de^ 2(^— 1) d 


J dr 






With this notation the intermediate integral, obtained from (15) 
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bj the first step of the process of differentiating executed in the 
order specified, gives 


dQt d , 

dr *dr ® ^ 




Important conclusions, readily drawn from these forms, are 
that if ^ is a solid harmonic function (as it is when the 
disturbance is due either to disturbing bodies in the core, or in 
the space external to the fluid, or to centrifugal force of the 
fluid rotating as a solid abo^it an axis ) ; then (1) 6^, regarded as 
positive, and as a function of r, can have no maximum value, 
although it might have a minimum ; and (2) if the disturbance 
is due to disturbing masses outside, or to any other cause (as 
centrifugal force) which gives for potential a solid harmonic of 
order i with only the term, and no term can have no 

minimum except at the centre, and must increase outward s 
throughout the fluid. 

To prave these conclusions, we must first remark that ij/ 
necessarily diminishes outwards. To prove this, let n denote 
the excess of the mass of the nucleus above that of an equal 
solid sphere of density s equal to that of the fluid next the 
nucleus. Then we may put (24) under the form 


^ ^ " (* - p) +5 

" Ja • 

For stability it is necessary that n and s — p' he each positive ; 
and therefore the last term of the second member is positive, 
and diminishes as r increases, while the second term of the same 
is negative, and in absolute magnitude increases, and the first 
term is constant. Hence ij/ diminishes as r increases. Again, 
when the force is of the kind specified, we must [Apf). B. (58)] 

have = + AV”*-’ (31), 

and therefore the second member of (28) vanishes. Hence if, 
for any value of r, dejdr — 0, 


for the same, 


d:\ 

dr^ 


2(^-1) d. 

. ^ loo 

r * dr ^ 




and is therefore positive, which proves (1). Lastly, when the 
force is such as specified in (2), we have A^~Kr^ simplv, and 
VOL. II. 26 * 


Differential 
equation for 
proportion- 
ate devia- 
tion from 
sphericity. 


Bquili- 
bnum of 
rotating: 
spheroid 
of hetero- 
geneous 
liquid. 

Layers of 
greatest and 
least pro- 
portionate 
deviation 
from spheri- 
city. 
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therefore the second member of (29) vanishes. This equation 
then gives, for values of r exceeding a by infinitely little, 

de, d , 
dr 'dr 

Avliich is positive. ^ Hence commences increasing from the 
luiclens. But it cannot have a minimum (1), and therefore it 
increases throughout, outwards. 


823. When the disturbance is tliat due to rotation of the 
liquid, the potential of the disturbing force is which 

is equal to a solid harmonic of the second degree with a con- 
stant added. From this it follows [§§ 822, 779] that tlie sur- 
faces of equal density are concentric oblate ellipsoid of revolu- 
tion, witii a common axis, and with ellipticities diminishing 
from the surface inwards. 


lYe hav^e, in (10) of last section, 

+ /) = |a>V (©f + ©f). 

This gives by (7) and (14), 


or = . 


Hence + ^ 0!!’’ ) = r 


1-f ^(^-cos^^) 


= r[l-YO( (1), 

6r r J ^ 


neglecting terms of the second order because w, and therefore 
also ujr, are very small. 

Thus the sphere, whose radius was r, has become an oblate 
ellipsoid of revolution whose ellipticity [g 822 (27)] is 


€ 


2 


r 


( 2 ). 


Its polar diameter is diminished by the fraction ujr or ^ 
and its equatorial diameter is increased by ^ e^; the volume 
remaining unaltered. 

In order to find the value of we must have data or 
assumptions which will enable us to integrate equation (15). 
These may be given in many forms ; but one alone, to which we 
proceed, has been worked out to practical conclusions. 
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824. To apply the results of the preceding investigation to Laplace’s 
th© determin^ition of the law of Cxlipticity of the layers ofcaJUawof 
equal density within the earth, on the hypothesis of itswtinntiie 
original fluidity, it is absolutely essential that we commerrce 
with some assumption (in default of information) as to the 
law which connects the density with the distance from the 
earth’s centre. For we have seen (§ 821) how widely dilferent 
are the results obtained when we take two extreme suppo- 
sitions, viz., that the mass is homogeneous; and that the density 
is infinitely great at the centre. In few measurements hitherto 
made of the Compressibility of Liquids (see Yol. ii., Properties 
of Matter) has the pressure applied been great enough to 
produce condensation to the extent of one-half per cent. The 
small condensations thus experimented on have been found, 
as might be expected, to be very approximately in simple 
proportion to the pressures in each case ; but experiment has 
not httiTcrtG.given any indication of the law of compressibility 
for any liquid under pressures sufficient to produce considerable 
condensations. In default of knowledge, Laplace assumed, as an 
hypothesis, the law of compressibility of the matter of which, 
before its solidification, the earth consisted, to be that the 
increase of the square of the density is proportional to the in- Assumed 
crease of pressure. This leads, by the ordinary equation of tween den- 
hydrostatic equilibrium, to a very simple expression for the law pressure, 
of density, which is still further simplified if we assume that 
the density is everywhere finite. 

Neglecting the disturbing forces, we have (§§ 822, 752) 

dp=^pd{V-^N) (1). 

But, by the hypothesis of Laplace, as above stated, k being some 

constant dp = kpdp (2), 

Hence kp + C =- V + R 

or, by § 822 (5), = 4:r ^\'p'dr’ + ~ jjydr '+^ . 

Multiplying by r, and differentiating, we get 
k ^ (rp) 4- (7 = Itt |* rp'dr 


26—2 
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and 


, , 4ir 

d?(rp) = -T^P- 


If we write iirjk^ljK^ the integral may be thus expressed — 
rp = i^sin ^- + . 

If we suppose the whole mass to be liquid, i.e., if there be no 
solid core, or, at all events, the same law of density to hold from 
surface to centre, G must vanish, else the density at the centre 
would be infinite. Hence, in ^hat follows, we shall take 


p = — sin 
r K 


.(3). 


With this value of p it is easy to see that 


r 

Jo 


r^pdr' 5= — K~r 


2 

dr 




dp 

dr 


the common value of these quantities being 
Fk^ fbin---cos-V 

\ K K kJ 

We are now prepared to find the value of in § 833, upon 
which depends the ellipticity of the strata. For (15) of § 822 
becomes, by (23) of that section and the late equation (4), 

where pJ is the mass of fluid, following the density law (3), which 
is displaced by the core p, and q is the surface density. In the 
terrestrial problem we may assume p = /x, and of course a = 0* 
For simplicity put 


dp 

r— u„-v , 
dr 


( 6 ), 


then divide by r® and differentiate, and we have 

Multiply by r®, and again diflerentiate ; the result is 
Fv 


dF 


<')■ 
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The integral of this equation is known to be 


v-C 





( 8 ), 


Laplace^s 
hypothetic 
cal law of 
density 
within the 
earth. 


SO that w.is known from ( 6 ). Now we have alreadv proved that Conse- 
* ^ ^ quences 

increases from the centre outwards, so that we must have as regards 
“ . \ ellipticities 

{7=0, for otherwise would be infinite at the centre. Thus, of surfaces 
. ^ of equal 

dropping the suffix ^ to the symbol e for brevity, we have density. 



K K 


Now let ^ = - (9^). 

^ #c 

We may thus write (9) as follows ; 

® i 

Th? constants are, of course, to be determined by the known 
values of the ellipticity of the surface and of the angular velocity 
of the mass. 


Now (5) becomes, at the surface, 


^ jy ^ = 1^(0^+ I-TTJ’U/. . .(10). , 

We may next eliminate p, dpjdr, and q, being the surface value 
of p, by means of (3) (4), (6), and (8), and substitute everywhere 
re for u^. Also, if m be the ratio of centrifugal force to 

gravity at the equator, (o is to be eliminated by means of the 
equation 




^ ["pr^dr 

t Jo 


from which p is to he removed by (3). By the help of these 
substitutions (10) becomes transformed as follows: — 


47r.^iC fr . r , 
/ r sin - dr + 

r Jo K 


47ra 

5r® 



. r 3 rl 

sm cos - 

K kt kJ 


dr 


4:7rmF ft , r y ^i?F . % 

= — — / rsm-eZr + -— resin 

2t Jo K 5 K 

If we put tan xlK = t, and xIk = 6, so that 0 is the surface value 
of the integrated expression, divided by ^ttFzk^ cos 6 jt, with 
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C eliminated by (9^), becomes 

[15 (« - 6) + ^ - 6 ) + 6^1 

Hence at once 

ovi + 

2« “ (t-t;)[(3-6>’'>-36iJ 

0 V ' K 

If we put 1-^ for i.e.j for ^ — ‘—n becomes somewhat 

^ t tan r/K 

simpler, and may be written 

5771 0^ — 3z0^ + z~0“ z0‘^ 0^ 

z(^z-0^) ^ 

The mean density of the sphere comprised within the radius 


Jo ^ „ {sin (r/K) - (r/K) cos (/‘/k)} _ 37^ (sin - .'B' cos 

Let pg be the mean density of the sphere comprised within this 
radius r, and p, as before, the density at the stratum defined by 
the radius r. It may be noted in passing that and q are the 
values of and p corresponding to r = r. 

Then, 

_ 37*^ I sin .3- — .Sr cos 


F. I sill b 
p = — sill b — — . 

^ • r K 


If we put f for the ratio of the mean density of this sphere to 
the density at its bounding surface, we have 

/=|,(l -.Scot&) (12“). 


Eilipticity 
of internal 
stratum. 


Substituting in (9‘^) 


Then Avriting for b its value r/K, we have 






Since dC/F is constant, it follows that {eF)l{l - I if) is the same 
for all the strata of equal density.^ If therefore f be the surface 
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value of that is to say the ratio qjq of the mean density to the 
surface density of the whole earth. — a quantity which may he 
determined by experiment, within the 


earth. 


er^ tx^ 

1 - 1/f 


( 12 *“):' 


Ellipticity 
of internal 
stratum. 


This formula gives the ellipticity of any internal stratum accord- 
ing to the Laplacian theory. 

It may bt‘ also reduced to another form which is perhaps 
rather curious than iinportgjit, as follows : — 


Differentiate (12') logarithmically with regard to and we 

d ^ ^3 

_ 


have 

Then by (12'') 




log P„ = 


1 - cot b 


And since 


-I ^ 1 c. ^ ^ 

db _ dr 


^ /} ~ ^ rdr ^d{?) 


Hence (12'“) shows that e varies as 

Thus we may state verbally that the ellipticity of any internal 
stratum varies as the rate of decrease, per unit increase of area 
of the stratum, of the logarithm of the mean density of the 
sphere comprised within that stratum^. 

The formula (12) for 6ml2x may now be more simply ex- 
pressed. Attributing to f and ^ their surface values i and 
we have from (12“) 

q /_/3 Ratio of 

f=^,(l-^cot^) = 3-^=^ (1.3). ~ 

^ e-c/ 1/ density. 

From this equation d may be found by approximation, and then 
(12) gives t in terms of known quantities. In fact, it becomes 

iO^ 3 

27‘'"*3(f~l)-f 


.(U). 


* This and the preceding mode of expressing the ellipticity of an internal 
stratum are taken (with changed notation) from a paper by Mr G. H. Darwin 
in the Messenger of Mathematics (Yol. vi.), 1877, p. 100. 
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From (13) and (14) the numbers in columns iv. and v. of the 
following table are easily calculated. Column vii. shows the 
ratio of the moment of inertia about a mean diameter, on the 
assumed law of density, to what it would be if the earth' were 


homogeneous : 


1 , 

u. 

111 . 

IV. 

V. 

VI. 

Vll. 

-I- 

- 180«. 

TT 

e. 

f. 

e. 

c-i. 

C • 

C 

3-91 

1400 

2-444 

1-966 

1 

292 

•00335 

•843 

4*24 

1420-5 

2-487 

2057 

1 

295 

•00330 

•836 

4*61 

145« 

2-531 ^ 

2-161 

1 

299 

•00325 

•826 

5-04 

147»-5 

2-574 ' 

2-282 

1 

302-5 

•00321 

•818 

5-rv3 

150» 

2-618 

2-423 

i 

1 

1 306-5 

•00315 1 

* 1 

. .310 . 

611 

' 152»-5 

2-662 

2-589 

1 

311 

•00309 

•801 

6*80 

1550 

2-705 

2-788 

1 

'315 

•00304 

-792 


824'*, The table given in § 824 is principally of interest for 
application to the case of the earth, because it embraces those 
values of ^ which correspond with values of f nearly equal to 2 ; 
and experiment has shown that the mean density of the earth 
is about twice that of superficial rocks. But the march of the 
functions 0 and f, as we pass from the hypothesis of the 
homogeneity of the planet to that of infinitely small surface 
density, will afibrd an interesting illustration of the Laplacian 
theory, and will besides afford the means of application with 
some degree of probability, to some of the other planets. 

When 0 is small we have 


. _2 ^9} 

• This section (§ 824') is derived from a paper by Mr Darwin in the Monthly 
Notices of the E. Ast. Soc., Dec. 1876. 
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Bllipticity 
of strata 
of equal 
density. 


(2> 


We see from (1) and (2) that as 0 ranges from zero to 180°, f 
increases from unity to infinity, and 5m/2c from 2 to Jtt®. 

Intermediate values of these functions, computed from the 
formulae of § 824, are giver? in the following table : — 


^ ox e 

in degrees. 

/ or f. 

5m 

o 

0 

I'OOOO 

2-OOu 

40 

1*0341 

‘>•029 

50 

1*0648 

2*046 

o 

CD 

• 

1*0817 

2-067 

70 

1*1161 

2*094 

80 

1*1600 

2*126 

90 

1*2159 

2*165 

100 

1*2879 

2*213 

110 

1*3827 

2*270 

120 

1*5109 

2*338 

130 

1*6922 

2-422 

140 

1*9657 

2*525 

150 

2*4225 

2*652 

160 

3*3363 

2*813 

170 

6-0750 

3*019 

180 

C30 

3*290 


The numbers here given are applicable in two ways, viz. for 
determining the ellipticity of any internal stratum of the earth, 
and for application to the cases of the external figures of the 
other planets as above stated. 
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of strata 
of equal * 
density. 


To determine the elhpticity of an internal stratum we write 
(12“') § 824 in the following form : — 


e_ /ev I -Ilf 

W i-i,f 


(3). 


The distri- 
bution of 
density i.' 
Jupiter and 
Saturu. 


We must in (3) take b as the same fraction of 0, as r, the 
radius of the stratum in question, is of r the earth’s mean 
radius. Thus if for example, r~ ^ 2 ^’ probable in 

the case of the earth) f=2T, 144‘’, we must take ^=60®. 

The table then shows that ^ = 60® gives y’^l’OSlT. By sub- 
stitution in (3) we get e = f ; which with gives 

^ - *3TT* 

In the cases of those planets which have satellites, m and 
e — ^7)1 are determinable from observation and frolS the theory 
of the satellites ; so that om!'2t is determinable. This function 
being known, the corresponding value of f is determinable from 
the tal 4e, or by direct computation. F or example, Mr G. H. Darwin 
has shown that in the oase of Jupiter, where 5m/2e is 3*2646, we 
must have f = 68, ^ = 179” 11' 20", and c = 1/16*022^*. Diflferent 
data, perhaps equally probable, give somewhat different results, 
but in all cases the physical conclusion is that the superficial den- 
sity of the visible disk of Jupiter is very small compared with the 
mean density — a conclusion which a])pears to agree well with 
the telescopic appearance of that planet. A similar application 
to the planet Saturn points to a similar result, but the conclu- 
sion is less certain on account of the great uncertainty in the 
data. 


Dynamical 825. The phenomena of Precession and Natation result 

origin of ^ . 

Precession from the earth’s beinc^ not centrobaric (8 534), and therefore 

andNuta- ® . . . 

attracting the sun and moon, and experiencing reactions from 
them, in lines which do not pass precisely through the earth’s 
centre of inertia, except when they are in the plane of its 
equator. The attraction of either body transferred (§ 559, c) 
from its actual line to a parallel line through the earth’s centre 
of inertia, gives therefore a couple which, if we first assume, 
for simplicity, gravity to be symmetrical round the polar axis. 


* In the Mec. Cel. (viii. vii. § 23) Laplace uses values of m and t which 
make 5w/2e greater than His determination of the Precessional Constant 

of the planet is thus vitiated. 
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tends to turn the earth round a diameter of its equator, in the Dynamical 

, , , origin of 

direction bringinpf tlie plane of the equator towards the dis- 

^ ^ Nufca- 

tiirbiDg body. The moment of this couple is [§ 5S9 (14)] 
equal to 

— (0 — A) sin 8 cos 8 (14?), 

where S denotes the mass of the disturbing body, D its dis- 
tance, and 8 its declination ; and G and A the earth’s moments 
of inertia round polar and Equatorial diameters respectively. 

In all probability (§§ 796, 797; there is a sensible difference 
between the moments of inertia round the two principal axes 
in the pla]je (§ 795) of the equator: but it is obvious, and 
will be proved in Vol. ii., that Precession and Nutation are the 
same as they would be if the earth were symmetrical about an 
axis, and had for moment of inertia round equatorial diameters, 
the arithmetical mean between the real greatest and least values. 

From (12j t)f § 539 we see that in general the differences of the 
moments of inertia round principal axes, or, in the case of 
symmetry round an axis, the value of C—A, may be deter- 
mined solely from a knowledge of surface or external gravity, 
or [§§ 794, 795] from the tigure of the sea level, without 
any data regarding the internal distribution of density. 

Equating § 539 (12) to § 794 (17), in which, when the 
sea level is supposed symmetrical, (0, <f>) becomes simply 
e (.1 _ cos® 0), we find 

^ (e - (A - cos^ ^) = # ^ (i - cos"^), 

whence C — A = %Mx~ (e — im) (P^)* 

Similarly we may prove the same formula to hold for the real 
case, in which the sea level is an ellipsoid of three unequal axes, 
one of which coincides with the axis of rotation ; provided e 
denotes the mean of the ellipticities of the two principal sections 
of this ellipsoid through the axis of rotation, and A the mean of 
the moments of inertia round the two principal axes in the 
plane of the equator. 
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gfve^in\or angular accelerations produced by the disturbing 

to^he^dts- ^C)uples are (§ 2S1) directly as the moments of the couples, 
th^Srth’s^ and inversely as the earth's moment of inertia round an equa- 
torial diameter. But the integral results, observed in Precession 
and Nutation, would, if the earth's condition varied, vary 
directly as C — A, and inversely as C. We have seen (§ 794) 
that if the interior distribution of density were varied in 
any way subject to the condition of leaving the superficial, 
and consequently (§ 798) the exterior, gravity unchanged, 
C — A remains unchanged. But it is not so with 0, which 
will be the less or the greater, according as the mass is more 
condensed in the central parts, or more nearly homogeneous 
to within a small distance of the surface : and thus it is that a 
comparison between dynamical theory and observation of Pre- 
cession and Nutation gives us information as to the interior 
distribution of the earth’s density (just as from the rate of 
Precession acceleration of balls or cylinders rolling down an inc'Hned 
matfon as^ plane' ^^6 caii distinguish between solid brass gilt, and hollow 

tothedis- ^ p ? . , , , ° t . v 

tributionof gold, shells of equal weight and equal surface dimensions); 
mass, while no such information can be had from the figure of the 
sea level, the surface distribution of gravity, or the disturbance 
of the moon’s motion, without hypothesis as to primitive fluidity 
or present agreement of surfaces of equal density with the 
surfaces which would be of equal pressure were the whole 
deprived of rigidity. 


The con- 
stant of 
Precession 
deduced 
from La- 
place’s law. 


827 . But we shall first find what the magnitude of the 
terrestrial constant {O'- A) jC of Precession and Nutation would 
be, if Laplace’s were the true law of density in the interior of 
the earth ; and if the layers of equal density were level for the 
present angular velocity of rotation. Every moment of inertia 
involving the latter part of this assumption will be denoted by 
a black-letter capital. 


The moment of inertia about the polar axis is, by § 281, 

^ = 2 f [ f pr® sin Odi'dddt ^ . sin^ 

Jo Jo Jo 

the first factor under the integral sign being an element of the 
mass, tlie second the square of its distance from the axis. 
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For the moment of inertia about another principal axis The con- 

( which may be any equatorial radms, but is here taken as that Precession 

lying in the plane from which is measured), we have from La- 

placed law. 

^ 21 = 2 f / f pv^ sin 6drd^d(f> . (1 - sin^ ^ sin'' (f)), 

Jo Jo Jo 

Now, by § 823, we have 

r = r [1 + (|- - cos^ 0)\ 

where r denotes the mean imdius of the surface of equal density 
passing through 0, whence 


Let 

Fdr ~ A dr = Fdr + (t ~ cos”^^) — (r'e) dr, 

pFdr^K 



Jo ' 

n d f * 

....(IG). 

and 

lpj^(r>e)dr^A’, | 


Then 

r^Tr r^TT 

© = 2 sin^ md</> {K + A", (-1- - cos-^)] 


or 

C = f jrA' nearly’ 

....(17). 


r\iT r2ir 

= 2 j I smOdOd^ a “* cos^O)] (sin^ ^ - 1 + siri^^ sin^^) 

-tVA; ( 18 ). 

Now we have 

K:= [ pr*dr = F f sin - dr^ 

Jo Jo K 

or, if we put as before ^ , t~ tan 0, 

K = cosO 0^ + dOH+ 60 - 6 1). 

Again JT, = {rh) dr = ftq - r^e ^ dr, 

and this, by (10) of last section, becomes 

A, = 5t^e [‘pr^dr--’^'^^ (19). 

Jo OTT 

= 5 (c - im) Fk* 0" {t - 0) cos 0, 
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The con- 
stant of 
Precession 
deduced 
from La- 

r-kloriti’iiiT *■ W 


Thus, finally, 


C “ “ A' “ ^ ' -6^ + 3tiH + G&-Gt 


- (« i"0 2 + (I - 6y-‘) e 

= .. (21) 

From these formula3 the numbers in Column vi. of the table in 
§ 824 were calculated. By (18) and (19) we see that 

© - a = I TT (r e £ ptMr - 

= |W(c-im) (22), 

which agrees, as it ought to do, with (15) of § 825. 


A comparison of (21) and (22) then shows that 


C 




1-6 


lizDl 

i(P 


t25). - 


Comparison 828. r Vom the elaburctte investigations of Precession and 
of Laplace s ^ ^ ^ ^ 

^^ypothesis 2^utation made by Le Verrier and Serret, it appears thrt the 
vatiorL value of ((7 - A')/G is, very approximately, -00827*. This, 

according to the table of §824, agrees with — for/= 2*1, 
which gives B = -^. These are (§§ 792, 796, 797) about the 
most iJi’obable values which we can assign to these elements 
by observation. Thus, so far as we have the means of testing it, 
Laplace’s hypothesis is verified. 


The com- 829. But, as a further check upon Laplace’s assumption, it 

pressibility ^ ^ ^ ^ ' 

in'thehypo Beccssary to inquire whether the results involve anything 
thesis. inconsistent with experimental knowledge of the compressi- 
bility of matter under such pressures as we can employ in the 
laboratory. For this purpose the first column has been added 
to the preceding table. From it ma}" be deduced the compres- 
sibility of the upper stratum of liquid matter, which composed 
the crust of the earth, required by the assumed law of density, 
for the respective values of ft In fact, the numbers in Col. i. 
are those by which the earth’s radius must be divided to find 


• Annales de V Ohservatoire Imperial de PariSj 1859, p. ^24. 
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the lengths of the modulus of compression (§ 688) of the upper- The com; 
n^st layer of fluid, according to the surface value of gravity. mvcJved^^^ 

* in the hypo- 

We have, by § 824 (3), thesis. 

dq jP Jsin (r//c) cos (^'/k)'! 

dr r \ r k / ^ 

ldq^ 
qdr\ 


F . r 
Q- — sm - , 

'*■'11* If 


whence, at the surface, 




The corresponding numbers /or several ditforent liquid and 
solid substances are as follows : — 


Alcohol ..... 

37 

Water . . 

29 

Mercury 

27 

Glass 

O’O 

Co])per 

8-1 

Iron 

4T 

■i.Melted Lava, by Laplace’s Jaw, wiLh f— 2'1 

4-42 


Compressi- 
bility of lava 
required by 
Laplace’s 
hypothesis, 
compared 
with experi- 
mental 
data. 


This comparison ma)^ be considered as decidedly not adverse 
to Laplace’s law, but actual t.xperiments on the compressibility 
of melted rock are still a desideratum. 


830. In 8 276 it was proved that the tides must tend Numerical 
to diminish tiie angular velocity of the earth s lotation ; it may , 

^ ^ amount of 

be proved (and it was our intection to do so in a later volume) 
that this tendency is not counterbalanced to more than a very seeAppen- 
minute degree by the tendency to acceleration which results Tid^ 
from the secular cooling and shrinking of the earth. In obser- 
^ vational astronomy the earth’s rotation serves as a time-keeper, 
and thus a retardation of terrestrial rotation will appear astrono- 
mically as an acceleration of the motion of the heavenly bodies. 

It is only in the case of the moon’s motion that such an 
apparent acceleration can be possibly detected. Now, as Laplace 
first pointed out, there must be a slow variation in the moon’s 
mean motion arising from the secular changes in the eccentricity 
of the earth’s orbit round the sun. At the present time, and 
for several thousand years in the future, the variation in the 
moon’s motion has been and will be an acceleration. Laplace’s 
theoretical calculation of the amount of that acceleration 



Numerical 
estimates 
of the 
amount of 
tidal fric- 
tion. 

See Appen- 
dix G on 
Tidal 
Friction. 


416 ABSTRACT DYNAMICS. [830. 

r « 

appeared to agree well with the results which were in his day- 
accepted as representing the facts of observations. But in 18?3 
Adams wrote as follows : — 

‘‘ In the Mecanique Celeste, the approximation to the value 
** of the acceleration is confined to the principal term, buf in the 
theories of Damoiseau and Plana the developments are carried 
“ to an immense extent, particularly in the latter, where the muh 
tiplier of the change in the square of the eccentricity of the 
‘^earth’s orbit, which occurs in the expression of the secular 
acceleration, is developed to terms of the seventh order. 

“ As these theories agree in principle, and only differ slightly 
‘"in the numerical value which they assign to the acceleration, 
^'and as they passed under the examination of Laplace, with 
“ especial reference to this subject, it might be supposed that at 
“ most only some small numerical corrections would be required 
“in order to obtain a very exact determination of the amount of 
“ this acceleration. 

“ It has therefore not been without some surprise, that I have 
“ lately found that Laplace's explanation of the phenomenon in 
“question is essentially incomplete, and that the numerical 
“results of Damoiseau 's and Plana’s theories, with reference 
“to it, consequently require to be very sensibly altered*/' 

Hansen s theory of the secular acceleration is vitiated by an 
error of principle similar to that which afiects tiie theories of 
Damoiseau and Plana, but the mathematical process which he 
followed being different from theirs, he arrived at somewhat 
different results. From this erroneous theory Hansen found 
the value 12''*18 for the coefficient of the term in the moon's 
mean longitude depending on the square of the time, the unit 
of time being a century ; in a later computation given in his 
Darlegung, he found the coefficient to be 12''*56i-. 

* “ On the Secular Variation of the Moon’s Mean Motion,” by J. C. Adams. 
FhiL Trans. 1853. Vol. 143, p. 397. 

t It appears not unusual for physical astronomers to use an abbreviated 
phraseology, for specifying accelerations, which needs explanation. Thus when 
they speak of the secular acceleration being e.g. “ 12"-56 in a century”; they 
mean by “acceleration” what is more properly “the effect of the acceleration 
on the moon’s mean longitude.” The correct unabbreviated statement is “the 
acceleration is 25" *12 per century per century.” . Thus Hansen’s result is that 
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In 1859 Adams communicated to Delaunay his final result, Secular 
n^^ely that the coefficient of this term appears from a correctly of moon’s ■ 

11 * •• 1 r/i-f 1 mean mo- 

conducted investigation to be 5 *7, so that at the end oi a tion 
century the moon is 5"*7 before the position It would have had 
at the same time, if its mean angular velocity had remained the 
same as at the beginning of the century. Delaunay verified 
this result, and added some further small terms which increased 
the coefficient from 5"'7 to 

Now, according to Airy, Hansen’s value of the “ advance 
represents very well the circumstances of the eclipses of 
Agathocles, Larissa and Thales, but is if anything too small. 
Newcomb on the other hand is inclined from an elaborate 
discussion of the ancient eclipses to believe Hansen’s value to 
be too large, and gives two competing values, viz. 8" '4 and 

In any case it follows that the value of the advance as 
theoipe-Lically* deduced from all the causes, known up to the 
present time to be operative, is smaller than that which agrees 
with observation. In what follows 12'" is taken as the obser- 
vational value of the advance,” and G" as the explained jiart 
of this phenomenon. About the beginning of 18GG Delaunay partly ex- 

1 1 - PI T -1 plained by 

suggested that the true explanation oi the discrepancy might tidal fric- 
be a retardation of the earth’s rotation by tidal friction. Using 
this hypothesis, and allowing for the consequent retardation of 
the moon’s mean motion by tidal reaction (§ 27G), Adams, in an 
estimate which he has communicated to us, founded on the 
rough assumption that the parts of the earth’s retardation due 


in each century the mean motion of the moon is augmented by an angular 
velocity of 25"'12 per century ; so that at the end of a century the mean 
longitude is greater by h of 25"T2 than it would have been had the moon’s 
mean motion remained the same as it was at the beginning of the century. 
Considering how absurd it would be to speak of a falling body as experi- 
encing an acceleration of 16 feet in a second, or of 64 feet in two seconds ; 
and how false and inconveiiient it is to speak of a watch being 20 seconds fast 
when it is 20 seconds in advance of where it ought to be, we venture to suggest 
that, to attain clearness and correctness without sacrifice of brevity, “ advance” 
be substituted for “acceleration” in the ordinary astronomical phraseology. 

* See Researches on the Blotion of the Moon (Washington, 1878), by Simon 
Newcomb, Part i. pp. 13 and 280. 


VOL. II. 


27 
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Numerical to solar and lunar tides areas the squares of the respective tide- 

estimate \ ^ ^ i ^ 

ofamount generatinof forces, finds 22 sec. as the error by which the earth, 

of tidal re- ° ^ ' , , . i i i p 

o? earth’s as time-keeper, would in a century get behind a perfect 

rotation. clock rated at the beginning of the century. Thus at the 
end of a century a meridian of the earth is 330" behind the 
position in which it would have been, if the earth had con- 
tinued to rotate with the same angular velocity which it had at 
the beginning of the century*. 

Thermo- Besides the secular contraction of the earth in cooling, re- 
dynamic , . . ^ 

acceie.mtion ferred to above, which counteracts the tidal retardation of the 

of earth s 

louitioii. earth’s rotation to a very minute degree, there exists another 
counteracting influence, as has been pointed out by Sir William 
Thomson "f, which, though much more considerable',^ is still but 
small in the amount of its accelerative effect, compared with 
the actual retardation as estimated by Adams. It is an ob- 
served fact that the barometer indicates variations of pressure 
during the day and night, and it is found that when i-hese 
variations are analysed into their diurnal and semi-diurnal har- 
monic constituents, the semi-diurnal constituent rises to its 
maximum about 10 a.m. and 10 p.m. The crest of the nearer 
atmospheric tidal protuberance is tlius directed to a point in the 
heavens westward of the sun, and the solar attraction on these 
protuberances causes a couple about the earth’s axis by which 
the rotation is accelerated. As the barometric oscillations ate 
due to solar radiation, it follows that the earth and sun together 
constitute a thermodynamic engine. Sir William Thomson 
computes, as a roiigli approximation, that from this cause the 
earth gains about 2’7 seconds in a century on a perfect chro- 

Retardation nometer set and rated at the beginning of the century. On the 

from fall . 

other hand the fall of meteoric dust on to the earth must cause 
a small retardation of the earth’s rotation, although to an 
amount probably quite insensible in a century. 

* See Appendix G (a), where Mr G. H. Darwin verifies Professor Adams’s 
computation, and shows that the combination of Hansen’s 12"*56 with Delaunay’s 
6"'l would show the earth to be losing 23*4 sec. in the circumstances defined in 
the text; and that the combination of Newcomb’s 8"*4 with Delaunay’s 6"*1 
would give a result of 8'3 sec. instead of 23*4. 

t Societe de Physique ^ Sept. 1881; or Ixoyal Society of Ediidmrgh^ Session 
1881—82, p. 396. 
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Whatever be the value of the retardation of the earth’s causes for 
rotation, it is necessarily the result of several causes, of which grepon- 
tidal friction is almost certainly preponderant. If we accept 
Adams’s estimate (according to which the earth would in** a 
century gee 22 sec. behind a perfect clock rated at the beginning 
of the century) as applicable to the outcome of the various 
concurring causes, then if the rate of retardation giving the 
integral effect were uniform, the earth as a time-keeper would 
be going slower by *22 of a second per year in the middle, and 
by *44 of a second per year at the end, than at the beginning 
of the century. 

The latter is 7 "p 7 xTofi present angular velocity; and 

if the rate t)f retaliation had been uniform during ten mil- 
lion centuries past, the earth must have been rotating faster 
by about one -seventh than at present, and the centrifugal 
force must have been greater in the proportion of 817^ to 717^ 

«r of* 67 to 5J.. If the consolidation took place then or earlier, 
the ellipticity of the upp^r laj'ers must have been instead 
of about as it is at present. It must necessarily remain Date of 
uncertain whether the earth would from time to time adjust tion of 

*' eartli* 

itself completely to a figure of equilibrium adapted to the 
rotation. But it is clear that a want of complete adjustment 
would leave traces in a preponderance of land in equatorial 
regions. The existence of large continents (§ 882'), and the 
great effective rigidity of the earth’s mass (§ 848), render it 
improbable that the adjustments, if any, to the appropriate 
figure of equilibrium would be complete. The fact then that 
^the continents are arranged along meridians, rather than in an 
equatorial belt, affords some degree of proof that the consolida- 
tion of the earth took place at a time when the diurnal rotation 
differed but little from its present value. It is probable there- 
fore that the date of consolidation is considerably more recent 
than a thousand million years ago. It is proper however to 
add that Adams lays but little stress on the actual numerical 
values which have been used in this computation, and is of 
opinion that the amount of tidal retardation of the earth’s 
rotation is quite uncertain. 

In Appendix D, § ( j) it is shown, from the theory of the 

27—2 
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Argument 
from cool- 
ing of the 
earth. 


Abrupt 
changes of 
interior 
density, 
not im- 
probable. 


Two non- 
mixing 
liquids of 
different 
densities, 
each homo- 
geneous. 


conduction of heat, that the date of consolidation may be about 
a hundred million years ago ; but that in all probability rit 
cannot have been so remote as five hundred million years from 
the present time. 

831 , From the known facts regarding compressibilities of 
terrestrial substances, referred to above (§ 829), it is most 
probable that even in chemically homogeneous substances there 
is a continuous increase of density downwards at some rate 
comparable with that involved in Laplace’s law. But it is not 
improbable that there may be abrupt changes in the quality of 
the substance, as, for instance, if a large portion of the interior 
of the earth had at one time consisted of melted‘>metals, now 
consolidated. We therefore append a solution of the problem 
of determining the ellijiticities of the surfaces of a rotating 
lilacs condsting of two non-mixing fluids of different densities, 
each^ however, being supposed incompressible. , 


L* t the densities of the two liquids be p and p + p\ the latter 
forming the spheroid 

r=^a [1 4- € (b -cos“^)] .....(1), 

and the former filling the sj^ace between this spheroid and the 
exterior concentric and coaxal surface 


r = a[l+€(^- cos"^)] (2). 

Also let the whole revolve with uniform angular velocity w. The 
conditions of equilibrium are that the surface of each spheroid 
must be an equipotential surface. 

Now the potential at a point r, in tlie outer fluid is 


|t7p [| (Sar - r) + - cos' 0)] - 

+ ‘ “ cos-6»)J 

-f -f- |ajV“ — COS*^) 


(3). 


The first line is the potential due to a liquid of density p filling 
the larger spheroid, the second that due to a liquid of density p' 
filling the inner spheroid, the third is the potential ( sin^^) 
of centrifugal force arranged in solid harmonics. 
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Substituting in (3) the values of r from (1) and (2) succes- 
sively, neglecting squares, etc., of the ellipticities, and eouating 
to zero the sum of the coefficients of (-^ - cos“(9) ; we have two 
equations from which we find 



Tlie corresponding value of ^ is to be found from the equation 

.(p4p’)-.-{p + V(2 + 35)}. 

Expi'OBsing o)^ in terms of the known quantity in we have 



Also, to a sufficient approximation, we have 


.(5). 


.(G), 


and the mean density is obviously p -f -.rf) (7). 

The numerical values of the expressions (4) and (7) are approxi- 
mately known from observation and experiment, so that if we 
assume a value of a j a we can at once find p and p\ and, from 
them, the value of ((7 - A) 10, 


From the formulas just given it is easy to show that results 
closely agreeing with observation as regards precession, ratio 
of surface density to mean density, and ellipticity of sea level 
may be obtained without making any inadmissible hypotheses 
as to the relative volumes and densities of the two assumed 
liquids. But this must be left as an exercise for the student. 

832. These estimates, and all dynamical investigations 
(whether static or kinetic) of tidal phenomena, and of pre- 
cession and nutation, hitherto published, vith the exceptions 
referred to below, have assumed that the outer surface of the 
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solid earth is absolutely unyielding. A few years ago*, for 
the first time, the question was raised : Does the earth retain 
its figure with practically perfect rigidity, or does it yield 
sensibly to the deforming tendency of the moon’s and sun’s 
attractions on its upper strata and interior mass ? It must 
yield to some extent, as no substance is infinitely rigid : but 
whether these solid tides are sufficient to be discoverable by 
any kind of observation, direct or indirect, has not yet been 
ascertained (see § 847)- The negg^tive result of attempts to trace 
their influence on ocean and lake tides, as hitherto observed, 
suffices, as we shall see, to disprove the hypothesis, hitherto so 
prevalent, that we live on a mere thin shell of solid substance, 
enclosing a fluid mass of ^melted rocks or metals, arfd proves, on 
the contrary, that the earth as a whole is much more rigid than 
any of the rocks that constitute its upper crust. 

832'. Since the first edition of this work appeared, certain 
furth r investigations have been made, the results of which 
from a different point of view confirm the conclusion at which 
we have arrived concerning the solidity of the earth. This 
subject, forming a point of confluence of the sciences of astro- 
nomy and geology, appears of some importance, so that we 
propose to give a short account of these investigations"!’. 

The mathematical theory of elastic solids imposes no restric- 
tions on the magnitudes of the stresses, except in so far as that 
mathematical necessity requires the strains to be small enough 
to admit of the principle of superposition. Nature however 
does impose a limit on the stresses : if they exceed a limit the 
elasticity breaks down, and the solid either flows (as in the *' 
punching or crushing of metals |) or ruptures (as when glass or 
stone breaks under excessive tension). It follows therefore that 
besides the question of the earth’s rigidity, on which depends the 

* “On the Rigidity of the Earth.” \V, Thomson. Trans. R. S., May 1863, 
p. 573. 

+ “On the Stresses caused in the Interior of the Earth by the Weight of 
Continents and Mountains,” by G. H. Darwin. Phil. Trans. Vol. 173, Part i. 
p. 187. 1882. [Reprinted with certain corrections in his Scientific PaperSy 

Vol. II. p. 459. G. H. D.] 

t See the account of Tresca’s most interesting experiments on the flow of 
solids. Memoires Presentes a VInstituty Vol. 18. 1868. 
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amount of straining due to tidal or other stresses, there is an Rigidity of 
iijiportant question as to the strength of the materials of the conditions 

poyfU under which 

elasticity 

mi • • • - breaks 

The theory of elastic solids as developed in §§ 658, 663i 
shows that when a solid is stressed, the state of stress is com- nipture. 
pletely determined when the amount and direction of the three 
principal stresses are known, or, speaking geometrically, when 
the shape, size, and orientation of the stress quadric is given. 

It is obvious that the tendenoy of the solid to rupture must be 
intimately connected with the shape of this quadric. ^ ' 


The precise circumstances under which elastic solids break Provisional 
have not hhherto been adequately investigated by experiment, tendency to 

T. \ ^ 1 T ^ rupture by 

It seems certain that rupture cannot take place without diner- difference 

ence of stress in different directions. One essential element greatest 

. . and least 

therefore is the difference between the greatest and least of the principal 
three principal stresses. How much the tendency to break is 
Influenced Iry the amount of the intermediate principal stress is 
quite miknown. The difference between the greatest and least 
stresses may however be taken as the most important datum 
for estimating tendency to break. This difference has been 
called by Mr G. H. Darwin (to whom the investigation of wdiich 
we speak is due) the '' stress-difference.’' It may be proved 
that the greatest tangential stress at any 23oint is equal to half 
the stress-difference. In the case of a wire under simple longi- 
tudinal stress, ^'the tenacity” is estimated by the stress per unit 
area of section under which the wire breaks. In this case two 
of the principal stresses are zero, and the third is the longitudinal 
tension ; thus tenacity is a word to define “ limiting stress- 
difference ” when produced in a special manner. Engineers 
have made a great many experiments on the strength of 
materials for sustaining tensional and crushing stresses^, and 
their experiments afford data for a compiarison between the 
strength which analysis shows that the materials of the earth 
must possess in the interior, and that of the solids which have 
been submitted to experiment. 


* See, for example, Eankine’s Useful Rules and Tables. Griffin, London, 
1873 ; and SirW. Thomson’s Elasticity. Black, Edinburgh, 1878. 
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We have in § 797 been occupied with the results of observa- 
tions giving the form of ellipsoid which most nearly satisfies 
geodetic and gravitational experiments, but the existence of dry 
land proves that the earth’s surface is not a figure of equilibrium 
appropriate to the diurnal rotation. Hence the interior of the 
earth must be in a state of stress, and as the land does not sink 
in, nor the sea-bed rise up, the materials of which the earth is 
made must be strong enough to bear this stress. 

We are thus led to inquire how# the stresses are distributed in 
the earth’s mass, and \Vhat are magnitudes of the stresses. 

Mr Darwin has, by means of the analysis of § 834, solved a 
problem of the kind indicated for the case of a homogeneous 
incompressible elastic sphere, and has applied the results to the 
discussion of the strength of the interior of the earth. 

If the earth were formed of a crust with a semi-fluid interior, 
the stresses in that crust must be grea.ter than if the whole mass 
be solid, very far greater.if the crust bo thin ; and therefore* this* 
irivestiganoii cannot give as its result stresses greater than 
those wliicli exist in reality. 

He has only treated the problem for the class of inequali- 
ties called zonal harmonics; that is (§ 781; inequalities con- 
sisting of a number of undulations running round the globe in 
parallels of latitude. The number of crests is determined by 
the order of the harmonic. The second harmonic constitutes 
simply ellipticity of the spheroid. A harmonic of a high order 
may be described as a series of mountain chains, with inter- 
vening valleys, running round the globe in ])arallels of latitude, 
estimated with reference to the chosen equator. 

In the case of the second harmonic it is shown by Mr Darwin 
that the stress-difference rises to a maximum at the centre of 
the globe, and is constant all over the surface. The central 
stress-difference is eight times as great as that at the surface. 

On evaluating the stress-difference arising from given ellip- 
ticity in a rotating spheroid of the size and density of the earth, 
it appears that if the excess or defect of ellipticity above or 
below the equilibrium value were then the stress-difference 
at the centre would be 12x10'^ gry.mmes weight per square 
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centimetre; and that, if the sphere were made of material assigidityof 

1 ^ . 111*^ 1 • f* *• earth. 

strong as brass, it would be just on the point of rupture. Again, stress when 
if the homogeueous earth, with ellipticity were to stop tidty of the 
rotating, the central stress-difference would De 50 x 10® grammes 

•1 • 1* i r* propriate 

weight’ per centimetre, and it would break ir made of any t<> the 
material except the hnest steel. rotation. 

The stresses produced by harmonic inequalities of high orders 
are next considered in the paper to which we refer. This is in 
effect the case of a series of parallel mountains and valleys, cor- 
rugating a m'ean level surface with an infinite series of parallel 
ridges and furrows. 

It is found that the stress-difference depends only on the 
depth belov^the mean surface, and is independent of the position 
of the point considered with regard to ridge and furrow. 

Numerical calculation shows that if we take a series of moun- stress due 

1)0 & S61*l0S 

tains, whose crests are 4,000 metres (or about 18,000 feet) above of parallel 
the -intermediate valley bottoms, formed of rock of specific chains, 
gravity 2*8, then the maximum stress-difference is 4 x 10® grammes 
weight per square centimetre (about the tenaxjity of cast tin) ; 
also if the mountain chains are 314 kilometres apart, the maxi- 
mum stress-difference is reached at 50 kilometres below the 
mean surface. 

The solution shows that the stress-difference is nil at the 
surface. It is, however, only an approximate solution, for it 
will not give the stresses actually in the mountain masses, but 
it gives correct results at some four or five kilometres below the 
mean surface. 

The cases of the harmonics of the 4th, 6th, 8th, 1 0th, and 12th 
orders are then considered ; and it is shown that, if we suppose 
them to exist on a sphere of the mean density and dimensions of 
the earth, and that the height of the elevation at the equator is 
in each case 1,500 metres above the mean level of the sphere, 
then in each case the maximum stress-difference is about 6 x 10® 
grammes weight per square centimetre. This maximum is 
reached in the case of the 4th harmonic at 1,840 kilometres, 
and for the 12th at 560 kilometres, from the earth’s surface. 

In the second part of the paper it is shown that the great 
terrestrial inequalities, such as Africa, the Atlantic Ocean, and 
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America, are represented by a harmonic of the 4th order ; and 
that, having regard to the mean density of the earth being abgut 
twice that of superficial rocks, the height of the elevation is to 
be taken as about 1,500 metres. 

Six hundred thousand grammes per square centimeti'n is the 
crushing stress-difference of average granite, and accordingly it 
is concluded that at 1,600 kilometres from the earth’s surface 
the materials of the earth must be at least as strong as 
granite. A very closely analogous result is also found from 
the discussion of the case in which the continent has not the 
regular undulating character of the zonal harmonics, but con- 
sists of an equatorial elevation with the rest of the spheroid 
approximately spherical. #. 

From this we may draw the conclusion, that either the 
materials of the earth have at least the strength of granite at 
1,600 ki! . metres from the surface, or they must have a much 
greater strens^th near to the surface. 

o o ^ 

For the analysis by which these conclusions are supported we 
must reicr to Mr Darwin's paper. 

The subject of this investigation has an important connection 
with the date of the earth’s consolidation as explained in § 830 
above. 

833. The character of the deforming tidal influence of 
the sun and moon will be understood readily by consider- 
ing that if the whole earth were perfectly fluid, its bounding 
surface would coincide with an equipotential surface relatively 
to the attraction of its own mass, the centrifugal force of 
its rotation, and the tide-generating resultant (§ 804) of the 
moon’s and sun’s forces, and their- kinetic reactions^*. Thus 

* It was our intention to prove in Vol. ii. that the “equilibrium theory” of 
the tides for an ocean, whether of uniform density or denser in the lower parts, 
completely covering a solid nucleus, requires correction, on account of the diurnal 
rotation, but less and less correction the smaller this nucleus is ; and that it agrees 
perfectly with the “kinetic theory” when there is no nucleus, always provided the 
angular velocity is not too great for the ordinary approximations (§§ 794, 801, 
802, 815) which require that there be not, on any account, more than an in- 
finitely small disturbance from the spherical figure. It is interesting to remark 
that this proposition does not require the tidal deformations to be small in com- 
parison with the 70,000 feet deviation due to centrifugal force of rotation. 
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(§§ 819, 824) there would be the full equilibrium lunar and iiigidityof 

1 *1 CM - PIT1- T the earth. 

scjjlar tides; or zj times the amount ot the disturmng de- ^idai influ- 
viation of level if the fluid were homogeneous, or of nearly 
twice this amount if it were heterogem^ous with Laplace’s eartil^ 
hypothetical law of increasing density. If now a very thin 
layer of lighter liquid were added, this layer would rest 
covering the previous bounding surface to very nearly equal 
depth all round, and would simply rise and fall with that sur- 
face, showing only influitesi^ial variations in its own depth, 
under tidal influences. Hence had the solid part of the earth 
so little rigidity as to allow it to yield in its own figure very 
nearly as much as if it were fluid, there would be very nearly 
nothing of *diat we call tides — that is to say, rise and fall of 
the sea relatively to the land ; but sea and land together would 
rise and fall a few feet every twelve lunar hours. This would, 
as we shall see, be the case if the geological hypothesis of a 
tjii^ crust were true. The actual phenomena of tides, therefore, 
give a secure contradiction to that hypothesis. We shall see 
indeed, presently, (§ Stl) that even a continuous solid globe, of 
the same mass and diameter as the ea^.th, would, if homogeneous 
and of the same rigidity (§ 680) as glass or as steel, yield in its 
shape to the tidal influences three-fifths as much, or one-third 
as much, as a perfectly fluid globe; and further, (§ 842) it will 
be proved that the effect of such yielding in the solid, according 
as its supposed rigidity is that of glass or that of steel, would 
be to reduce the tides to about -I or f of what they would be if 
the rigidity were infinite. 

834 . To prove this, and to illustrate this question of elastic Elastic 

^ ^ solid tides, 

tides in the solid earth, we shall wwk out explicitly the solu- 
tion .of the general problem of § 696, for the case of a homo- 
geneous elastic solid sphere exposed to no surface traction; 
but deformed infinitesimally by an equilibrating system of 
forces acting bodily through the interior, which we shall ulti- 
mately mahe to agree wdth the tide-generating influence of the 
moon or sun. In the first place, however, we only limit the 
deforming force by the final assumption of § 733. 

Following the directions of § 732, we are to find, the two 
constituents ('a, 'y) and (a^, y^) for the complete solu- 
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tion; of -wiiirli the first, given by (6) and (7) of § 733, is as 
follows *. — 


1 


2 {2i + 5) (7)1 + 7i) dx 




_ f r“_ 

7)1 + 7l\ 2(2^^ 






2(2^+3) dx (2i + 3)(2i + b)dx^ 
with symmetrical formuhe for '/3 and 'y; which [§ 733 (6)], 


give 

and, [§ 737 (28)], 



+ n 


2 {2i + 5) (771 + 7i) 


J 


( 2 ). 


These, used in (29) of § 737 with i + 2 for {, give 




f (/ " \ -nr ^ ^ / -TTr \) /ox 

— ^ (m - ,^) If I ^ 


which, reduced to harmonics by the proper formula [§ 737 (36)], 
becomes 


^Fr=: 


•-1 (_ .. _ *4-1 (2z 4" 5) n/,r d / TTr •*{ ) / 4 V 

(jr.- r(«IT-«:) + + )j(4). 


Homogene- 
ous elastic 
solid globe 
free at sur- 
face; de- 
formed by 
bodily har- 
monic force. 


This, and the symmetrical formulse for ^Gr and '//r, with r taken 
equal to a, express the components of the force j)er unit area 
which w'ould have to be balaiicc'd by the application from without 
of surface traction to the bounding surface of the globe, if the 
strain through the interior were exactly that expressed by (1). 
Hence, still according to the directions of g 732, we must now 
tind (a^, y ) the state of interior strain which with no force 
from without acting bodily through the interior, w^ould result 
from surface traction equal and opposite to that (4). Of this 
part of the problem we JiaA e the solution in § 737 (52), the par- 
ticular data being now 


Ai m + [i + l)n A, ^< 2 , 

a !’’^ ^ {2i + B) {m + n) ^ dx ' 


(2i-4-5) VI — 71 
{2i -r dj ( 2 / -T- a) [ni -f n) 




with symmetrical terms for B.. 6^., and B.^^, ^i+ 2 > none of 
other orders than i and i + 2. Hence for the auxiliary functions 
of g 737 (50) 




(i 4- 1) (2'i 4- 1) [m 4- (i -f 1) 7i\ 
(2i + 3) (in 4- 7i) 




+ 3 ) {m + n) ^ 


I ....( 6 ). 
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Now (52), with the proper terms for i + 2 instead of i added, is Rigidity of 
to be used to give ns a/y and through the vanishing of and 
it becomes 


i+i 

dx 




where for brevity we put 

7= [2 (i+2)*4- l]w-(2i + 3)M (7‘). 

To this we must add 'a, given by (1 j, to obtain, according to 
§ 732, the explicit solution, a, of our problem. Thus, after 
somewhat tedious algebraic reductions in which m + 71, appearing 
as a factor in the numerator and denoTuinator of each fraction , is 
removed, we find a remarkably simple expiession for a. This, 
and the symmetrical formulas for /? and y, are as follows* — 


where 


•a = (&ar-Sr-) ' 

|8 = {<Sa ^- ^ 

(t+ 1)[(^ + 3) ") 

'liln ! 

p __ (i + 2) (27 + 5) 7?/- - (2i + 3) ! 

^ ~ 2 (2i + 3jln I 


0 = 


(7 4- 1 ) m 

(27 4- 3)/?7 


J 


....( 8 ), 


...(9). 


The infinitely great value of (L? for the case i=0 depends on 
the circumstance that the bodily force for this case, being 
uniform and in parallel lines through the whole mass, is not self 
equilibrating, and therefore surface stress would be required for 
equilibrium. 

The formulas (8) are susceptible of considerable simplification 
if we complete the differentiations in their last terms. We shall 
at the same time separate the formulas into two parts, of which 
one has for coefficient the bulk-modulus, and the other the 
rigidity-modulus. 
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If h be the bulk -modulus, or modulus of resistance to com- 


pression, we Lave by § G 98 (5), 

'ni = 7 ^ + ( 9 ^) ; 

and n is tlie rigidity modulus. 

Thus (7^) becomes 

/ ^ [2 (i + 2)^ -f 1]7: -1- 5 / (t 4- 1) (9^). 


Also on completing tlie differentiation we Lave 
a = {t'a^ - (AC + G) r^} + {2! + 3) 


TLen, on substituting in (9) for m from (9^), carrying the results 
into (9'“) and separating tlie parts depending on k and n, we Lave 




an 1 symmetrical formula' lor (3 and y. 


-f 


.} 


...(n 


In tLe elastic solids of wLicL we Lave experimental know- 
ledge [§ 684] tlie bulk-modulus is larger tlian tlie modulus of 
rigidity, and tlierefore k is considerably larger than thus 

the terms written in the first line of (9’^) are practically much 
more important than those in tlie second. In the ideal case 
of an absolutely incompressible elastic solid, the terms in 'the 
second line of (9’^) vanish, and l!k becomes simply 2 (i-i- 2)^+ 1, 
and thus we have 


2/1 [2 (^ 4 2)^4 l]a = 

(i + 4) {cc- r-) + ^ j ^ + 2{i+ l).r ir.,. 
and symmetrical formulas for /3 and y. 


-in 


The case of 7=1 is that with wliicli we are concerned in the 
tidal problem. In it (7^) and (9“) give us 


/=19?/^-5^^ = 197:4 (10). 

To prepare for terrestrial ajiplications we may conveniently 
reduce to polar co-ordinates (distance from the centre, r; 
latitude, I ; longitude. A) such that 


x~r cos I cos A, y = r ci-s I sin A, z — r sin 1 (1 1) i 
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MtTid denote by p, /x, v, the corresponding components of displace- Rigidity^of 
ment. The expressions for these will be precisely the same as 


those for a, fS, y, except that instead ^ appears in the 

Expression for a, we have ^ in the expression for p : in that Case of 

dr rdl incompres- 

■* ^ sible elastic 

for a, and in that for v. Also in transform! ncr from a 

r cos ld\ ® 

to p we must put x = r, and in transforming from /5 and y to 

pu and V, 2 / and must be piij: zero. Thus if we put 




■( 12 ), 


so that may denote the surface harmonic, or the harmonic 
functionof directional angular co-ordinates I, X, corresponding 
to we have from (9^^) 


{2/n) p = (i + 1) I a2 - (i -f 2) r- 1 + Jh ! + 1) - {i - 1)?’^} J 

{2/n)p.=i - a- - (i-f 4)r-| (i-l-l) J 


(2In) v = 


^Ic I a‘^-{i + 4) r-\ -i- ln{i + 1) (a^ - ?'2) J ^ 


dl 


I d\ 


In the case of elastic solids, such as we know them experi- 
mentally, the terms in k are much more important than those 
in n. 


Now it is easy to show that, in as far as p depends on the 
term in k, it reaches a maximum value when r=ajl-l/{i+2y; 
and in as far as it depends on the term in n it would algebrai- 
cally reach a maximum when r = a 1 -i- 2 /{(i+ 2) (i - 1)}. But 
this latter point being outside of the splmre it follows that the 
term in n increases from the centre to the surface. We thus 
see that p increases from zero at the centre, to a maximum 
value near the surface, and then diminishes again. 

In a similar manner it appears that pfr reaches a maximum, 
as far as concerns the term in k, when r - ajl - 3 j{i (i + 2)}; 
and as far as concerns the term in n, when r ~ a. 

When i-1, which corresponds to the case of the tidal pro- 
blem, we have from (13) 
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dS^ 


2 ( 1 9i^ + ^7l) 71 
1 


cos I dk 


[(8a'-5r')^+|(a'- r')w] ^ 


...{14). 


2 (19/^4- ^7i)n 

It is obvious that p/r diminishes from the centre outwards to 
the surface ; and its extreme values are 


at the centre - = 
r 


Sk 4- -|7^ 

{l9kT^7i)n 

X i* P 5^ 4- 4^ 

at the surface - = tyttv — a~v~ 
r {I9k^^n)n 


= 


8a® 




5a^/ 
1 9?i V 


(- 

^\n/k \ 

; 

1 TT 

^ ! 

(- 

71 jk ^ 

1 

14--^ 7llk) 



.( 15 ). 


Cases : — 

centrifugal 

force 


tide-gene- 
rating force. 


When the disturbing action is the centrifugal force of uniform 
rotation with angular velocity o), we have as found above (§ 794) 
for the whole potential 

W^ = w {^o/r® 4- l<o®r® (4 - cos® 0)} (1.6),. . 

where w denotes the mass of the solid per unit volume. The 
effect of the term 4^(o®r® is merely a drawing outwards of the 
solid from the centre symmetrically all round ; which we may 
consider in detail later in illustrating properties of matter in our 
second volume. The remainder of the exj^ression gives us 
according to our present notation 

(x>® + 7/- 2z ^) ; or {I - cos® 0) (17), 

where r = ia>® (1^)* 

For tide-generating force the same formu]a3 (14) and (15) hold 
if (§§ 804, 808, 813) we take 

” ^ ( 19 ), 


^ - 2 jj^ 


and alter signs so as to make the strain -spheroids prolate instead 
of oblate. The deformed figure of each of the concentric 
spherical surfaces of the sphere is of course an ellipsoid of 
revolution; and from (15) we find for the extremes : — 

8a® 

ellipticity of central strain spheroids = ^ | 

. . . 5a® 


1 + 


^ Tfijk ^ 


TIT 


( 


1 + -^^nlk. 
6 


14-. 


I27l\ 1 + 


^S^l±-).WT 


( 20 ). 


of free surface 
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From tliese results, (8) to (20), we conclude that E^asticsoiiU 

‘§ 35 . The bounding surface and concentric interior spherical 
surfaces of a homogeneous elastic solid S23he: e strained slightly 
by balancing attractions from without, become deformed into 
haiiisionic spheroids of the same order and type as the solid har- 
monic expressing the potential function of these forces, when 
they are so expressible : and the direction of the component 
disjDlacement j^erj^endicular to the radius at any point is the 
same as that of the component of the attracting force perpendi- 
cular to the radius. These concentric harmonic spheroids Homogene- 
although of the same type are not similar. When they are of Sd^i^fobe 
the second degree (that is when the force potential is a solid faceTde”^ 
harmonic of the second degree), the proportions of the ellipti- SSy^ha^- 
cities in the three normal sections of each of them are the 
same in all : but in any one section the elli]3ticities of the con- 
centric ellipsoids increase from the outermost one inwards to 
the centre, ih the ratio of 5fc-ffn to or 


1 - 


1 . 


1 +-^^nlk 

If be small, as is in general the case, the ratio is 

approximately | -f 4^ njk : 1. 

For harmonic disturbances of higher orders the amount of de- 
viation from sphericity, reckoned (^>f course in proportion to the 
radius, increases from the surface inwards to a certain distance, 
and then decreases to the centre. The explanation of this re- 
markable conclusion is easily given without analysis, hut we 
*shall confine ourselves to doing so for the case of ellipsoidal 
disturbances. 


Case of 
second de- 
gree gives 
elliptic de- 
formation, 
diminishing 
from centre 
outwards:— 
higher de- 
grees give 
greatest pro- 
portionate 
deviation 
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city neither 
at centre 
nor surface. 


836 . Let the bodily disturbing force cease to act, and let s^^thetic 
the surface be held to the same ellipsoidal shape by such a m^mum 
distribution of surface traction 093, 662) as shall maintain 
a homogeneous strain throughout the interior. The interior of 
ellipsoidal surfaces of deformation will now become similar 
concentric ellipsoids : and the inner ones must clearly be less 
elliptic than they were when the same figure of outer boundary 
was maintained by forces acting throughout all the interior; 

28 
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and, therefore, they must have been greater for the inner sur- 
face. And we may reason similarly for the portion of the 
whole solid within any one of the ellipsoids of deformation, by 
supposing all cohesive and tangential force between it and the 
solid surrounding it to be dissolved ; and its ellipsoidal figure to 
be maintained by proper surface traction to give homogeneous 
strain throughout the interior when the bodily force ceases to 
act. We conclude that throughout the solid from surface to 
centre, when disturbed by bodily force without surface traction, 
the ellipticities of the concentric ellipsoids increase inwards. 


837 . When the disturbing action is centrifugal force, or 
tide generating force (as that of the sun or moon on the earth), 
the potential is, as we have seen, a harmonic of the second 
degree, symmetrical round an axis. In one case the spheroids 
of deformation are concentric oblate ellipsoids of revolution; 
in the other case prolate. In each case the ellipticity increases 
from the surface inwards, according to the same law [§834 (15)] 
which is, of course, independent of the radius of the sphere. 
For spheres of different dimensions and similar substances the 
ellipticities produced by equal angular velocities of rotation 
are as the squares C)f the radii. Or, if the equatorial surface 
velocity ( F) be the same in rotating elastic spheres of different 
dimensions but similar substance, the ellipticities are equal. 
The values of the surface and central ellipticities are respec- 
tively 


^ V^w 
11 2n 


and 


UT^ 
33 2?i 


( 21 ) 


for solids fulfilling Poisson’s hypothesis (§ 685), according to 
which ?n — 2n, or k = 


If the solid be absolutely incompressible these ellipticities 
are by § 834 (15) 


5 V^w S V^w 

19 19 2n 


( 22 ). 


Now since ^^ = •2727 and ,^=-2632; and ^ = '4242 and 
.^ = ’4211, we see that the compressibility of the elastic s6lid 
exercises very little influence on ^he result. 
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For steel or iron the values of n and m are respectively Elastic sojid 
7tS0 X 10^ and about 16*00x10® grammes weight per square ^ 
centimetre, or 770 x 10® and about 1(300 x 10® gramme-centi- 
me tre-seconds, absolute units (§ 223), and tlie specific gravity (w) 
is about 7’8. Hence a ball of steel of any radius rotating with 
S*^quatorial velocity of 10,000 centimetres per second will be 
flattened to an ellipticity (§ 801) of For a specimen of 

flint glass of specific gravity 2*94 Everett finds n = 244x10® 
grammes weight per square aentimetre and very approximately 
m = 271. Hence for this substance n/w = 83 x 10® [being the 
length of the modulus of rigidity (§ 678) in centimetres]. But the 
numbers used above for steel give nlw = 100 x 10® centimetres ; Numerical 

results for 

and theref(fre {§ 838) the flattening of a glass globe is l/'83, or iron and 
IJ times that of a steel globe with equal velocities. 


838. For rotating or tidally deformed globes of glass or Eotationai 
Qig^tals, the amount of deformation is but little influenced by efiiptfcities 
compressibility, as we see irom the numerical comparison given in influenced 
§ 837. For any substance for which 3A:> on the surface ellipti- 
city is diminished by three per cent, or by less than three per metallic, 

IT ‘ 1 o ^ vitreous, or 

cent., and the centre elnpticity by | per cent., or less than | per gelatinous 
cent, if we suppose the rigidity to remain in any case unchanged, 
but the substance to become absolutely incompressible. For 
the surface ellipticity, § 834 (22) gives on this supposition 


e 


oa^w 


.(23;, 


or with n — 770 x 10® as for steel (§ 837), 

a = 640 X 10®, the earth's radius in centimetres, 
and w — 5’5, „ „ mean density, 

we have, in anticipation of § 839, 

e = 77xl0^T (24). 


839. If now we consider a globe as large as the earth, and Value of 

of incompressible homogeneous material, of density equal to eiiip^cities 

the earth's mean density, but of the same rigidity as steel or sanS^siL 
n./.-ir*! 1 mass a 

glass ; and if, in the first place, we suppose the matter of such earth, of 

® 1 . . non-jtravi- 

a globe to be deprived ot the property oi mutual gravitation tatiug 

28—2 
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material, between its parts: the ellipticities iadiiced by rotation, or by tide 
e^enerating force, will be those given by the preceding formula 
and same [§ 834 (20)], with the Same values of 7i as before; with njk — O) 
steei.'^^^^ with 640 X 10® for a, the earth’s radius in centimetres; and 
Avith 5*5 for tv instead of the actual specific gravities of glass 
and steel. 

But without rigidity at all, and mutual gravitation between 
the parts alone opposing deviation from the spherical figure, 
Ave found before (§ 819) for the elhpticity 


e = £?T = lG2 X 10*. T (25). 

2g 

Comparison 840 . Hencc of these two influences Avhich Ave have con- 
spheroidal- sidcred separately: — on ’the one hand, elasticity of figure, even 
powers of with so great a rigiditv as that of steel; and, on the other hand, 

gravitation 

and rigidity, mutual graAutation between the parts: the latter is consider- 

for large ^ . 

homogene- ably more poAverful than the former, in a globe of such dimen- 

ous solid . ^ ^ . 

globes. sions as the earth. When, as in nature, the tAvc. resistances 
against' change of form act jointly, the actual ellipticity of form 
will be the reciprocal of the sum of the reciprocals of the ellip- 
ticities that Avould be produced in the separate cases of one or 
other of the resistance.s acting alone. For Ave may imagine the 
disturbing influence divided into tAvo parts: one of AA^hich alone 
would maintain the actual ellipticity of the solid, Avithout 
mutual gravitation ; and the other alone the same ellipticity 
if the substance had no rigidity but experienced mutual gravi- 
tation between its parts. Let r be the disturbing influence as 
3 measured by § 834 (20), (21) ; and let r/r and r/g be the ellipti- 

to deforma- citics of the Spheroidal figure into Avhich the globe becomes 

tion due re- ^ , . , . . , 

to g^ avfty suppositions of rigidity without gravity and 

r^tdity without rigidity, respectively. Let e be the actual 

ellipticity and let r be divided into r and r" proportional to 
the two parts into Avhich we imagine the disturbing influence 
to be divided in maintaining that ellipticity. We have r = t'+ r", 
and e = r'/r = t '/ g. 


Whence - = r + g, or- =1 + 9, which proves the proposition. 

6 V T" 7" 
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By §§ 838, 839 we have 


r = 


19n 

5a\v 


, and (t = ?— 
oa 


(27. 


and 


r _ _ 19n/g 

0[ 2gaw Haw 


..(28) 


^^.Jiere njg is the rigidity in grammes weight per square ceuti- 
metre. For steel and glass as above (§§ 837, 839) the values 
of r/g are respectively 2*1 and *66. 


840 '. Mr G. H. Darwin shown* how the introduction of 
the effects of the mutual gravitation of the parts of the spheroid 
may be also carried out analytically instead of syntheticall 3 ^ 
The sphere being in a state of strain is distorted into a spheroid 
(say r = a cr^, where is a surface harmonic). Then the 
state of internal sti'ess and stiain in ihe spheroid is due to 
three causes, (i) the external disturbing potential (ii) the 
attraction of the harmonic inequality of which the potential is 
, -\- \ ) a\ (iii) the weight (positive in parts and nega- 

tive in others'^ of the inequality This last is equivalent 
to a normal traction per unit area applied to the surface of 
the sphere equal to — It is not possible to arrive at 

the results due to the last cause without a modification of the 
anal^'sis of § 834, because we have to introduce the effects of 
surface tractions. 

But Mr Darwin shows (p. 9 loc. cif.) that “if be the 
potential of the external disturbing influence, the effective 
potential pei unit volume at a point within the sjhere, now 
free of surface action and of mutual gravitation, is 

TFf— 2gw [i — 1) r"cri/{2i + 1) a* = suppose.” 

The case considered by him is that of an incompressible 
viscous spheroid, and he goes on to find the height and retarda- 
tion of tide in such a spheroid. The analysis is, how^ever, almost 
literatim applicable to the case of an elastic incompressible 
spheroid. 

Suppose now that the external disturbing potential is 
TFg = tvrr^ (i — cos" ^), 

* “On the Bodily Tides of Viscous and Semi-elastic Spheroids, &c.” Phil. 
Trans. Part i. 1879, p. 1. [Reprinted in his Scientific Papers, Vol. ii p. 1. 
G. H. D.] 
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uigidityof B^ud that the sphere consequently becomes distorted into the 

the earth. whose equation is r = a [1 + e — cos^ 0)], so that 

< 7 ^ z= ae{^ — COST 6). Then the effective disturbing potential to 

effects of produce the same strain in a sphere devoid of gravitation is 
gravitation. x o 

(t — ge) ivr^ (A — Such a potential we know by (23) § 838, 

and (27) § 840, will ]>rodiicc ellipticity e, given by e = (T — 
Whence 


r + a 

♦ 


which is the result (26) of § 840. 


(26), 


The analytical method has the advantage of showing that we 
are uegiecting as small the tangential action between the in- 
equality and the true spherical surface, a fact which is not so 
obvious from the synthetical mode of treatment. In the case 
of the viscous spheroid considered by Mr Darwin this tangential 
action (although varying as r^) is of much interest, for the sum 
of the moments of all the tangential actions about ^ the axis of* 
revolution of the spheroid constitutes the tidal frictional retard- 
ing couple'*^'. 


Hypothesis In the paper to which we refer Mr Darwin Ijas also investigated 
eiaSity^of tlio consequeuces whicli would arise from the hypothesis that 
theeaith. elasticity of the earth is not perfect, but tnat the stress 
requisite to maintain a given state of strain diminishes in 
geometrical progression as the time, measured from the tim^ of 
straining, increases in arithmetical progression. This hypothesis 
undoubtedly represents some of the phenomena of the imper- 
fect elasticity of actual solids. He finds, then, that if “the 
modulus of the time of relaxation of rigidity,'’ being the time 
in which the stress falls to 1/e or *378 of its initial value, be 
about one-1hird of the period of the tidal disturbance, then the 
height of the bodily tide scarcely differs sensibly from the height 
on the liypothesis of perfect elasticity. The phase of tide 
would still however be considerably affected. The existence of 
the great continents (§ 832^) proves almost conclusively that for 


See “Problems connected with the Tides of a Viscous Spheroid.” PJilI. 
Trans. Part ii. 1870, p. 539. [Reprinted in his Scientific Papers^ Vol, ii. p, 140. 
G. H. D.] 



840'.] 


STA7’ICS. 


439 


stresses lasting for a few hours or days the earth has practically 
perfect elasticity. 


841 . Reverting now to the results of § 840, it appears that 
if the rigidity of the earth, on the whole, were only ar much ‘as 
4^at of steel or iron, the earth as a whole would yield about 
one^ird as much to the tide-generating influences of the sun 
and moon as it would if it had no rigidity at all ; and it would 
yield by about three-fifths of the fluid yielding, if its rigidity 
were no more than that of glass. 


Rigidity of 
the earth : 
unless 
greater than 
that of steel 
would be 
very im- 
perfectly 
effective in 
maintain- 
ing figure 
against tide- 


842 . To find the effect of the earth’s elastic yielding on the 

tides, we must recollect (§ 819) that the ellipticity of level due 

to the distuj^hing force, and to the gravitation of the undisturbed 

globe, which [§§ 804, 808, (18), (19)] is ar g, will be augmented 

by |e on account of the alteration of the globe into a spheroid influence 

of ellipticity e: so that if (§ 799) we neglect the mutual attrac- y^eidi^of 

tion of the waters, we have for the disturbed ellipticity of the earth on the 
• r J surface- 

sea level (§ /85) liquid tides. 

(29). 

The rise and fall of the water relatively to the solid earth will 
depend on the excess of this above the ellipticity of the solid. 
Denoting this excess, or the ellipticity of relative tides, by e, 
we have 



€ = -T-^e 

9 

(30), 

or by (26) and (27) 

a X 

€ = - T 

9 r + g 

(31). 


Hence the rise and fall of the tides is less than it would be 
were the earth perfectly rigid, in the proportion that the resist- 
ance against tidal deformation of the solid due to its rigidity 
bears to sum of the resistances due to rigidity of the solid and 
to mutual gravitation of its parts. By the numbers at the end 
of § 840 we conclude that if the rigidity were as great as that 
of steel, the relative rise and fall of the water would be reduced 
by elastic yelding of the solid to |, or if the rigidity were only 
that of glass, the relative rise and fall would be actually re- 
duced to I, of what it would be were the rigidity perfect. 
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843 . Imperfect as the comparison between theory and 
observation as to the actual height of the tides has been 
hitherto, it is scarcely possible to believe that the height is 
in reality only two-fifths of what it would be if, as has been 
universally assumed in tidal theories, the earth were perfectly 
rigid. It seems, therefoi'e, nearly certain, with no other ':vl- 
deuce than is afforded by the tides, that the tidal effective 
rigidity of the earth must be greater than that of glass. 

844 . The actual distribution of land and water, and of 
depth where there is water, over the globe is so irregular, that 
we need not expect of even the most powerful mathematical 
analysis any approach to a direct dynamical estimate of what 
the ordinary semi-diurnal tides in any one place ought to be 
if the earth were perfectly rigid. In water 10,000 feet deep 
;\vhich is considerably less than the general depth of the 
Atlantic, as demonstrated by the many soundings taken within 
the l.st few years, especaally those along the wliol^. line off the 
Allan v‘c Telegraph Cable, from Valencia to Newfoundland), the 
velocity of long free waves, as will be proved in Vol. ll., is 567 
feet per secoiid*. At this rate the time of advancing bhrough 
57^ (or a distance equal to the eaiilfs radius) would be only 
ten hours. Hence it may be presumed that, at least at all 
islands of the Atlantic, any tidal disturbance, whose period 
amounts to several days or more, ought to give very nearly the 
true equilibrium tide, not modified sensibly, or little modified, 
by the inertia of the fluid. Now such tidal disturbances (§ 808) 
exist in virtue of the moon’s and sun’s changes of decimation, 
having for their periods the periods of these changes. 

845 . The sum of the rise from lowest to highest at Teneriffe, 
and simultaneous fall from highest to lowest at Iceland, in the 
lunar fortnightly tide, would amount to 4 3 inches if the earth 
were perfectly rigid, or 2*9 inolies if the tidal effective rigidity 
were only that of steel, or 1*7 inches if the tidal effective 
rigidity were only that of glass. The amounts of the semi- 
annual tide, whatever be the actual rigidity of the earth, would 
of course be about half that of the fortnightly tide. The amount 

* Airy, Titles and Waves, § 170. 
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of either in any one place would be discoverable with certainty Rigidity of 
to a small fraction of an inch by a proper application of the 
method of least squares, such as has hitherto not been made, 
to the indications of an accurate self-regi'^tering tide-gauge. 

For our present object, the semi-annual tide, though it may 
^^'.^the advantage of being more certainly not appreciably 
different from the true equilibrium amount, may be sensibly 
affected by the melting of ice from the arctic and antartic polar 
regions, and by the fall of rain and drainage of land elsewhere, 
which will probably be founcf to give measurable disturbances 
in the sea level, exhibiting, on the average of many years, an " 
annual and semi-annual harmonic variation. This disturbance probably 

IT- in n • 1 1 in to be best 

will, however, be eliminated for any one fortnight or half-year, 
by combinin^r observations at Avell-chosen stations in dif- vations 

^ giving 

ferent latitudes. It seems probable, therefore, that a some- amounts of 

fortnightly 

what accurate determination of the true amount of the earth s tides, 
elastic yielding to the tide-generating forces of the moon 
and sun rhay be deduced from good self- registering tide- 
gauges maintained for several years at such stations as Ice- 
land, Teneriffe, Cape Verde Islands, Ascension Island, and 
St Helena. It is probable also that the ratio of the moon^s 
mass to th^Ct of the earth may be determined from such observa- 
tions more accurately than it has yet been. It is to be hoped Tide-gauges 
that these objects may induce the British Government, which biished at 
has done so much for physical geography in many ways, to tions. 
establish tide-gauges at proper stations for determining with 
all possible accuracy the fortnightly and semi-annual tides, 
and the variations of sea level due to the melting of ice in the 
polar regions, and the fall of rain and drainage of land over the 
rest of the world. 

846. More observation, and more perfect reduction of obser- Scantiness 

, of informa- 

vations already maae, are wanted to give any decided answer 
to the questions, liow" much the fortnightly tide and the semi- 
annual tide really are. “ In the Philosophical Transactions^ ^om o^r- 
'^1839, p. 157, Mr Whewell shows that the observations 
“ high and low water at Plymouth give a mean height of water 
increasing as the moon’s declination increases, and amounting 
“to 3 inches when the moon’s declination is 25^. This is the 
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Rigidity Of “same direction as that corresponding in the expression above 
Scai^^ness '' to a high latitude. Tiie effect of the sun’s declination is not 
t/onre^d- “ investigated from the observations. In the Philosophical 
rd|btiy' “ Transactions, p. 163, Mr Whewell has given the observations 
to '' of soiiie iiiost extraordinary tides at Petropaulofsk, in Kams- 

“chatka, and at Novo- Arkhangelsk, in the Island of Sitl^’^roii 
the west coast of North America. 


“From the curves in the Philosophical Transactions, as well 
“as from the remaining curves ^relating to the same places 
“ (which, by Mr Whewell’s kindness, we have inspected), there 
“ajjpears to be no doubt that the mean level of the water at 
“ Petropaulofsk and Arkhangelsk rises as the moon’s declina- 
“ tioii increases. We have no further informat-Vm on this 
“point.” — (Airy’s Tides and Waves, § 533.) 


AdvanoMn 847. We have left these sections, on the probability of the 
of tides great effective rigidity of the efirth, in the form in which they 

since the ^ .. ^ 

first edi- stood in our first edition m 18G/. Since thaU date gfeat" 

tion. , ^ ® 

advances have been made in our knowledge of actual tidal 
phenomena. The Tidal Committee of the British Association 
“ appointed on the motion of Sir William Thomson in 1867, with 
for one prominent object the evaluation of the long. period tides 
for the purpose of answering the question of the Earth’s rigidity,” 
has done much towards the attainment of a satisfactory know- 
ledge of the tides in the ocean siirroundiDg these islands. 
But by far the most complete information relates to the Indian 
Ocean, for in consequence of the exertions of General Walker, 
Sir William Thomson, General vStrachey and others, the Indian 
Government has taken up the question, and is now issuing, under 
the direction of General Walker and Major Baird, R.E., tide tables 
for the principal ports in India. We are thus now able to 
present the following discussion of the questions raised above, 
contributed to our present edition by Mr G. H. Darwin. 

The theo- 848. The expre.ssion for a tide should consist of a spheri- 
of the fort- cal harmonic function of latitude and longitude of places bn the 

nightly and . . , . 

eiUptfc^ earths surface multiplied by a simple time-harmonic; but 

tides. where a correct expansion, rigorously following this defi- 

nition, would involve some terms of very long period, it 
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is more convenient to regard the spherical harmonic as its6lf The theo- 
slo^ly varying between certain limits, and thus to amalgamate 
a number of terms together. The last term of (23) S 808 will monthly 
give the theoretical equilibrium values of the fortnightly decli- 
Kjj^ional tide, and of the monthly elliptic tide. The fill expan- 
sion ?f^this term would involve a certain part going through its 
period in 19 years, in ’which time the lunar nodes complete a 
revolution. This part will, according to Sir William Thomson, be 
most conveniently included by^ conceiving the inclination of the 
lunar orbit to the equator to undergo a slow oscillation in that 
period. In practice an average value for the inclination, the 
average being taken over a whole year, is sufficiently exact. 


(a) I?i ’what follows, the descending node of the equator on 
the lunar orbit will be called “the intersection.” If the lunar 
orbit were identical with the ecliptic, the irtersection would be 
the vernal equinox or T. 

The foHowing is a siimmaiw of the notation employed below: — 

For the moon : 

M = mass ; D — radius vector ; c = mean distance ; cr = mean 
motion; ^ = true longitude in the orbit; ^ = inclination of lunar 
orbit t?^e ecliptic : longitude of ascending node on the 

ecliptic ; ra- == longitude of perigee in the orbit ; e = eccentricity 
of orbit; longitude of “the intersection” in the orbit; v = 
right ascension of “the intei section ” ; 3 = declination. 

Observe that longitudes “in the orbit” are measured along the 
ecliptic as far as the lunar node, and thence along the oi'bit; or 
are measured altogether in the movable orbit from appoint 
therein, which is at a distance behind the node equal to the 
distance of the node from q". 


For the earth : 


E — mass ; a ~ mean radius ; I, \= latitude and W. longitude 
of places on the earth’s surface ; w = obliquity of ecliptic ; / = in- 
clination of equator to lunar orbit. 

For both bodies together, let T = -|il/a7^V. And let the 
time t be measured from the instant when the moon’s mean 
longitude vanishes. 

The readers of the Tidal Reports of the British Association 
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for 18G8, 1870, 1871, 1872, 1876* may find it convenient to 
note that the symbols employed are frequently the Greek 
initials of the corresponding words ; thus, — y, <t, -q [yfj, (reXyi/q, 
for the rotation and mean motions of earth, moon, and 

sun. 


We may now write the last term of (23) § 808, thus , 


where 


A = // 1 ^ 3(1 -3 sin® 8) 
2/=jTa[^(l +f-?)-sin-”;] 


(!)• 


It is obvious from the solution of a right-angled spherical triangle 
til at 

sin 3 - sin 7 sin (0 - f). 


Whence 


1 - 3 siir 8 - 1 - 1 sin- I + i sirr / cos 2 ((9 ~ (2). 

By the theory of e]li])tic motion, we have, on neglecting the 
solar perturbation of the moon, which causes the ‘evection,’ the 
‘variation’ and other inequalities, 


^ (1 - e") = 1 + ecos ( 6 * - or) (3). 

In proceeding to further developments, e and sin^/ will be 
treated as small quantities of the first order, i‘'.\d^ those of the 
second order will be neglected. Thus in terms of the first order 
'we have 

0 == at (4). 

Then from (3) and (4) we have 

= 1 + 3d cos (at — zo), 
and from (1), (2), and (4) 

cos (at - * 20 )} {1 - f sin^/ f | sin^ /cos 2 (at - f)} 

=1 - f sin^ / -I- 3d (1 - f sin- 7) cos (at - -sr) + -| sin^ 7 cos 2 (at - f) 

( 5 ). 

In this expression the first term 1 - # sin®/ oscillates with a 
period of 19 years about the mean value 1— -Isin^o), the 


* Also of papers presented to the British Association by Sir W. Thomson and 
Capt. Evans, R.N., in 1878 (reprinted in Nature, Oct. 24, 1878), and by 
Mr G. H. Darwin in 1882. [See also VoL i. of Sir G. H. Darwin’s Scientific 
Papers, G. H. D.] f 



STATICS. 


445 


848.] 

niaximtim and minimum values of I being w-f-i and cx)— i^ng-period 
It represents a small permanent increase to the ellipticity of tl)e 
oceanic spheroid, on which is superposed a small 19-yearly tide. 

This part of the expression has no further in t'^ rest in the present 
investigation. The last term of (5) goes through a double period 
ii;|^nearly 27*3 rn. s. days and constitutes the fortnightly decli- 
national tide. If the approximation were carried to terms of 
the second order, which may very easily be done, this term would 
have involved a factor 1 The middle term goes through 

a single period in something^over 27*3 days, the angular motion 
of the lunar perigee being 40^40' per annum. This term as it 
stands in (5) is complete to the second order. Thus we may 
write the expressions to the second order of small quantities, 
for the fJttnightly and monthly elliptic ti(U;s, thus : — 


^ = 1(1 _ |e«) sinV cos 2 (<t« - f) 
^ 3e (1 — I siiiV ) cos ^ut - 'ey) 


( 6 ). 


(5) We must now show how to compute I and and it Formulse 
will be expedient (as will appear belovc) at the same time to longitude 
comp ute 1/^ an(f R.A. 

The accompanying figure 
planes to one another. 


exhibits the relation of the three 


and B-.A. of 
the inter- 
section. 



^ the longitude of I in the orbit is - Sllj and v the right 


ascension of I is Tl. 

Now from the spherical triangle TSIf> we have 

cot I SI cos A^cos i + sin ^ cot (7), 

cot iTsin cosaY cos w + sin a> cot i (8), 

cos / = cos i cos (u — sin i sin w cos N (9). 
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Formu’as 
for the 
longitude 
and R.A. of 
the inter- 
section. 


, - ^ (cot I S) sin N- cos N) sin lY 

Also tanf-^ w^hrr ^ — at — . 

cos cot 1 sin JV + sm“iV 

Substituting in wliicli from (7), and effecting some reductions 
in the result, and in (8), we have 


tan i = 


sin i cot o) sin xY (1 — tan i i tan a> cos N) " 
cos^ I i + sin i cot w cos A - sin^ ^ i cos 2iY 


tan V = 


tan i cosec to sin A 
1 + tan i cot w cos A 


...( 10 ), 


These formulas are rigorously true, but since i is small, being 
about 5^ 9', we may obtain much simpler approximate for- 
muljB, sufficiently accurate for all ])ractical purposes. Treating 
then sin { and tan i as e^ual to one another, and to i the circular 
measure of 5® 9', equations (10) become approximately, 


c . . X- 1 -o . 1 - - ^ 

tan t = i cot (0 sm A — -h %' sin 2 A — - . 

siir o) 

. • Tl-r 1 .a . n ^ 

tan V — ^ cosec o) sin i.v — A sin 2xV — 

sin“ CD J 


( 11 ). 


The second terms of these expressions are very nearly equal 
to one aiiothei', because cos co = 1 — J siir w approximately. And 
v-^ is a small angle, which is to a close degrca#,.cv£. approxima- 
tion equal to i tan ^ oj sin A. 

Numerical calculation shows that 'i tan i tu is 4' ; hence 
^ = 1 / — 4' sin A very nearly. 

In the Tidal Keport of the British Association for 1876 the 
treatment of this subject, with notation involving a symbol }), is 
somewhat different from the above, but the result is the 
same. The symbol ]) denotes the equatorial mean moon’s^’ 
l ight ascension at the epoch when ( = 0 ; which it may be ob- 
served is not the same epoch as that chosen here. This fictitious 
mean moon moves in the equator with an angular velocity equal 
to the moon’s mean motion, and it is at the “ intersection ’’ at 
the instant when the moon’s mean longitude is equal to the 
longitude ‘‘in the orbit” of the intersection. In other words, 
if we take a second fictitious moon moving in the plane of the 
lunar orbit with an angular velocity equal to the moon’s mean 
motion, and coinciding with the actual moon at the instant 
when the moon’s mean longitude vanishes, then the equatorial 
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mean moon coincides with this orbital mean moon at the inter- Long-period 

, . tides, 

section. 

It is obvious then that the right ascension of the equatorial 
mean moon will always differ from the moon s mean longitu^n 
by r - and thus 

]) = moon’s mean longitude at the epoch + I*’ 4' sin xV. 

Therefore with the epoch of the Eeport of 1876 (pp. 299, 302) 
at + ))- r = moon’s mean longitude -f P4' sin N~v 
~ moon’s mean longitude - $ 

Now according to the Report (p 305), the fortnightly tide is Formulas 
expressed, (by means of H as defined in (1) above), in the form longitude 

and E.A. of 

.* H J sill" I cos 2 (at v). the inter- 

' section. 

This only differs from (6) in the term which is the correc- 
tion for the eccentricity of the lunar orbit. 

It is io be remarked that in the report is the mooiTs 

mean anomaly at the epoch, and therefore w is equal to the 
mean longitude of the moon’s perigee -f 1°4' sin iT, and not simply 
the mean longitude of the moon’s perigee, as defined in the last 
line of p. 302. Since the moon’s mean anomaly is only involved 
in the arguments of the elli])tic tides, which are all small, this 
correSoblfi in 'sr' has no jiractical importance. It is however im- 
portant, in regard to clear ideas of the notation and the spherical 
trigonometry of the subject. 

In consequence of not at first apprehending properly the 
nature of the fictitious equatorial mean moon,” I overlooked 
the term RI'sinA^ in ]), and in the reductions made below 
have used v instead of L Since the difference between v and 
f is clearly of little importance in respect to the numerical 
values of the fortnightly tide, I have not repeated the compu- 
tations with the correct value of 5, or, in the present notation, 
with i in place of r. 

(c) The factor // or |Ta[|(l +(i^) ~ sin^/] involves the 
function which depends on the distribution of land and water 
on the earth’s surface. By (21) § 808 

<L^ ^ ~ ^ 

where O is the total area of ocean, and where the double integral 
is taken all over the surface of the ocean. 
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The integral of 3 sin®^— 1 taken over the whole sphere vanishes, 
and therefore the integral taken over the sea is equal to, but 
opposite in sign to the integral taken over the land. It is more 
convenient to integrate over the land, because there is less of it, 
than over the sea. 

In order to evaluate this integral, and to determine, ^ the 
total area of sea at the same time, it will be sufficiently accurate 
if we replace the actual continents and islands of the earth by 
blocks of land, limited by parallels of latitude and by meridians. 
The following schedule specifies the blocks which were taken to 
represent the actual land, together with the names of the land 
to which they are supposed to correspond. 

Since it is impossible that the amount of water, which flows 
in ana out of tiie Mediterranean Sea in a week or a fortnight, 
can influence the height of the sea in the open ocean to any 
sensible extent, that sea has been treated as though it were 
dry land. The longitudes of the land are given 'so that any 
one may verify that the representation of the continents 
pretty good; in evaluathig the other four functions of (21) §808 
these longitudes would be required ; but for & we only require 
the number of degrees of longitude, which are occupied by land, 
between each pair of parallels of latilude. 

As ex]>lained above 


OCr = — jj (^3 siir Z — 1 ) cos IdldX (1 ^)> 

ii = i7r- jfcosldldX (13), 


when the integrals are taken all over the land of the globe. 
iYo w j (3 sin - 1) cos idl = — ^ (sin I + sin 31), 

and J cos Idl — sin 1. 

If therefore there )>e degrees of land between latitudes 
and of the IST. hemisphere, and degrees of land between the 
same parallels of the S. hemisphere, it is clear that the con- 
tributions to (12) and (13) due to land between these latitudes 
in both hemispheres, are respectively 

+ Q 4 ^ and - + <.) [sin if^ . 
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APPROXIMATE DISTRIBUTION OP LAND ON THE EARTHS SURFACE. 



N, latitude, 

IT. longitude. 

A, latitude, 

E, longitude. 

lat, tc 

% 

200 to 50". 

Arctic land. 


lat. 700 to 800. 

22" to 55"; 85" to 115". 

Greenland. Islands. 

55" to 60"; 90" to 110". 

Nova Zembla. Tunda. 

lat. 60»to70». 

35" to 52" ; 65" to HO" ; 90" to 165". 
Greenland. Baffiniand. Brit.N.Am. 

10“ to 1B0“. 

Norway Sr N. Asia. 

lat. 50» to 60". 

0" to 6"; 60" to 78"; 90" to 130". 

G. Brit. Canada. Brit. N. Am. 

10" to 140"; 155" to 160". 

Europe & Asia. Kamschatka. 

lat. 40» to 50». 

0"to 5"; 65" to 123". 

France & Spain. U. S. 

0" to 135". 

Asia. 

lat. 30<> to 40". 

0"to8"; 78" to 120". 

A^ica. U. S. 

0" to 120": 135" to 138". 

AsiaAMedit. Sea. Japan. 

lat. 20« to 30°. 

0"tol5"; 80" to 82"; 97" to 110". 
Africa. Florida & Cuba. Mexico. 

0" to 118". 

Africa and Asia. 

lat. 10^ to 20^ 

• • 

0“ to 17“ i 87“ to 95*. 

Africa. Mexico. 

• 

0" to 50"; 75" to 85"; 95" to 108"; 

Africa. India. Siam. 

122" to 125". 
Philip. Isl. 

lat. 00 to 10^ 

53" to 78". 
j S. America. 

0“ to 48“ ; 98“ to 105“ ; 112“ to 117“. 

1 Africa. Malayia. Borneo. 

i 

S, latitude. 

^ W. longitude. 

S\ latitude. 

E. longitude. 

lat. CO to 10<'. 

37" to 80". 

S. America. 

12" to 40"; 110" to 130". 

Africa. Islands. 

lat. W to 200. 

37" to 74". 

S. America. 

12" to 38" ; 45" to 50" ; 126" to 144". 
Africa. Madagascar. Australia. 

lat. 200 to SO". 

45" to 71". 

S. America. 

15" to 33"; 115" to 151". 

Africa. Australia. 

lat. 300 to 400. 

55" to 73". 

S. America. 

20" to 23"; 132" to 140". 

Africa . Australia. 

lat. 40<> to 500. 

/ • 

65“ to 73“ 

S. America. 

170" to 172". 

N. Zealand. 

lat. 50“ to 60“. 

67" to 720. I 

T. delFuego. 1 

/ 

lat. 600 to 70^ 

S. Shetland. # 

120" to 130". 

Adelie Land. 

lat. 70“ to 80“. 

about 20" of longitude (Antarctic continent). 

lat. 800 to 90^ 1 about 180^ of longitude (Antarctic continent). 


Now the above table gives and for eacli pair of latitudes 
90® to 80®, 80® to 70® Ac. in both hemisplieres, for example from 
20® to 30®, 4 - is 228 ; hence it is clear that if S denotes sum- 
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mation for the contributions due to each such pair of latitudes, 
we have 

(i, + <j) [sin I + sin 3/]^‘ 

720-2(<, + g[sinq|‘ 

It is only necessary to form tables of sin I and (sin I -tyfin bl) 
for each 10® of latitude from 0® to 90®, and then io form the 
first differences of these two sets of values, and subsequently 
to perform a number of multiplications, in order to obtain the 
required results. As the amount of antarctic land is quite 
uncertain, two suppositions were taken, namely, first that there 
is as much antarctic land as is given in tlie schedule, and 
secondly, that there is no land between S. latitude 80® and the 
pole. On the first hypothesis it was found that the fraction of 
the w'hole earth’s surface which consists of land is of 202*9 
= *283, and in the second that the same proportion is of 
200*2 =*278. Rigaud* has estimated the proportion as *260; 
if then it be considered that he too could have no information 
as 10 antarctic land, and that the Mediterranean Sea is here 
treated as solid, it appears that the representation of the 
continents by square blocks of land has been very satisfactory. 
The numerator for the expression for CS was fognd to be —7*87 
or — 2*53 according to the two hypotheses. Hen^e we have 

7*37 

Cr = = — *0152, with antarctm continent 

ol7*l 

— 2*53 

and & = — = — *00486, without antarctic continent 

oiy 'o 

■|(1+C^) will be found to be equal sin^34®40' or sin^ 34® 57'. 
Since ^is sin® 35® 16', it follows that the latitude of evanescent 
fortnightly and monthly tides is very little affected by the 
distribution of land and water on the earth’s surface. 

In the reductions of the tidal observations I have put 
(1 +&) — sin® sin (35® ~ 1) sin (35® + 1). 

Thus from (6) we have 

= I ra (1 — l^e®) sin®/ sin (35® - 1) sin (35® + 1) cos 2 (o-l — {)) .. .. 

= § rae (1 — sin® I) sin (35® — 1) sin (35® + 1) cos (cri — “zs^) /” * * ' 

* Trans, Cam. Phil, Soc. Vol. 6. 
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Taking c/a = 60*27; a = 20*9x 10® feoc, it will be 

found that 

^Ta = 2*619'> feet. 

If we take o} = 23”28', the maxi num, mean and,Maxinium. 

n^nimum values of I are 28® 37', 23® 28', 18® 19'. 'rhen with SSnum 
e ^ *054908, it will be found that . Sitfsyfeet. 

/•298, when 7=28® 37', 

I ra (1 - |e') sin® 1 = ■<*206, when I = 23® 28', 

(•128, when 7=18'’ 19'; 

,•094, when 7=28'’ 37', 

I Tae (1 - f sin" 7) = ylOO, when 7 = 23® 28', 

(•123, when 7= 18® 19'. 

These niimbers are given in feet, and the equatorial semi-ranges 
of the and jjl tides are (since sin® 35® - ^ nearly) about one- 
third of these numbers. At the time when 7 is a minimum 
these two tides have approximately equal langes; but when 7 
i.s a maximum the fortnightly is three times as great as the 
monthly* tide. 

(d) Tn the Reports of the British Association, and in the Preparation 
^^Tide-tables for the Indian Ports”* for 1881 and 1882, the tiou by 
results of^the harmonic analysis of the tidal observations are squares, 
given in the form E cos (nt - c), where E, the semi-range of tide, 
is expressed in British feet, n is the speed of the particular tide 
in question, and €, the retardation of phase (or shortly the phase), 
is an angle less than 360®. 

In the case of the fortnightly and monthly tides n is respec- 
tively 2(r and a - where is the angular velocity of the 
lunar perigee and tlierelbre rsr = 717 ^ 6 . (In the Tidal Report of 
1872 that which is here called is denoted as -cy.) 


R'ow in oi'der to compare the observed fortnightly tide with 
its theoretical value, we must write the observation in the 
form 


Or if we put 


ii" cos [2 (art - $) - (c— 2^)]. 

A cos (€-2 |)=Ai 
E sin (c - 2i) = BJ 


(15) 


* These tables were prepared under the direction of Captain (now Major) 
A. W. Baird, B.E., and Mr E. Boberts, and are published by authority of the 
Secretary of State for India in Council.” 


29—2 
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the ohservation becomes 

A cos 2 (o-^ - ^) + B sin 2 (at - 


In the CMse of the monthly tide, if we put 
A cos c — C) 

M sin € = Dj 


( 16 ), 

( 17 ) 


tlie result of ohservation becomes 

C cos (at — w) + D sill (ori^ — tzr) (1^)- 

The expressions for the thepretical equilibrium fortnightly 
and monthly tides are given in (14). If however the solid 
earth yields tidally, either as an elastic body, or as a viscous one, 
the height of the tide will fall below its equilibrium value. 
Moreover on the hypothesis of viscosity the phase of the tide 
will be affected ; a result which would also follow from the 
etl’ccts of fluid friction. 


Tiius the actual fortnightly and monthly tides must be ex- 
jjressed in the forms 


= Ira (1 - f fc“) sin - 1 sin - 1) sin (35^ -h ?) \x cos 2 {ert- sin 2 (erf - f 
^Tue (1 - f sin-/) sin (35® - 1) sin (33® + Z] [u cos {ert-'^) + o sin (crC - '^ )} 


19, 


where x, y, u, v are numerical coefficients. If the equilibrium 
theory be nearly true (compare § 808 above) for fllo lortnightly 
and monthly tides, y and v will be small ; and x and u will be 
fractions approaching unity, in proportion as the rigidity of the 
earth’s mass approaches iutiiiity. 

If we now put 

a = I ra (1 - | e“) sin® /sin (35® - 1) sin (35® + Z)) 
c = § (1 — sin®/) sin (35® — Z) sin (35® + Z)/ 


then foi' the fortnightly tide 

SLX = A) 
ay = BJ 

and for the monthly tide 

ett = 0 1 

cv -- DJ 


( 21 ), 


( 22 ). 


Every set of tidal observations will give equations for x, y, u, v\ 
and the most probable values of these quantities must be deter- 
mined by the method of least squares. 
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For places north of 35® N. lat., or .south of 35® S. lat. the 
coefficients a and c become negative. This would be incon- 
venient for the arithmetical operations of reduction, and therefore 
for such places it is convenient to subtract 180® from the phases 
€--2^, and c which occur in the expressions for A, B, 0, D; 
after doing this the coefficients a and c may in all cases be 
treated as positive, for we may suppose (?~35") to be taken 
for places in the northern heinispheie North of 35®, and 35®— I 
for places in the same hemisphere to the South of 35®; and 
similarly for the southern hemisphere. 

(e) In collecting the results of tidal observation I have 
to thank Sir William Thomson, General Strachey, and Major 
Baird for placing all the materials in my hands, and for giving 
me every facility. As above stated the observations are to 
be found in the British Association Keports for 1872 and 1876, 
and in the Tide tables of the Indian Government. 

The results of the harmonic analysis of the tidal observations 
are given altogether for 22 different ports, but of these only 14 
are here used. The following are the reasons for rejecting 
those made at 8 out of the 22 iiorts. 

One of^these stations is Cat Island in the Gulf of Mexico ; 
this place, in latitude 30® 14' N., lies so near to the critical 
latitude of evanescent fortnightly and monthly tides, that con- 
sideiing tlie uncertainty in the exact value of that latitude, it 
is impossible to determine the proper weight which should be 
assigned to the observation. The result only refers to a single 
year, viz. 1848, and as its weight must in any case be very 
small, the omission can exercise scarcely any effect on the result. 

Another omitted station is Toulon; this being in the Mediter- 
ranean Sea cannot exhibit the true tide of the open ocean. 

Another is Hanstal in the Gulf of Cutch. The result is given 
in an Indian Blue Book. I do not know the latitude, and 
General Strachey informs me that he believes the observations 
were only made during a few months for the purpose of deter- 
mining the mean level of the sea, for the levelling operations of 
the great survey of India. 

The other omitted stations are Diamond Harbour, Fort 
Gloster and Kidderpore in the Hooghly estuary, and Bangoon, 
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and Moulraein. All these are river stations, and they all ex- 
hibit long period tides of such abnormal height as to make it 
nearly certain that the shallowness of the water has exercised 
a large influence on the results. The observations higher up 
the Hooffhiv seem more abnormal than those lower down. I 

O o/ 

also learn that the tidal predictions are not found to be satis- ^ 
factory at these stations. 

The following tables exhibit the results for the 14 remaining 
ports. The rows E and € are extracted from the printed tidal 
results, and the rest of the values are the reductions eflfected 
in accordance with the investigations of the preceding sections. 
It has already been explained why, in the case of the fortnightly 
tide, € - 2v is given in place of the more correct c - 2f. It must 
also be added that in many cases there is no information as to 
the days on which the observations began and ended ; it was 
thus impossible to use the rigorously correct value for r, namely 
that corresponding to the middle day of the period embraced 
by the observations. These detail^ might no dou,bt have been 
obtnined by means of correspondence with various persons in 
India ; but considering the uncertainty in the tabular results 
it did not seem worth while to incur this delay. 

Sir William Thomson placed in my hands be of the 
values of / and v corresponding to the 1st of July of each year. 
Accoj'dingly when the observations are stated to be, for example, 
for 1874 — 5, I assume that the observaiions began early in 
1874, and the values for I and v for July 1, 1874, are used. In 
several cases it appears that the observations began in March, 
and here but little error has been incurred. In the few cases 
in which only a single year is named (e.g. Ramsgate), it is 
assumed that values for July 1 will be proper. 

No attempt has been made to assign weight to each year’s 
observations according to the exact number of months over 
which the tidal records extend. The data for such weighting 
are in many cases wanting. In computing the value for a the 
factor 1 — fe® was omitted, but it has been introduced finally as 
explained below. 



British and French Ports, Noiwh of Latitude 35". 

[Tidal Reports oj BriL Assoc. 1872 and 1876.] 
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Place ..... 

ViZAGAPATAM. 

Madras. 

Port Blair, 
Ross ISLiiND. 



Latitude.. 

n” 41' 

130 4' 

IP 40^' 




30. 

31. 

32. 

33.* 



Year 

1879-SO. 

1880-1. 

18S0-1. 

1880-1. 



11. 

•o;]6 

•055 

-032 

•059 

. 

a; 


e. 

30-07 

3170-54 

3410-95 

3320-33 



e - 2i^. 

-r 240 16' 

- 170 43' 

+ 60 41' 

^20 56' 

s' 

£ 


A. 

+ *0328 ' 

+ *0524 

+ -0318 

+-058y 

c 

^ i 


B. 

4- -0148 

- -0107 

-f ’0037 

- -0029 


a. 

•0597 

•0534 

•0626 

•0649 


r 

E. 

•021 

-077 

-040 

, -020 

c 

TS 

1 

1 

e. 

1 220-48 

1 520-54 ! 

i 

40''-G5 

120-95 


f. 

1 4- 220 29' 

+ .52" 33' 

+ 40039 ' 

+ 1‘P57' 

pC 


C. 

-4- -0194 

i -f -OKiS 

-0304 

+ -0195 



1). 

-f *0080 

i -f -0611 

+ -02(>0 

+ -0045 


1 

C. 1 

•02 42 

I -0253 

•0296 

•0307 


Gauss’s notation is adopted for the reductions*. That is to 
say, [AA] denotes the sum of the squares of the A’s, and [Aa] 
the sum of the products of each ^ into its corresponding a. 

In computing the value of a for the fortnightly tide the t 
factor (1 — f which occurs therein was treated as being equal 
to unity; since -|e^= *00754, it follows that the [aa], which 
would be found from the numbers given in the table, must be 
multiplied by (1 — *01508), and the [Aa] and [Ba] by (1 — *00754). 
After introducing these correcting factors the following results 
were found ; 

[aa]-*14573, [AA]=*09831, [BB]=-02576, [Aa]=:*09836, [Ba]=*00291 
[cc]- *02253, [CC]-*11588, [DD]=*07552, [Cc]='01533, [Dc]=-00202. 

* See Gauss’s works, or the Appendix Jo Chauvenet’s Astronomy, 




And if m be the nuni})er of observations (which in the present 
Calais 33) tfie mean errors of u, v are respectively 

l’ /[AA7[aS]~[Aay 1 /[BB] [aa] - [ Ba]^ ~ 

[aa] V m — \ * [aa] V 771 -1 * 

1 . / CCO] ~[cc] -'[Ce]^ * _1_ / [BD][cc]-[D? |'7 

[ccj m — 1 ’ [ccj V m - 1 

The probable errors are fonnd from the near errors by multi- 
plying *6745. 

I thus find that 

X = *075 ± ’056, y ~ ‘020 ± 055, u = *680 ± *258. v = *090 ± *218. 

The smallness of the values of y and v is satisfactory; for, as 
,*?fated above. (§ 848 (d)), if the equilibrium theory were true for 
the two tides under discussion, they should vanish. Moreover 
the signs are in agreement with what they should be, if friction 
be a sensible cause of tidal retardation. But considering the 
probable errors, it is of course rather more 
likely that the non-evanescence of y and v is due to errors of 
observation^. 

If the solid earth does not ^ ield tidally, and if the equi- 
librium theory is fulfilled, x and u should each be approximately 

* Shortly after these computations were completed Professor Adams hap- 
pened to observe a misprint in the Tidal Ueport for ls72. This Eeport gives 
the method employed in the reduction by harmonic, analysis of the tidal obser- 
vations, and the erroneous formula relates to the reduction of the tides of long 
period. On inquiring of IMr Eoberts, who has superintended the harmonic 
analysis, it appears that the erroneous formula has been throughout used in the 
reductions. A discussion of this mistake and of its effects wEl be found in a 
paper communicated to the British Association by me in 1882. It appears that 
the values of the fortnightly tide are not seriously vitiated, but the monthly 
elliptic tide will have suffered much more. This will probably account for the 
large probable error which I have found for the value of the monthly tide. If a 
recomputation of all the long-period tides should be carried out, I think there is 
good hope that the probable error of the value of the fortnightly tide may also 
be reduced. 

It appears from a communication from Major Baird, E.E., that the erroneous 
formula referred to has not been used in the reduction of the Indian Tidal 
Observations (March 20, 1883). 
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unity, and if it yields tidally they should have equal values. 
The very close agreement between them is probably somewljat 
due to chance. From this point of view it seems reasonable to 
combine all the observations, resulting from G6 years of obser- 
vation, for both sorts of tides together. 

Then writing X and Y for the numerical factors b:^ which 
the equilibrium values of the two components of either tide are 
to be multiplied in order to give the actual results, I find 

X= -676 ± *076, F= *029 ± *065. 

Tidal yield- These results really seem to present evidence of a tidal 

tS?tb’s ^ yielding of the earths mass, showing that it has an effective 

RiVidity rimditv about equal to that of steel 

about equal o ^ j 

But this result is open to some doubt for the following 

than that 

of steel. reason : 

j’aking only the Indian results (48 years in all), which are 
much more consistent than the English ones, I find 

X=*931 ±-0o6, 7-T55 ± *068. 

We thus see that the more consistent observations seem to 
bring out the tides more nearly to their thcoreti^l equilibrium- 
values with no elastic yielding of the solid. 

It is to be observed however that the Indian results being 
confined within a narrow range of latitude give (especially when 
we consider the absence of minute accuracy in the evaluation of 
(£ in § 848 (c)) a less searching test for the elastic yielding, than 
a combination of results from all latitudes. 

On the whole we may fairly conclude that, whilst there is 
some evidence of a tidal yielding of the earth’s mass, that 
yielding is certainly small, and that the effective rigidity is at 
least as great as that of steel. 

* It is remarkable that elastic yielding of the upper strata of the earth, in 
the case where the sea does not cover the whole surface, may lead to an apparent 
augmentation of oceanic tides at some places, situated on the coasts of conti- 
nents. This subject is investigated in the Eeport for 1882 of the Committee of 
the British Association on “ The Lunar Disturbance of Gravity.” It is there, 
however, erroneously implied that this kind of elastic yielding would cause an 
apparent augmentation of tide at all stations of observation. 



APPENDIX TO CHAPTER VII. 


The following Appendices are reprints of papers published at various times. 
Excepting where it is expressly so stated, or where it is obvious from the 
context, they speak as from the date of publication. The marginal notes 
hotv£ver to the uppendices which appeared in the first edition speak as at the 
date^ issue of that edition, viz, 1867; in the new appendices the marginal 
notes are now added for the first time, 

(C.) — Equations of Equiubrium of an Elastic Solid 
DEDUCED from THE PRINCIPLE OF EnERGY*, 

(a) Let a solid coni}30sed of matter fulfilling no condition of 
isotropy in any part, and not homogeneous from part to part, 
be given of any shape, unstrained, and let every point of its 
surface be altered in position to a given distance in a given 
direction. It is required to find the displacement of every point 
of its substance, in equilibrium. Let x, y, z be the co-ordinates 
of any particle, P, of the substance in its undisturbed position, and 
X + a, y A- /S, z -r y its co-ordinates when displaced in the manner strain of 
specified : that is to say, let a, /5, y be the components of the tuJe^pecL 
required displacement. Tium., if for brevity we put efemenu.^ 



these six quantities A, B, C, a, h, c are proved [§ 190 (e) and 
§ 181 (5)] to thoroughly determine the strain experienced by the- 

* Appendix to a paper by Sir NV. Thomson on “ Dynamical problems le-. 
garding Elastic Spheroidal Shells and Spheroids of incompressible liquid/’' 
Fhil, Trans. 1803, Vol. 153, p. 610. 



Strainspeci- 
lied by six 
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( 

substance infinitely near the particle F (irrespectively of any 
rotation it may experience), in the following manner: ^ 

(b.) Let 77 , I be the undisturbed co-ordinates of a particle 
infinitely near P, relatively to axes through F parallel to those 
of X, y, z res]>ectively ; and let be the co-ordinates 

relative still to axes throimh F, when the solid is in its strained 
condition. Then 

+ 'n: + C = A e + Byf -e cc + 4- (2) ; 

and therefore all particles whi^h in the strained state lie on a 
spherical surface 

are in the unstrained state, on the ellipsoidal surface, 

A^- + Fq~ 4* 4- '2ay}l 4 - -f 2c^ri = r/. 1 

This (§§ 155 — 1C5) coihpletely defines the homogeneous strain of 
the matter in the neighbourhood of F. 

(c.) Hence, the thermodynamic principles by which, in a paper 
on the ^‘^Therino-elastie Properties of Matter*/’ Gre^en’s dynamical 
theory of elastic solids was demonstrated as part of the modern 
dynamical theory of heat, show that if icdxdydz denote the work 
required to alter an infinitely small undisturbed volume, dxdydz, 
of the solid, into its disturbed condition, whe^its tem peratiire 
is kept constant, we must have 

w~f{Ai, B, G, e, 6, c) (3) 

wliere f denotes a positive function of the six elements, which 
vanishes when J. — 1, 1, C~ 1, a, h, c each vanish. And if 

Tr denote the whole work required to produce the change actually 
experienced by the wliole solid, we have 

W = // j wdxdydz - -(4:) 

where the triple integral is extended through the space occupied 
by the undisturbed solid. 

(c?.) The position assumed by every particle in the interior of 
the solid will be such as to make this a minimum subject to the 
condition that every particle of the surface takes the position 
given to it; this being the elementary condition of stable equili- 
brium, Hence, by the method of variations 

5 IF = //j hwdxdydz = 0 (5). 

* Quarterly Jcurn. of Math., April, 1855, or Mathematical and Physical 
Payers by Sir W. Thomson, 1882, Art. xjlviii. Part vii. 
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But, exhibiting only termr depending on 8a, we have 
I „ dw [da. \ dw da ‘ dv) da^ dha 

^^XdX^x^^rThTz^Tcdyl-d^ 

^ dw da ^ dw da ^ dw /da j 

( dB dy da dz dc \dx j] dy 


dw da dw da dw [da ( 

i dC dz da dy ^ dh \dx ^ / j 


Potential 
energy of 
deforma- 
tion; 

a minimum 
for stable 
equilibrium. 


Hence, integrating by i)arts, and observing that 8a, 8y^, 8y vanish 
at the limiting surface, we have 

Sr . [Q ♦ I » f ) «. * C«.} (6) 

wliere for brevitv P, Q, R denote the multipliers of ~~ 

dx dy dz 

respectively, in the preceding expression. In order that 8 IF may 
vanish, the multipliers of 8a, 8/?, 8y, in the exj^ression now found 
for it, mifst each vanish, and hence we have, as the equations of 
equilibrium 


d dw [da 


djv da die da 
dh dz dc dy 


d ^ ^ dw da dw da dw [da 




c/// i*" dB dy da dz 


dc \dx 


Equations 
of internal 
equilibrium 
of an elastic 
solid experi- 
encing no 
bodily force. 


dw da dw da dv) [da 


dz L dC dz da dy dh \dx ) j 1 

etc. etc. J 

of which the second and^ third, not exhibited, may be written 
down merely by attending to the symmetry. 

(e. ) From the property of w that it is necessarily positive when 
there is any strain, it follows that there must be some distribu- 
tion of strain through the interior which shall make j j jvjdxdydz 
the least possible, subject to the prescribed surface condition ; and ^ 
therefore that the s*.)lution of equations (7) subject to this con- 1 
dition, is possible. If, whatever be the nature of the solid as i 
to difference of elasticity in different directions, in any part, and i 
as to heterogeneity from part to part, and whatever be the ! 
extent of the change of form and dimensions to which it is t 
subjected, there cannot be any internal configuration of unstable j 


Their solu- 
tion proved 
possible and 
unique 
when sur- 
face dis- 
placement 
IS given, 
unless th^e 
can be un- 
stable equi- 
librium: 
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nence neces- 
sarily uni- 
que tor a 
homogene- 
ous solid. 


Extension 
of the ana- 
lysis to in- 
clude bodily 
force, and 
data of sur- 
face easy. 


Transition 
to case of in- 
finitely 
small 
strains. 


Oreen’s 

theory; 


equilibrium, nor consequently any but one of stable equilibrium, 
with the prescribed surface displacement, and no disturbing force 
on the interior; then, besides being always positive, w mus^be 
such a function of A, B, etc., that there can be only one solution 
of the equations. This is obviously the case when the unsjtrained 
solid is homogeneous. 

{/.) It is easy to include, in a general investigation '^milar to 
the preceding, the effects of any force on the interior substance, 
such as we have considered particularly for a spherical shell, of 
homogeneous isotropic matter, in §§ 7 30... 7 37 above. It is also 
easy to adapt the general investigation to siiperhcial data of force^ 
instead of displacement. 

((/.) Whatever be the general form of the function f for any 
pavo of the substance, "since it is always [lositive it cannot change 
in sign when — 1, i)^ — 1, ~ 1, a, 6, c, have their signs changed; 

and therefore for infinitely small values uf these quantities it must 
be a homogeneous quadratic function of them with constant co- 
efiicients. (And it may be useful to observe that ^or all value^df 
tiie variables A, etc., it must therefore be expresbible in the 
same form, with varying coefficients, each of which is always 
finite, for all values of the variables.) Thus, for infinicely small 
sti ains we have Green’s theory of elastic solMe, 
homogeneous quadratic function of the components of strain, ex- 
pressing the work required to ])roduce it. Thus, putting 


A--l = 2e, B-l = 2j; €-l = ^g (8) 

and denoting by ^{c, e), i (/’/)>• coeffi- 

cients, we have, as above (§ 073), 

It’ = ^ e) 6° + {f, f)f-‘+ 0, g) 9 ^ + (a, a) a? + {b, h) W + (c, c) c'} ' 

(ej/) ef -f (e, g) eg + (e, a) ea + (e, h) eh {e, c) ec 

+ {A sVar + (A o)fa + (/, b)fb + {/, c)/a ^ 

+ ig , «) S'® + (9, i>)9b+ «) 

+ {a, h) ah-\-{a^c)ac 
-f- (6, c) he ^ 


ih.) 

dvj da 
dh dz 


dw du 


When the strains are infinitely small the products — , 
, etc., are each infinitely small, of the second order. We 
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therefore omit them; and then attending to (8), we reduce Case of 

(7) to small 

strains 


d dw d div ^ d dw ^ ^ 

dx de dtj dc dz dh 

d dw d dio d dw _ ^ 

dx dc dy df dz da 

d dw d dw d dw 


dynamic 
equations 
of internal 
equili- 
brium: 


d dw d dw d dw _ ' 

dx dh dy da dz dg 

which are the equations of«interior equilibrium. Attending to 


(9) we see that 


de da 


... are linear functions of e, a, 


5, c the components of strain. Writing out one of them as an 
exampl^we Iiave 

= {«, e)e+ («,/)/+ («, g)g + {e, a) a + (e, V)b + {e,c)c...{\\). 

And, a, /5, y denoting, as before, the component displacements of 
any iiiierior particle, P, from its undisturbed position (x, y, z) 
we have, by (8) and (1) 


^ dz dy ’ 


'y’ ^ dz 

y dy da 


da df3 
dy'^ dx j 


and relative 

kinematic 

equations. 


It is to be observed that the 'Coefficients (e, e)j {e,/), etc., will be 
in general functions of (.r, y, z), but will be each constant when 
the unstrained solid is homogeneous. 

i^L) It is now easy to prove directly, for the case of infinitely 
small strains, that the soTutioii of the equations of interior equi- 
librium, w'hether for a heterogeneous or a homogeneous solid, Solution 

7 . 7 r 7 7 Pi*oved 

subject to the prescribed surface condition, is unique. For, let 

Pi y components of displacement fulfilling the equations, theVedy 
and let a\ p', y denote any other functions of Xj y, z, having peneous or 
the same surface values as a, y, and let e, f w' denote ouswhen^* 
functions depending on them in the same way as e, ..., de- pfacement' 

pend on a, P, y. Thus by Taylor’s theorem, is given: 


aw , , . uw , , aw , , ^ aic , , , aw „ , , . aw , , , 

, = _ (e _ e) + — (/ -/ ) + ~ - S) + ^ (a - «) + ^ (6 - 6) + ^ {c’-c)+H, 

where H denotes the same homogeneous quadratic function of 

80 
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Case of in- 
finitely 
small 
strains 


solution not 
necessarily 
unique, 
when the 
‘surface data 
are of force. 


Condition 
that sub- 
stance may 
be isotropic, 
without 
limitation 
to infinitely 
small 
strains; 


e'-e, etc,, that w is of e, etc. If for e' — e, etc., we substitute 
their values by (12), this becomes 


tv —w = 


dw d (a — a) 
de dx 


+ 


dw d {a - a) 
db dz 


dio d {a - a) 
dc dy 


+ etc. *4“ JET. 


Multiplying by dxdydz, integrating by parts, observing that 
a — a, jS' - /3, y - y vanish at the bounding surface, any^ taking 
account (10), vve find simply 

/// ‘^) = /// Hdxdydz ( 13 ). 

But H is essentially positive. Therefore every other interior 
condition than that specified by a, /?, y, provided only it has the 
same bounding surface, requires a greater amount of work than 
tv to produce it : and the excess is equal to the work that wouhl 
be required to produce, from a state of no displacement, such a 
displacement as superimposed on a, /?, y, would produce the 
other. And inasmuch as a, y, fulfil only the conditions of 
satisfying (11) and having the given surface values, it follows 
that no other than one solution can fulfil these conditions. 

yj,) But (as has been pointed out to us by Stokes) when the 
surface data are of force, not of di.splacenient, or when force acts 
from without, on the interior substance of the body, the solution 
is not in general unique, and there may be configufatumsTf 
unstable equilibrium even with infinitely small displacement. 
For instance, let part of the body be composed of a steel-bar 
magnet; and let a magnet be held outside in the same line, and 
with a pole of the same name in its end nearest to one end of the 
inner magnet. The equilibrium will be unstable, and there will 
be positions of stable equilibrium with the inner bar slightly in- 
clined to the line of the outer bar, unless the rigidity of the rest 
of the body exceed a certain limit. 


{k.) Becurring to the general problem, in which the strains are 
not supposed infinitely small : we see that if the solid is isotropic 
in every part, the function of a, 6, c which expresses 

w, must be merely a function of the roots of the equation 

[§ 181 (11)3 

{A-C){B-C){C-^-a‘{A-C)-h\B-^‘)-c%G-C) + ^o^c=0...{U) 

which (that is the positive values of f) are the ratios of elonga- 
tion along the principal axes of the strain ellipsoid, it is un- 
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C,k] 


^necessary here to enter on the analytical expression of this 
condition. For in the case of A — (7—1, a, b, c each 

infinitely small, it obviously requires that 

{%«) = (/,/) = (/ 5')= (S'. «) = («./); (a,a)={b,b) = ic y -A 

(e,a)={f, b)={g,c)^0; {b,c)={c,a)={a,h)=0; and 

(e, 6)= -^c) =(/, c)^-{f,a) = {g, a)= {cj, b) = 0. J 

m 

Thus the 21 coefficients are reduced to three — 


(e, e) which we may denote by the single letter 

„ „ ; „ 

(ct, Cfc) ,j J, ,, ,, 91, 

It is clear that this is necessary and sufficient for insuring C 2 ibze expressed m 
. . T /» 1 • • equations 

%,sotropyti that is to say, perfect equality of elastic properties fimong tho 

with reference to the three rectangular directions OX^ OY, OZ. elasticity 

foi* ciJ/SG 

l)Ut for spherical isotropy^ or complete isoti :)py with reference to infinitely 
all directions through the substance, it is further necessary that Strains. 

, ....(16); 


as is easily jiroved analytically by turning two of the axes of 
co-ordinates in their own plane through 45®; or geometrically 
by examining the nature of the strabi represented by any one of 
iemenS? a, c (a simple shear) and comparing it with the 
resultant of c, and f — — e (which is also a simple shear). It is 
convenient now to put 


^ + 33 = 2ni ; so that % — in + 1^ — m — n (17) ; 

and thus the expression for the potential enei’gy pei' unit of 
volume becomes 

2w=m{e+f+g)-+ n (e^ +f*+g'‘ - %fg - - 2^/+ a® + 6- 4 - c') . . . (1 8). f “‘Jg ‘’of 

Using this in (9), and substituting for g, a, h, c their values 
by (12). we find immediately the equations of internal equi- UiTsotropic 
librium, which are the same as (6) of g 698. 


(1.) To find the mutual force exerted across any surface within 
the solid, as expressed by (1) of § 662, we have clearly, by con- 
sidering the work done respectively by F, Q, R, S, T, U (§ 662) 
on any infinitely small change of figure or dimensions in the 
solid. 


Pf= 


dw 

Te^ 


Q- 


dw 


R= 


dw 


d/^ dg^ 


^ dw 


db’ 


^=^...(19). 


Components 
of stress re- 
quired for 
infinitely 
small 
struin. 


30—2 



Moduli of 
resistance 
to compres- 
sion and of 
rigidity. 


Append ij^T). 

Dissipation 
of energy 
disregarded 
by many 
followers of 
Uutton. 
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Hence, for an isotropic solid, (18) gives the expressions which we 
have used above, (12) of § 673. 


(m.) To interpret the coefficients m and 7i in connexion with 
elementary ideas as to the elasticity of the solid : first let 
a=b c ~0j and e=f=g = ^^\ in other words, let the substance 
experience a uniform dilatation, in all directions, producing an 
expansion of volume from 1 to 1 4 - S. In this case (18) becomes 


and we have 


w = h{'m- \7i) 8 ^; 
diu 


dS 


(ni — ^7i) 8. 


Hence (m — ^7i) 8 is the normal force per unit area of its surface 
required to keep any portion of the solid expanded to the amount 
specified by 8. Thus m — measures the elastic force called 
out by, or the elastic resistance against, change of volume : and 
viewed as a moduhts of elasticity ^ it may be called the bulk- 
modulus. [Compare 692, 693, 694, 688, 682, and 680.] 
What is commonly called the “compreSv^ibility ” isimeasured by 
1/(OT - In). 

And let next e = /■-= y = 6 = c = 0 ; wdiicli gives 
io-lii(d'y and, by (19). S=7ia. 

Tiiis shows that tlie tangential force per unit area required to 
produce an infinitely small shear (§ 171), amounting to a, is na. 
Hence n measures the innate power of the body to resist change 
of shape, and return to its original shape ^vheu force lias been 
applied to change it : that is to say, it measures the rigidity of 
the substance. 


(D). — On the Secular Cooling of the Earth*. 

(a.) For eighteen years it has pressed on my mind, that 
essential principles of Thermo-d 3 'namics have been overlooked 
by those geologists who uncompromisingly o))pose all paroxysmal 
hjqiotheses, and maintain not only that we have examples now 
before us, on the earth, of all the different actions Viy which its 
crust has been modified in geological iiistory, but that these 
actions have never, or have not on the whole, been more violent 
in past time than they are at present. 

* Transactions of the lioyal Society of Edinburgh, 1862 (W. Thomson); 
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(d.) It is quite certain the solar system cannot have gone on, Dissipation 
even as at present, for a few hundred thousand or a few million from 
years, without the irrevocable loss (by dissipation, not by anni- syS«m. 
hilation) of a very considerable proportion of the er’tire energy 
initially in store for sun heat, and for Plutonic action. It is 
quite certain that the whole store of energy in ohe solar system 
hai^een greater in all past time than at present ; but it is con- 
ceivable that the rate at which it has becui drav n upon and dis- 
sipated, whether by solar radiation, or by volcanic action in the 
earth or other dark bodies of the s^’stem, may have been nearly 
equable, or may even have been less rapid, in certain periods of 
the past. But it is far more probable that the secular rate of 
dissipation has been in some direct proportion to the total amount 
of energy in store, at any time after the commencement of the 
present order of things, and has been therefore very slowly 
diminishing from age to age. 

(c.) I have endeavoured to prove t]iis for the sun’s heat, in an Terrastnal 
article recently published in MacmillarC s Magazine (March 1862)*, fluenced by 
where 1 havo' slioAvii that most proVrabiy tlie sun was sensibly bab^^fotter 
hotter a million years ago than he is now. Hence, geological Sd?lioif 
speculations assuming sonj(-what greater extremes of heat, more^®^^^^^* 

‘ sto^s and floods, more luxuriant vegetation, and hardier 

and coarser grained plants and animals, in remote antiquity, are 
more probable than those of the extreme quietist, or “uni- 
formitarian” school. A middle path, not generally safest in 
scientific speculation, seems to be so in this case. It is probable 
that hypotheses of grand catastrophes destroying all life from 
the earth, and ruining its whole surface at once, are greatly in 
error ; it is impossible ^hat hypotheses assuming an equability 
of sun and storms for 1,000,000 years, can be wholly true. 

(d.) Fourier’s mathematical theory of the conduction of heat 
is a beautiful working out of a particular case belonging to the 
general doctrine of the “Dissipation of Energy f.” A character- 
istic of the practical solutions it presents is, that in each case a 

* Reprinted as Appendix E, below. 

f Proceedings of Royal Soc. Edin.^ Feb. 1852. “ On a universal Tendency 

in Nature to the Dissipation of Mechanical Energy,” Mathematical and Physical 
Papers, by Sir W. Thomson, 1882, Art. lix. Also, “On the Restoration of Energ}^ 
in an unequally Heated Space,” Phil, Mag., 1853, first half year, Mathematical 
and Physical Papers, by Sir W. Thomson, 1882, Art. lxii. 
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tion of ail- 
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distribution of temperature, becoming gradually equalized through 
ail unlimited future, is expressed as a function of the time, which 
is infinitely divergent for all times longer past than a definite 
determinable epoch. The distribution of heat at such an epoch 
is essenti illy initial — that is to say, it cannot result from any 
previous condition of matter by natural processes. It is, then, 
well called an arbitrary iwitvdX distribution of heat,^’ inrf burier’s 
great mathematical poem, because that which is rigorously ex- 
pressed by the mathematical formula could only be realized by 
action of a power able to modif} the laws of dead matter. In an 
article published about nineteen years ago in the Cambridge 
Mathematical Journal'^ ^ I gave the matliematical criterion for an 
essentially initial distribution; and in an inaugural essay, “De 
]\[otu Caloris per Terne Corpus,’^ read before the Fa culty of the 
University of Glasgow in 1846, I suggested, as an application 
of these principles, that a perfectly complete geothermic survey 
wc*ald give us data for determining an initial epoch in the pro- 
blem of terrestrial conduction. At the meeting of the British 
Association in Glasgow in 1855, 1 urged that special geothermic 
surveys should be made for the purpose of estimating absolute 
dates in geology, and I pointed out some cases, esp^ciall}' tliat 
of the salt-spring borings at CreuznacL, in Eheiiish Prussia, in 
which eruptions of basaltic lock seem to leave t races^di^ uiSTr' 
igneous oil^in in residual heatt. I hope this suggestion may yet 
be taken up, aaid may prove to some extent useful ; but the dis- 
turbing influences atiecting underground temperature, as Pro- 
fessor Pliillips has well shown in a recent inaugural address to 
the Geological Society, are too great to allow us to expect any 
very precise or satisfactoiy results 

« 

(e.) The chief object of the present communication is to esti- 
mate from the known general increase of temperature in the 
earth downwards, the date of the first establishment of that co^t 
sistcntior status^ wliich, according to Leibnitz’s theory, is the 
initial date of all geological history. 


* Feb. 1844. — “Note on Certain Points in the Theory of Heat,” Mathemati- 
cal and Physical Papers^ by Sir W. Thomson, 1882, Vol. i. Art. x. 
t See British Association Beport of 1855 (Glasgow) Meeting. 

+ Much ^Yo^k in the direction suggested above has been already carried out 
by the Committee of the British Association, on Underground Temperature. 
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{/,) lu all parts of the world in whicli the earth’s crust has Increase of 
been examined, at sufficiently great d^iths to escape large in- 
fluence of the irregular and of the annual variations of the super- Sustf but 
ficial temperature, a gradually increasing te jperature hag been 
found in going deeper. The rate of augmentation (estimated at hniberto. 
only xx^th of a degree, Fahr., in some localities, and as much 
as^th of a degree in other, per foot of descent) has not been 
observed in a sufficient number of places to establish any fair 
average estimate for the upper crust of the whole earth. But 
■^^yth is commonly accej)ted*as a rough mean; or, in other words, 
it is assumed as a result of observation, that there is, on tlie 
whole, about T'Fahr. of elevation of temperature per 50 British 
feet of descent. 


(g.) ^he fact that the temperature increase.^ with tho depth Secular loss 
. 1 . • . 1 T • .1 , . 0 ^ heat out 

implies a continual loss of heat from the mterior, by conduction of the earth 

outwards through or into the upper crust. Hence, since the strated; 
upper crust does not become hotter from year to year, there 
musx; be#a secular loss of heat from the whole earth. It is pos- 
sible that no cooling may result from this loss of heat, but only 
an exhaustion of potential energy, which in this case could 
scarcely be other than chemical affinity between substances but not so 
borp iAg I'be earth’s mass. But it is certain that either 

the earth is becoming on the whole cooler from age to age, or cSifg, 
the heat conducted out is generated in the intei ior by temporary pr^^abiL 
dynamical (that is, in this case, chemical) action*. To suppose, 
as Lyell, adopting the chemical hypothesis, has donef, that the 
substances, combining together, may be again separated electro- 
lytically by thermo-electric currents, due to the heat generated Fallacy of 
by their combination, a^id thus the chemical action and its heat electric 

. . perpetual 

continued in an endless cycle, violates the principles of natural motion, 
philosophy in exactly the same manner, and to the same degree, 
as to believe that a clock constructed with a self-winding move- 
i mt may fulfl the expectations of its ingenious inventor by 
going for ever. 


* Another kind of dynamical action, capable of generating heat in the interior 
Ox the earth, is the friction which would impede tidal oscillations, if the earth 
were partially or wholly constituted of viscous matter. See a paper by Mr G. H. 
Darwin, “ On problems connected with the tides of a viscous spheroid.” Phil, 
Tram, Part ii. 1879. 

f Pri'ftciplcs of Geology, chap, xxxi. ed. 1853. 
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the sound- 
ness of 
arguments 
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gation and 
prosecution 
of the Hut- 
tonian re- 
form. 


Secular 
diminution 
of whole 
amount of 
volcanic 
energy quite 
certain : 

but not 
in 1862 
admitted 
by some of 
the chief 
geologists. 


Chemical 
hypothesis 
to account 
for ordinary 
under- 
ground heat 
not impos- 
sible, but 
very impro- 
bable. 


(k.) It must indeed be admitted that many geojogical writers 
of the ‘‘TJniformitarian” scbool, wbo in other respects have 
taken a profoundly philosophical view of their subject, have 
argued in a most fallacious manner against hypotheses of violent 
action in past ages. If they had contented themselves with 
showing tliat many existing appearances, although suggestive of 
extreme violence and sudden change, may have beeii^.^brought 
about by long-continued action, or by paroxysms not more in- 
tense than some of which we have experience within the periods 
of human history, their position 4 .miglit have been unassailable ; 
and certainly could not have been assailed except by a detailed 
discussion of their facts. It would be a very wonderful, but not 
an absolutely incredible result, that volcanic action has never 
been more violent on the whole than during the last .fwo or three 
centuries; but it i§ as certain that there is now less volcanic 
energy in the whole earth than there w^as a thousand years ago, 
as it is that there is less gunpowder in a “Monitor’’ after she 
has been seen to discliarge shot and shell, whether at a neai-Jy 
equable rate or not, fo3' five hour> without receiving fresh sup- 
plies, than there was at the beginning of the action. Yet this 
truth has been ignored or denied by many of the leading geolo- 
gists of the present day *, because they believe that the facts within 
tlieir province do not demonstrate greater violence 
changes of the earth’s surface, or do demonstrate a nearly equable 
action in all periods. 

(i.) The chemical hypothesis to account for underground heat 
might be regarded as not improbable, if it was only in isolated 
localities that the temperature was found to increase with the 
depth; and, indeed, it can scarcely be doubted that chemical 
action exercises an appreciable influence (possibly negative, how- 
ever) on the action of volcanoes ; but that there is slow uniform 
“combustion,” eremacausis, or chemical combination of any kind 
going on, at some great unknown depth under the surface every- 
where, and creeping inwards gradually as the chemical affinities 
in layer after layer are successively saturated, seems extremely 
improbable, although it cannot be pronounced to be absolutely 
impossible, or contrary to all analogies in nature. The less 

* It must be borne in mind that this was written in 1862. The opposite 
statement concerning the beliefs of geologists would probably be now nearer the 
truth. 
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]iypothetical view, however, that the earth is merely a warm 
chemically inert body cooling, is clearly to be preferred in the 
present state of science. 

(j.) Poisson’s celebrated hypothesis, that the prcbent under- Poisson’s 
ground heat is due to a passage, at some former period, of the to^S^ount 
solar system through hotter stellar regions, cannot provide the 
ci¥c^imstances required for a palaeontology continuous through fiS proved 
that epoch of external heat. For from a mean of values of the 
conductivity, in terms o£ tl^e thermal cajmcity of unit volume, of 
the earth’s crust, in three different localities near Edinburgh, 
deduced from the observations on underground temperature 
instituted by Principal Forbes there, I find that if the sup- 
posed transit thi'ough a hotter region of space took place 
between 1250 and 5000 years ago, the temperature of that sup- 
posed region must have been from 25® to 50® Fahr. above the 
present mean temperature of the earth’s surface, to account for 
the present general rate of underground increase of temperature, 
taken ai> 1® Fahr. in 50 feet downwards. Human history nega- 
tives this supposition. Again, geologists and astronomers will, 

I presume, admit that the earth cannot, 20,000 years ago, have 
been in a region of space 100® Fahr. warmer than its present 

I^t if the tr*ansitioii from a hot region to a cool region Poisson’s 
supposed by Poisson took place more than 20,000 years ago, the tlfsprovedas 
excess of temperature must have been more than 100® Fahr., and abfemaiga- 
must therefore have destroyed animal and vegetable life. Hence, 
the further back and the hotter we can suppose Poisson’s hot 
region, the better for the geologists who require the longest 
periods ; but the best for their view is Leibnitz’s theory, which 
simply supposes the ea^tli to have been at one time an incan- 
descent liquid, without explaining how it got into that state. If 
we suppose the temperature of melting rock to be about 10,000® 

Fahr. (an extremely high estimate), the consolidation may have 
taken place 2C 0,000,000 years ago. Or, if we suppose the 
temperature of melting rock to be 7000® Fabr. (which is more 
nearly what it is generally assumed to be), we may suppose the 
consolidation to have taken place 98,000,000 years ago. 

(k.) These estimates are founded on the Fourier solution de- Probable 
moiistrated below. The greatest variation ^ye have to make in uncertainty 
then, to take into account the differences in the ratios of con- mal^coin^' 



474 


APPENDIX D. 


[D,/C. 


ductivities 
and capaci- 
ties of sur- 
face rocks. 


Extreme 
admissible 
limits of 
date of 
earth’s oon- 
Bolidation. 


Mathemati- 
cal expres- 
sion for 
interior 
temperature 
liear the 
surface of a 
hot solid 
commencjiif? 
to cool : 


ductivities to specific heats of the three Edinburgh rocks, is to 
reduce them to nearly half, or to increase them by rather more 
than half. A reduction of the Greenwich underground observ.*' 
tions recently communicated to me by Professor Everett of 
Windsor, Nova Scotia, gives for the Greenwich rocks a quality 
intermediate between those of the Edinburgh rocks. But we are 
very ignorant as to the effects of high temperatures ii^%ltering 
the conductivities and specific heats of rocks, and as to their 
latent heat of fusion. We must, therefore, allow very wide 
limits in such an estimate as Idiave attempted to make ; but I 
think we may with much probability say that the consolidation 
cannot have taken place less than 20,000,000 years ago, or we 
should have more underground heat than we actually have, nor 
more than 400,000,000 years ago, or we should not have so much 
as the least observed underground increment of temperature. 
That is to say, I conclude that Leibnitz’s epoch of emergence 
of the consistentior status was probably between those dates. 

(1.) The mathematical theory on which these estimates are 
founded is very simple, being, in fact, merely an application of 
one of Fourier’s elementary solutions to the problem of finding 
at any time the rate of variation of temperature from point to 
point, and the actual temperature at any point, in a soli d ev tend;, 
iug to infinity in all directions, on the supposition that at an 
initial epoch the temperature has had two different constant 
values on tlie two sides of a certain infinite plane. The solution 
for the two required elements is as follows; — 

jTTKt 

2V 

where k denotes the conductivity of the solid, measured in terms 
of the thermal capacity of the unity of bulk ] 

V, half the difference of the two initial temperatures; 

Vq, their arithmetical mean; 
the time; 

Xy the distance of any point from the middle plane ; 

Vy the temperature of the point x and t] 
and, consequently (according to tlxe notation of the differential 
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calculus), dvjdx the rate of variation of the temperature per unit 
of length perpendicular to ihe isothermal planes. 

{m.) To demonstrate this solution, it is sufficient to verify— 

(J.) That the expression for v satisfies Fourier’s eonation for 
the linear conduction of heat, viz. : 

% dv __ d^v 

• Vt ^ S? ' 

(2.) That when ^ = 0, the expression for v becomes v^+V for all 
positive, and - V for all negative values of x] and (3.) That the procf.. 
expression for dvjdx is the difierential coefficient of the expres- 
sion for V with reference to x. The propositions (1.) and (3.) are 
proved directly by differentiation. To prove (2.) we have, when 
< = 0, and X positive, 

2r 

v = v,,+ -7- dz 

or according to the known value, of the definite integral 

f v = v„ + V-, 

Jo 

and for all values of f, the second term has equal positive and 
negative values for equal positive and negative values of x, so 
th^, when 0 and x negative, 

v = r,-V. 

The admirable analysis by wliich Fourier arrived at solutions in- 
cluding this, forms a most interesting and important mathematit^al 
study. It is to be found in his Theorie Anali/tique de la Chalmr, 

Paris, 1822. 

{n.) The accompanying diagram (page 477) represents, by two 
curves, the preceding expressions for dvjdx and v respectively. 

(0.) The solution thus expressed and illustrated applies, for a Expression 
certain time, without sensible error, to the case of a solid sphere, tempeSure 
primitively heated to a uniform temperature, and suddenly ex- of 
posed to any superficial action, which for ever after keeps the 
surface at some other constant temperature. If, for instance, 
the case considered is that of a globe 8000 miles diameter of 
solid rock, the solution will apply with scarcely sensible error for 
more than 1000 millions of years. For, if the rock be of a 
certain average quality as to conductivity and specific heat, the 
value of K, as found in a previous communication to the Royal 
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Society,*' will be 400, for unit of length a British foot and unit of 
time a year ; and the equation expressing the .solution becomes 

dx ^/t ^ 

and if we give t the value 1,000,000,000, or anything less, the 
exponential factor becomes less than ® (which being equal 
to about may be regarded as insensible), when IS ^"xceeds 

3,000,000 feet, or 568 miles. That is to say, during the first 
1000 million years the variation of temperature dpes not become 
sensible at depths exceeding 568 miles, and is therefore con- 
fined to so thin a crust, that the influence of curvature may be 
neglected. 

( ji.) If, now, we suppose the time to be 100 nnllic^n years from 
the commencement of the variation, the equation becomes 

_ __1 Pg-a:2/l()00xl0« 

dx 

The diagram, therefori , .sliOw.s the variation of temperature which 
would now exist in the eaitli if, its vchole mass being first solid 
aii'l at one temperature 100 million years ago, the temperature of 
its surface had been everywhere suddenly lowered by V degrees, 
and kept permanently at this lower tempei’ature., the sca les. .us 
being as follows: — 

(1) For depth below the surface, — scale along OX^ length a, 
represents 400,000 feet. 

(2) For rate of increase of temperature per foot of depth, — 
scale of ordinates parallel to OY, length h, represents ^ jVxFU 

V per foot. If, for example, F^TOOO'’ Fahr. this scale will 
be such that b represents of a degree Fahr. per foot. 

(3) For excess of temperature, — scale of ordinates parallel to 
OY, length 6, represents V/h Jttj or 7900'\ if V = 7000'^ Fahr. 

Thus the rate of increase of temperature from the surface 
downwards would be sensibly of a degree per foot for the 
first 100,000 feet or so. Below that depth the rate of increase 
per foot would begin to diminish sensibly. At 400,000 feet it 
would have diminished to about y of a degree per foot. At 

* “ On the Periodical Variations of Underground Temperature.” Trails, 
Boy. Soc. Edin,, March 1860. 
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•®S[CREASE OF TEMPERATURE DOWNVVARDS IN THE EARTH. 


ON^x. 


NP '=6 e -*^/«2 = 2/'. 


NP = ONPA a = - 



dv_V NP 
' biJw ' 
NP 


= V., 


'hjir 
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OPQ curve showing excess of temperature above that (.f the surface. 
AP'R curve showing rate of augmentation of temperature downwards. 
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800.000 feet it would Lave diminished to less than of its 

initial value, — that is to say, to less than ^ degree per 

foot; and so on, rapidly diminishing, as shown in the cur7^'" 
Such is, on the whole, the most probable representation of the 
earth’s present temperiiture, at depths of from 100 feet, where 
the annual variations cease to be sensible, to 100 miles; below 
which the whole mass, or all except a nucleus cool, !!rom the 
beginning, is (whether liquid or solid), probably at, or very 
nearly at, the proper melting temperature for the pressure at 
each depth. 

{q, ) The theory indicated above throws light on the question so 
often discussed, as to wdiether terrestrial heat can have influenced 
climate through long geological periods, and allows us to answer 
it very decidedly in the negative. There would be an increment of 
temperature at the rate of 2^ Fahr. per foot downwards near the 
surface 10,000 years after the beginning of the cooling, in the 
case we have supposed. The radiation from earth and atmo- 
s]>here into sjDace (of which we have yet no satisfactory absolute 
measurement) would almost certainly be so rapid in the earth’s 
actual circumstances, as not to allow a rate of increase of 2*^ Fahr. 
per foot underground to augment the temperature of the surface 
by much more than about T’; and hence 1 infei that - 

climate cannot be sensibly affected by conducted heat at anytime 
more than 10,000 years after the commencement of superfleial 
solidification. No doubt, however, in particular places there 
might be an elevation of temperature by thermal springs, or by 
eruptions of melted lava, and everywhere vegetation would, for 
the first three or four million years, if it existed so soon after 
the epoch of consolidation, be inticenced by the sensibly higher 
temperature met with by roots extending a foot or more below 
the surface. 

(r.) "Whatever the amount of such efiects is at any one time, 
it would go on diminishing according to the inverse proportion of 
the square roots of the times from the initial epoch. Thus, if at 

10.000 years we have 2® per foot of increment below ground, 

At 40,000 years we should have 1® per foot. 

„ 160,000 „ „ f „ 

„ 4,000,000 

„ 100,000,000 


_1_0 
& 0 
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It is therefore probable that for the last 96,000,000 years the 
rate of increase of temperature under ground has gradually 
diminished from about about -^V^h of a degree Fahrenheit 

per foot, and that the thickness of the crust through which any, 
stated degree of cooling has been experienced has in that 
period gradually increased up to its present thickness from -Ith 
of tl^t thickness. Is not this, on the whole, in harmony with 
gedlogical evideuce, rightly interpreted? Do not the vast masses 
of basalt, the general appearances of mountain-ranges, the vio- 
lent distortions and fractui^s of strata, the great ‘prevalence of 
metamorphic action (which must have taken place at depths of 
noh many miles, if so much), all agree in demonstrating that the 
rate of increase of temperature downwards must have been much 
more ra^|id, and in rendering it probable tliat volcanic energy, 
earthquake shocks, and every kind of so-cailed plutonic action, 
have been, on the whole, more abundantly and violently opera- 
tive in geologica Isanti quity than in the present age? 

(s.) But it maybe objected to this application of mathematical Objections 
, ' - nit terres- 

theory — (1), ihat the earth was once all melted, or at least trial appli- 

nielted all round its surface, and cannot possibly, or rather cannot raised and 
with any probability, be supposed to have been ever a uniformly 
ii^mated solidi 7000^' Fahr. warmer than our present surface 
tempera turCf as assumed in the mathematical problem ; and (2) 

No natural action could possibly produce at one instant, and 
maintain for ever after, a seven thousand degrees’ lowering of 
the surface temperature. Taking the second objection first, I 
answer it by saying, what I think cannot be denied, that a large 
mass of melted rock, exposed fi-eely to our air and sky, will, after 
it once becomes criisted^OA^ei'^, present in a few hours, or a few 
days, or at the most a few weeks, a surface so cool that it can be 
walked over with impunity. Hence, after 10,000 years, or, 
indeed, I n.ay say after a single year, its condition will be sensibly 
the same as if the actual lowering of temperature experienced by 
the surface had been produced in an instant, and maintained 
constant ever after. I answer the first objection by saying, that 
if experimenters will find the latent heat of fusion, and the varia- 
tions of conductivity and specific heat of the earth’s crust up to 
its melting point, it will be easy to modify the solution given 
above, so as to make it applicable to the case of a liquid globe 
gi'adually solidifying from without inwards, in consequence of 
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heat conducted through the solid crust to a cold external medium. 
In the meantime, we can see that this modification will not make 
any considerable change in the resulting temperature of anv 
point in the crust, unless the latent heat parted with on solidifi- 
cation proves, contrary to what we may ex})ect from analogy, to 
be considerable in comparison with the heat that an equal mass 
of the solid yields in cooling from the temperature of solidifica- 
tion to the superficial temperature. But, what is mor6 to the 
purpose, it is to be remarked that the objection, plausible as it 
appears, is altogether fallacious, and that the problem solved 
above corresponds much more closely, in all probability, with the 
actual history of the earth, than does the modified problem sug- 
gested by tlie objection. The earth, although once all melted, or 
melted all round its surface, did, in all probability, j-eally become 
a solid at its melting temperature all through, or all through the 
outer layer, which had been melted ; and not until the solidifica- 
tion was thus complete, or nearly so, did^ the surface begin to 
cool. That this is the true view can scarcely be doubted, when 
the fob owing arguments are considered. 

(t.) Id the first place, we shall assume that at one time the 
earth consisted of a solid nucleus, covered all round with a very 
deep ocean of melted rocks, and left to cool by radial ^ipn int o 
space. This is the conditioii that would su]) erven e, on a cold 
body much smaller than the present earth meeting a great numbc r 
of cool bodies still smaller than itself, and is the'^efore in accord- 
ance with wliat we may regard as a probable hypothesis regarding 
the earth’s antecedents. It includes, as a particular case, the 
commoner supposition, that the earth was once melted through- 
out, a condition which might result f^om the collision of two nearly 
equal masses. But the evidence M^hich has convinced most geolo- 
gists that the earth had a fiery beginning, goes but a very small 
depth below the surface, and affords us absolutely no means of 
distinguishing between the actual phenomena, and those which 
would have resulted from either an entire globe of liquid rock, 
or a cool solid nucleus covered with liquid to any depth exceed- 
ing 50 or 100 miles. Hence, irrespectively of any hypothesis 
as to antecedents from which the earth’s initial fiery condition 
may have followed by natural causes, and simply assuming, as 
rendered probable by geological evidence, that there was at one 
time melted rock all over the surface, we need not assume the 
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depth of this lava ocean to have been more than 50 or 100 miles; 
although we need not exclude the supposition of any greater depth, 

* or of an entire globe of liquid. 

(u,) In the process of refrigeration, the fluid must [aii I have 
remarked regarding the sun, in a recent article in Macmillan’s 
Magazine (March, 1862)"^, and regarding the earth’s atmosphere, 
in a iomruunication to the Literary and Philosophical Society of 
Manchester t] be brought by convection, to fulfil a definite law ^^equHi^um 

distribution of temperature which I have called “convective equi- pf tempera- 
^ ^ tore de- 

librium of temperature.” That is to say, the temperatures at fined: 

different parts in the interior must [in any great fluid mass 
which is kept well stirred] differ according to the different pres- 
sures by the difference of temperatures which any one portion 
of the li^id would present, if given at the tomperi*.ture and pres- 
sure of any part, and then subjected to variation of pressure, but must have 
prevented from losing or gaining heat. The reason for this is proximately 
the extreme slovicess of true thermal conduction ; and the con- until soiidi- 
sequentlj^ preponderating influence of great currents throughout cwimSiced. 
a continuous fluid mass, in determining the distribution of tem- 
perature through the whole. 

by.) The#thermo-dynamic law connecting temperature and 
pressure in a fluid mass, not allowed to lose or gain heat, in- 
vestigated theoretically, and experimentally verified in the cases 
of air and water, by Dr Joule and myself J, shows, therefore, 
that the temperature in the liquid will increase from the surface 
downwards, if, as is most probably the case, the liquid contracts 
in cooling. On the other hand, if the liquid, like water near its 

See Appendix E, below. 

t Proceedings, Jan. 1862. “ On the Convective Equilibrium of Temperature 

in the Atmosphere.” 

X Joule, “ On the Changes of Temperature produced by the Rarefaction and 
Condensation of Air,” Ph i. Mag. 1845. Thomson, “On a Method for Deter- 
mining Experimentally the Heat evolved by the Compression of Air Dynamical 
Theory of Heat, 1 art IV., Trans. R. S. E., Session 1850-51; and reprinted 
Phil. Mag. Joule and Thomson, “On the Thermal Effects of Fluids in Motion,” 

Trane. R. S. Lond., June 1853 and June 1854. Joule and Thomson, “ On the 
Alterations of Temperature accompanying Changes of Pressure in Fluids,” 

Proceedings R. S. Lond., June 1857. These articles, except the first by Joule, 
are all now republished in Vol. I. Arts, xlviii. and xlix. of Mathematical and 
Physical Papers, by Sir W. Thomson. 
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freezing-pnim, expands in cooling, the temperature, according 
to the convective and thermo-dynamic laws just stated (§§ u, v), 
would actually be lower at great depths than near the surface, 
even although the liquid is cooling from the surface ; but there 
would be a very thin superficial layer of lighter and cooler liquid, 
losing heat by true conduction, until solidification at the surface 
would commence. 

(w.) Again, according to the thermo-dynamic law of freezing, 
investigated by my brother*. Professor James Thomson, and 
verified by myself experimentally for water +, the temperature of 
solidification will, at great depths, because of the great pressure, 
be higher there than at the surface if the fluid contracts, or lower 
tJtian at the surface if it expands, in becoming solid. 

(x.) How the temperature of solidification, for any pressujjp, 
may be related to the corresponding temperature of fluid con- 
vective equilibrium, it is impossible to say, without knowledge, 
which we do not yet possess, regarding the expansion with heat, 
and the specific heat of the fluid, and the change of volume, and 
the latent heat developed in the transition from fluid to solid. 

(y.) For instance, suj)posing, as is most j^robably true, both 
that the liquid contracts in cooling towards its freezing-point, 
and that it contracts in freezing, we cannot tell, without uefimte 
numerical data regarding those elements, whether the elevation 
of the temperature of solidification, or of the actual temperature 
of a portion of the fluid given just above its freezing-point, pro- 
duced by a given application of pressure is the greater. If the 
former is greater than the latter, solidification would commence 
at the bottom, or at the centre, if there is no solid nucleus to 
begin with, and would proceed outwards ; and there could be no 
complete permanent incrustetion all round the surface till the 
whole globe is solid, with, possibly, the exception of irregular, 
comparatively small spaces of liquid. 

(..) If, on the contrary, the elevation of temperature, produced 

♦ “ Theoretical Considerations regarding the Effect of Pressure in lowering 
the Freezing-point of Water,** Trans. R. S. E., Jan. 1849. Republished by 
permission of the author, in Yol. I. (pp. 156— 1C4) of Mathematical and Phy^ 
steal Papers, hy Sir W. Thomson, 1882, 

i* Proceedings R. S. E., Session 1849-50. Mathematical and Physical Papers, 
by Sir W. Thomson, 1882, p. 165, 
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by SiTL application of pressure to a given portion of tbe fluid, is 
greater than the elevation of the free.'^ing temperature produced 
by the same amount of pressure, the superficial layer of the fluid 
would be the first to reach its freezing-point, an 1 the first actually 
to freeze, 

(aa.) But if, according to the second supposition of § Vj the 
lig[iMd expanded in cooling near its freezing-j)oint, the solid would 
probably likewise be of less S 2 :)ecific gravity than the liquid at its 
freezing-point. Hence the surface would crust over permanently 
with a crust of solid, constantly increasing inwards by the freez- 
ing of the interior fluid in consequence of heat conducted out 
through the crust. The condition most commonly assumed by 
geologists would thus be produced. 

1 

(bb,) But Bischof’s experiments, upon the validity of which, 3 
as far as I am aware, no doubt has ever been thrown, show that i 
melted granite, slate, and trachyte, all contract by something c 
about 20 per cent, in freezing. We ought, indeed, to have more i 
experinJents on this most important point, both to verify Bischofs i 
results on rocks, and to learn how the case is with iron and other t 
unoxydised metals. In the meantime we must consider it as pro- 
bable that the melted substance of the earth did really contract 
a very considerable amount in becoming solid. 

(cc.) Hence if, according to any relations whatever among the 
complicated physical circumstances concerned, freezing did really 
commence at the surface, either all round or in any part, before 
the whole globe had become solid, the solidified superficial layer 
mu^t have broken up and sunk to the bottom, or to the centre, 
before it could have attained a sufficient thickness to rest stably 
on the lighter liquid below. It is quite clear, indeed, that if at j 
any time the earth were in the condition of a thin solid shell of, j 
let us suppose 5() feet or 100 feet thick of granite, enclosing a \ 
continuous melted mass of 20 per cent, less specific gravity in its E 
upper parts, where the pressure is small, this condition cannot 5 
have lasted many minutes. The rigidity" of a solid shell of super- \ 
fieial extent so vast in comparison with its thickness, must be as t 
nothing, and the slightest disturbance would cause some part to ] 
bend down, crack, and allow the liquid to run out over the whole • 
solid. The crust itself would in consequence become shattered 
into fragments, which must all sink to the bottom, or meet in 
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the centre and form a nucleus *tliere if tliere is none to begin 
with. 

{(Id.) It is, however, scarcely possible, that any such continuous 
crust can ever have formed all over the melted surface at one 
time, and afterwards have fallen in. The mode of solidification 
conjectured in § y, seems on the whole the most consistent with 
what we know of the physical properties of the matter concerned. 
So far as regards the result, it agrees, I believe, with the view 
adopted as the most probable by Mr Hopkins*. But whether 
from the condition being rather that described in § 2;, which 
seems also possible, for the whole or for some parts of the hetero- 
geneous substance of the earth, or from the viscidity as of mortar, 
which necessarily supervenes in a melted fluid, composed of in- 
gredients becoming, as the whole cools, separated by crystallizing 
at different temperatures before the solidification is perfect, anit 
which we actually see in lava from modern volcanoes; it is pro- 
bable that when the whole globe, or some /erj thick superficial 
layer of it, still liquid or viscid, has cooled down to pear its tem- 
peraiaro of perfect solidification, incrustation at the surface must 
commence. 

(ee.) It is probable that crust may thus form over wide extents 
of surface, and may be temporarily buoyed up kjJ the via^icular 
character it may have retained from the ebullition of the liquid 
in some places, or, at all events, it may be held up by the 
viscidity of the liquid ; until it has acquired some considerable 
thickness sufficient to allow gravity to manifest its claim, and 
sink the heavier solid below the lighter liquid. This process 
must go on until the sunk portions of crust build up from the 
bottom a sufficiently close ribbed soli/' skeleton or frame, to allow 
fresh incrustations to remain bridging across the now small areas 
of lava pools or lakes. 

(^) In the honey-combed solid and liquid mass thus formed, 
there must be a continual tendency for the liquid, in consequence 
of its less specific gravity, to work its way up ; whether by masses 
of solid falling from the roofs of vesicles or tunnels, and causing 
earthquake shocks, or by the roof breaking quite through when 
very thin, so as to cause two such hollows to unite, or the liquid of 

* See his report on “ Earthquakes and Volcanic Action.” British Associa- 
tion Beport for 1847. 
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any of them to flow out freely over the outer surface of the earth; 
or by gradual subsidence of the sol'd, owing to the thermo- 
dynamic meltiug, which portions of it, under intense stress, must 
experience, according to views recently publi.„hed by Professor 
James Thomson"^. The results which must follow from this 
tendency seem sufficiently great and various to account for all 
tha^vre see at present, and all that we learn from geological 
investigation, of earthquakes, of upheavals, and subsidences of 
wlid, and of eruptions of melted rock. 

{gg.^ These conclusions, tlrawn solely from a consideration of 
the necessary order of cooling and consolidation, according to 
Bischof^s result as to the relative specific gravities of solid and 
of melted rock, are in perfect accordance with §§ 832... 848, 
regardi||g the present condition of the earth’s interior, — that it 
is not, as commonly sup]30sed, all liquid within a thin solid crust 
of from 30 to 100 miles thick, but that it is the whole more 
rigid certainly t^an a continuous solid globe of glass of the same 
diameter, and probably than one of steel. 


(E.) Ox THE Age of the Sun’s HEATf. 

• 

The second great law of Thermodynamics involves a certain 
principle of irreversihle action in nature. It is thus shewn that, 
although mechanical energy is indestructible ^ there is a universal 
tendency to its dissipation, which produces gradual augmentation Dissipation 
and diffusion of heat, cessation of motion, and exhaustion Qf 
potential energy through the material universe J. The result 
would inevitably be achate of universal rest and death, if the 
universe were finite and left to obey existing laws. But it is 
impossible to conceive a limit to the extent of matter in the 
universe ; and therefore science points rather to an endless 
progress, through t n endless space, of action involving the trans- 

Proceedings o/ the Boyal Society of London, 1861, ‘‘On Crystallization 
and Liquefaction as influenced by Stresses tending to Change of Form in 
Crystals.” 

t From Macmillan's Magazine, March 1862. 

X See Proceedings R.S.E. Feb. 1852, or Phil. Mag. 1853, first half year, “On 
a Universal Tendency in Nature to the Dissipation of Mechanical Energy.” 

Math, and Phy?. Payers, by Sir W. Thomson, 1882, Art. lix. 
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formation of potential ’'energy into palpable motion and thence 
into heat, than to a single finite mechanism, running down like 
a clock, and stopping for ever. It is also impossible to conceiye 
either the beginning or the continuance of life, without an 
overruling creative power; and, therefore, no conclusions of 
dynamical science regarding the future condition of the earth, 
can be held to give dispiriting views as to the destiny of the 
race of intelligent beings by which it is at present inhabited. 

The object proposed in the present article is an application of 
these general principles to the* discovery of probable limits to 
the periods of time, past and future, during which the sun can 
be reckoned on as a source of heat and light. The subject will 
be discussed under three heads : — 

I. The secular cooling of the sum 

II. The present temperature of the sun. 

III. The origin and total amount of the sun^s heat. 


PART I. 

ox THE SECULAR COOLIXG OF THE SUX. 


Eat© of 

cooling of 
sun un- 
known. 


Heat gene- 
rated by fall 
of meteors 
into the sun 


How much the sun is actually cooled from year to y(^, if at 
all, we have no means of ascertaining, or scarcely even of estimat- 
ing in the roughest manner. In the first place we do not know 
that he is losing heat at all. For it is quite certain that some 
heat is generated in his atmosphere by the influx of meteoric 
matter ; and it is possible that the amount of heat so generated 
from year to year is sufficient to compensate the loss by radia- 
tion. It is, however, also possible tnat the sun is now an incan- 
descent liquid mass, radiating away heat, either primitively 
created in his substance, or, what seems far more probable, 
generated by the falling in of meteors in past times, with no 
sensible compensation by a continuance of meteoric action. 

It has been shown* that, if the former supposition were true, 
the meteors by which the sun's lieat would have been produced 
during the last 2,000 or 3,000 years must have been during all 


* “On the Mechanical Energies of the Solar System . Tramactions of the 
Royal Society of Edinburgh, 1854, and Phil. Mag. 1854, second half-year. Math, 
and Phys. Papers, by Sir W. Thomson (Art. lxji. of Vol. II. now in the press). 
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that time much within the earth’s distance from the sun, and 

mnst therefore have approached the central body in very gradual 

spirals ; because, if enough of matter to produce the supposed 

thermal effect fell in from space outside the earth’s orbit, the 

length of the year would have been very sensibly shortened by 

the additions to the sun’s mass which must have been made. 

The quantity of matter annually falling in must, on that insufficient 

sup]^sition, have amounted to earth^s mass, or to 

1 TTb'^T^o sun’s ; and therefore it would be necessary to 

suppose the zodiacal light *to amount to at least of the 

sun’s mass, to account in the same Avay for a future supply of 

3*000 years’ sun-heat. When these conclusions were first 

published it was pointed out that disturbances in the motions 

of visible jdanets” ihould be looked for, as affording us means 

for estimating the possible amount of matter in the zodiacal 

light ; and it was conjectured that it could not be nearly enough 

to give a supply of 300,000 years’ heat at the present rate. 

These anticipations have been to some extent fultilled in Le 

Verrier’s great researches on the motion of the planet Mercury, 

which have recently given evidence of a sensible influence 

attributable to matter circulating as a great number of small 

idanets within his orbit round the sun. But the amount of because tbe 
* # . nil matter in 

lir^tter thus indicated is very small ; and, therefore, if the zodiacal 

, .V, ’ liarhtand 

meteoric influx taking place at present is enough to produce intra-mer- 
any appreciable portion of the heat radiated away, it must be planets is 
supposed to be from matter circulating round the sun, within 
very short distances of his surface. The density of this meteoric 
cloud would have to be supposed so great that comets could 
scarcely have escaped, as comets actually have escaped, showing 
no discoverable effect^ of resistance, after passing his surface 
within a distance equal to J of his radius. All things con- 
sidered, there seems little probability in the hypothesis that 
solar radiation is compensated, to any appreciable degree, by 
heat generated by meteors falling in, at present ; and, as it can 

be shown that no chemical theory is tenable*, it must be con* The sun an 

iiican- 

cluded as most probable that the sun is at present merely an descent 
incandescent liquid mass cooling. mass. 

How much he cools from year to year, becomes therefore a 
♦ ** Mechanical Energies,” &c. referred to above. 
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question of very serious import, but it is one which we are at 
present quite unable to answer. It is true we have data on 
which we might plausibly found a probable estimate, and f<6m 
which we might deduce, with at first sight seemingly well 
founded confidence, limits, not very wide, within which the 
present true rate of the sun’s cooling must lie. For we know, 
from the independent but concordant investigations of Herschel 
and Pouillet, that the sun radiates every year from^is whole 
surface about 6 x 10^® (six million million million million million) 
times as much heat as is sufficient to raise the temperature of 
1 lb. of water by 1® Cent. We also have excellent reason for 
believing that the sun’s substance is very much like the earth’s. 
Stokes’s principles of solar and stellar chemistry have been for 
many years explained in the University of Glasgow, and it has 
been caught as a first result that sodium does certainly exist in 
the sun’s atmosphere, and in the atmospheres of many of the 
stars, but that it is not discoverable in others. The recent 
application of these principles in the splendid researches q,f 
Bunsen and Kirolfhof (who made an independent discovery of 
Stokes's theory) has demonstrated witli equal certainty that 
there are iron and manganese, and several of oui' other known 
metals, in the sun. The specific iieat of each of these substances 
is less than the specific heat of water, which inSeed exc€?gds that 
of every otlier known terrestrial body, solid or /iquid. It might, 
therefore, at first sight seem probable that the mean specific 
heaC’^ of the sun’s whole substance is less, and very certain that 
it cannot be much greater, tlian that of water. If it were equal 
to the specific heat of Avater we should only Jiave to divide the 
preceding number (6 x 10'^®), derived from Herschel’s and 
Pouillet’s observations, by the num5cr of pounds (4*23 x 10®®) in 
the sun’s mass, to Gnd 1®'4 Cent, for the present annual rate of 

* The “specific heat” of a homogeneous body is the quantity of heat that 
a unit of its substance must acquire or must part with, to rise or to fall by 1® in 
temperature. The mean specific heat of a heterogeneous mass, or of a mass of 
homogeneous substance, under different pressures in different parts, is the 
quantity of heat which the whole body takes or gives in rising or in falling 
in temperature, divided by the number of units in its mass. The expression, 
“mean specific heat” of the sun, in the text, signifies the total amount of heat 
actually radiated away from the sun, divided by his mass, during any time in 
which the average temperature of his mass sinks by 1®, whatever physical or 
chemical changes any part of his substance may experience. “ 



E.] 


I 


lOOLING OF THE SUN. 


489 


\ . • 

cooling. It migiit therefore seem probable that the sun cools 
more, and almost certain that he doe i not cool less, than a centi- 
grade degree and four-tenths annualb^ But, if this estimate 
were well founded, it would be equally just :o assume that the 
jsun’s expansibility with heat does not differ greatl) from that 
of some average terrestrial body. If, for instance, it were the 
same as that of solid glass, which is about of bulk, 

Twercir diameter, per Cent, (and for most terrestrial 
liquids, especially at high temperatures, the expansibility is 
much more), and if the ^ecific heat were the same as that of 
liquid water, there would be in ^60 years a contraction of one 
per cent, on the sun’s diameter, which could scarcely have 
escaped detection by astionomical observation. There is, how’'- 
ever, a far stronger reason than this for believing that no such 
amount of contraction can have taken place, and therefore for 
suspecting that the physical circumstances of the sun’s mass 
render the condition of the substances of which it is composed, 
as to expansibility and specific heat, very different from that of 
the safiie substances wdien experimented on in our terrestrial 
laboratories. Mutual gravitation between the different parts of 
the sun’s contracting mass must do an amount of work, wliich can- 
not be calculated with certainty, only because the law of the sun’s 
iifterlor density is not known. The amount of work performed 
during a contraction of one-tenih per cent, of the diameter, if 
the density remained uniform through the interior, would, as 
Helmholtz showed, be equal to 20,000 times the mechanical 
equivalent of the amount of heat which Pouillet estimated to 
i)e radiated from the sun in a year. But in reality the sun’s 
density must increase very much towards his centre, and pro- 
bably in varying pro0rtioiis, as the temperature becomes lower 
and tlie whole mass contracts. We cannot, therefore, say 
whether the v ork actually done by mutual gravitation during a 
contraction of one-tenth per cent, of the diameter, would be 


and small- 
ness of ex- 
pansibility 
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probable by 
absence of 
sensible 
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Work done 
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* The “ expansibility in volume,’’ or the “cubical expansibility,’' of a body, 
is an expression technically used to denote the proportion -which the increase or 
diminution of its hulk, accompanying a rise or fall of in its temperature, 
bears to its whole bulk at some stated temperature. The expression, “ the sun’s 
expansibility,” used in the text, may be taken as signifying the ratio which the 
actual contraction, during a lowering of his mean temperature by Cent., 
bears to his present volume. 
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more or less than the equivalent of 20,000 years’ heat ; but we 
may regard it as most probably not many times more or less 
than this amount. ISTow, it is in the highest degree improbsfd^ie 
that mechanical energy can in any case increase in a body con- 
tracting in virtue of cooling. It is certain that it really does 
diminish very notabD in every case hitherto experimented on. 
It must be supposed, therefore, that the sun always radiates 
away in heat something more tlian the Joule-equivalehtr of the 
work done on his contracting mass, by mutual gravitation of its 
parts. Hence, in contracting #by one-tenth per cent, in his 
diameter, or three-tenths per cent, in his bulk, the sun must 
give out something either more, or not greatly less, than 20,000 
years' heat ; and thus, even without historical evidence as to the 
constancy of his diameter, it seems safe to conclude that no such 
contractiou as that calculated above one per cent, in 860 years 
can have taken pdace in reality. It seems, on the contrary, 
p)robable that, at the present rate of radiation, a contraction of 
one -tenth per cent, in the sun’s diameter could not take place in 
mu 'h less than 20,000 years, and scarcely possible ‘that it could 
take place in less than 8,600 years. If, then, the mean specific 
heat of the sun’s mass, in its actual condition, is not mo^e than 
ten times that of water, the expansibility in volume must be 
less than 100*^ Cent., (that is to say, less than of 

that of solid glass,) which seems improbable. But although 
from this consideration we are led to regard it as probable that 
the sun’s specific heat is considerably more than ten times that 
of water (and, therefore, that his mass cools considerably less 
than 100° in 700 years, a conclusion which, indeed, we could* 
scarcely avoid on simply geological grounds), the physical prin- 
ciples we now rest on fail to give any reason for supposing 
that the sun’s specific heat is more than 10,000 times that of 
water, because we cannot say that his expansibility in volume is 
probably more than per 1° Cent. And tlier'e is, on other 
grounds, very strong reason for believing that the specific heat 
is really much less than 10,000. For it is almost certain that 
the sun’s mean temperature* is even now as high as 14,000° 


* [Rosetti {Phil. Mag. 1879, 2ud half year) estimates the effective radiational 
temperature of the sun as “not much less than ten thousand degrees Centigrade: 
(9965® is the numuer expressing the results of his measurements). On the other 
hand, C. W, Siemens estimates it at as low as 3000® Cent. The mean tern- 
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Cent. ; and the greatest quantity of heat that we can explain, 
with any probability, to have been by natural causes ever 
acquired by the sun (as we shall see in the third part of this 
article), could not have raised his mass at any time to this tem- 
perature, unless his specific heat were less than 10,000 times 
that of water. 

We may therefore consider it as rendered highly probable 
that the sun’s specific heat is more than ten times, and less than 
10,000 times, that of liquid water. From this it would follow 
with certainty that his temperature sinks 100® Cent, in some 
time from 700 years to 700,000 years. 

PART 11. 

ON THE sun’s present TEMPERATURE. 

At his surface the sun’s temperature cannot, as we have 
many reasons f5r believing, be incomparably higher than tem- 
peratufts attainable artificially in our terrestrial laboratories. 

Among other reasons it may be mentioned that the sun 
radiates heat, from every square foot of his surface, at only 
about 7,000 horse power*. Coal, burning at a rate of a little 
less than a* pound per two seconds, Avould generate the same 
amount ; and it is estimated (Rankine, ^ Prime Movers,’ p. 285, 
Ed. 1859) that, in the furnaces of locomotive engines, coal burns 
at from one pound in thirty seconds to one pound in ninety 
seconds, per square foot of grate-bars. Hence heat is radiated 
from the sun at a rate not more than from fifteen to forty-five 
times as high as that at which heat is generated on the grate- 
bars of a locomotive fi^nace, per equal areas. 

perature of the whole sun’s mass must (l\art ii. below) be much higher than the 
“surface temperature,’' or “ effective radiational temperature.” — \Y. T. Nov. 9, 
1882.] 

* One horse power in mechanics is a technical expression (following Watt’s 
estimate), used to denote a rate of working in which energy is evolved at the 
rate of 33,000 foot pounds per minute. This, according to Joule’s determination 
of the dynamical value of heat, would, if sjient wholly in heat, be sufficient to 
raise the temperature of 23| lbs. of water by 1*^ Cent, per minute. 

[Note of Nov. 11, 1882. This is sixty-seven times the rate per unit of 
radiant surface at which energy is emitted from the incandescent filament of 
the Swan electric lamp when at the temperature which gives about 240 candles 
per horse power.] 
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The interior temperature of the sun is probably far higher than 
that at his surface, because direct conduction can play no sensi- 
ble part in the transference of heat between the inner and otiter 
portions of his mass, and there must in virtue of the prodigious 
convective currents due to cooling of the outermost portions by 
radiation into space, be an approximate convective equilibrium 
of heat throughout the whole, if the whole is fluid. That is to 
say, the temperatures, at different distances from tne centre, 
must be approximately those which any portion of the substance, 
if carried from the centre to t]ie surface, would acquire by ex- 
pansion without loss or gain of heat. 


PART III. 

OK THE ORIGIN AND TOTAL AMOUNT OF THE SUN’s HEAT. 

The sun being, for reasons referred to above, assumed to be 
an incandescent liquid now losing beat, the question naturally 
occurs, How did this heat originate ? It is certain that it can- 
not have existed in the sun through an infinity of past time, 
since, as long as it has so existed, it must have been t>ufiering 
dissipation, and the finiteness of the sun prerlj’des the supposi- 
tion of an infinite primitive store of he-at in his body. 

The sun must, therefore, either Lave been created an active 
source of heat at some time of not immeasurable antiquity, by an 
over-ruling decree ; or the heat which lie has already radiated 
away, and that which he still jiossesses, must have been acquired 
by a natural process, following permanently established laws. 
Without pronouncing the former 3LC2)position to be essentially 
incredible, we may safely say that it is in the highest degree 
improbable, if we can show the latter to be not contradictory to 
known physical laws. And we do sliow this and more, by 
merely pointing to certain actions, going on before us at present, 
which, if sufficiently abundant at some past time, must have 
given the sun heat enough to account for all we know of his 
past radiation and present temperature. 

It is not necessary at present to enter at length on details 
regarding the meteoric theory, which appears to have been first 
proposed in a definite form by Mayer, and afterwards indepen- 
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den^y by Waterston ; or regarding the modified hypothesis of 
meteoric vortices, which the writer of the present article showed 
* to be necessary, in order that the length of the year, as known 
for the last 2,000 years, may not have been sensibly disturbed 
by the accessions which the sun’s mass must have had during 
that period, if the heat radiated away has been always compen- 
sated bv heat generated bv meteoric influx. 

For the reasons mentioned in the first part of the present 
article, we may now believe that all theories of complete, or 
nearly complete, contemporaneous meteoric compensation, must 
b€f rejected ; but we may still hold that — 

'^Meteoric action. . . . is . . . . not only proved to exist as a 
cause of ^olar heai, hut it is the only one of all co^xeivahle causes 
which we know to exist from independent evidence"^ 


The form of meteoric theory which now seems most proba- 
ble, and which was first discussed on true thermodynamic prin- 
ciples by'TIelmholtzf, consists in supposing the sun and his heat 
to have originated in a coalition of smaller bodies, failitig to- 
gether by mutual gi'avitation, and generating, as they must do 
accordiijg to the great law demonstrated by Joule, an exact 

equivalent of heat for the motion lost in collision. 

« 

That some form of the meteoric theory is certainly the true 
and complete explanation of so^ar heat can scarcely be doubted, 
when the following reasons are considered : 

(1) No other natural explanation, except by chemical action, Chemical 

can be conceived. suflQcient, 

but meteo- 

(2) The chemical theory is quite insufficient, because the may easily 
most energetic chemical action we know, taking jflace between for 
substances amountiug to the whole sun’s mass, would only gene- 

rate about 3,000 ysars’ heat J. 

(3) There is no difficulty in accounting for 20,000,000 years’ 
heat by the meteoric theory. 


♦ “ Mechanical Energies of the Solar System, ” referred to above, 
t Popular lecture delivered on the 7th February, 1854, at Kdnigsberg, on the 
occasion of the Kant commemoration. 

X “ Mecbai^ical Energies of the Solar System.** 
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It would extend this article to too great a length, and would 
require something of mathematical calculation, to explain fully 
the principles on which this last estimate is founded. It is 
enough to say that bodies, all much smaller than the sun, fall- 
ii)g together from a state of relative rest, at mutual distances all 
large in comparison with their diameters, and forming a globe 
of uniform density equal in mass and diameter to the sun, would 
generate an amount of heat which, accurately calculated' accord- 
ing to Joule’s principles and experimental results, is found to be 
just 20,000,000 times Pouillet’i. estimate of the annual amount 
of solar radiation. The sun’s density must, in all probability, 
increase very much towards his centre, and therefore a consider- 
ably greater amount of heat than that must be supposed to have 
been generated if his whole mass was formed by the coalition of 
comparatively small bodies. On the other hand, we do not 
know how much heat may have been dissipated by resistance 
and minor impacts before the final congloiperation ; but there is 
reason to believe that even the most rapid conglon\eration that 
we can conceive to have probably taken place could only leave 
the tiiiished globe with about half the entire heat due to the 
amount of potential energy of mutual gravitation exhausted. 
We may, therefore, accept, as a lowest estir^^ate for the sun’s 
initial heat, 10,000,000 times a year’s supply at present rate, 
but 50,000,000 or 100,000,000 as possible, in consequence of 
the sun’s greater density in his central parts. 

The considerations adduced above, in this paper, regarding 
the sun’s possible specific heat, rate of cooling, and superficial 
temperature, render it probable that he must have been very 
sensibly warmer one million years ago than now ; and, conse- 
quently, that if he has existed as a luminary for ten or twenty 
million years, he must have radiated away considerably more 
than ten or twenty million times the present yearly amount 
of loss. 

It seems, therefore, on the whole most probable that the sun 
has not illuminated the earth for 100,000,000 years, and almost 
certain that he has not done so for 500,000,000 years. As for 
the future, we may say, with equal certainty, that inhabitants 
of the earth cannot continue to enjoy the light and heat essential 
to their life, for many million years longer, unless sources now 
unknown to us are prepared in the great storehouse of creation. 
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(F.) — On the Size of Atoms*. 

The idea of an atom has been so constantly associated.- 
with incredible assumptions of infinite strength, absolute 
rigidity, mystical actions at a distance, and indivisibility, that 
chei^ists and many other reasonable naturalists of modern 
tirfies, losing all })atience with it, have dismissed it to the realms 
of metaphysics, and made it smaller than “anything we can 
conceive.” But if atoms are inconceivably small, why are not 
all chemical actions infinitely swift ] Chemistry is powerless to 
deal with this question, and many others of paramount import- 
ance, if barred by the hardness of its fundamental assumptions, 
from coT^templating the atom as a real portion of matter occupy- 
ing a finite space, and forming a not immeasurably small consti- 
tuent of any i)alpable body. 

More than tl^irty years ago naturalists were scared by a wild 
jiropos^tion of Cauchy’s, that the familiar prismatic colours 
])roved flie “sphere of sensible molecular action” in transparent 
liquids and solids to be comparable with the wave-length of .Meaning of 
light. The thirty years which have intervened liave only con- molecular 
firmed that j^ropositioii. They have produced a large number of ' 
capable judges ; and it is only incapacity to judge in dynamical 
questions that can admit a doubt of the substantial correctness 
of Caucliy’s conclusion. But tlie “ sjdiere of molecular action’^ 
conveys no very clear idea to the noii-mathematical mind. The 
idea which it conveys to the mathematical mind is, in my opinion, 
irredeemably false. For I liave no faith whatever in attractions 
and repulsions acting at a distance Viet ween centres of force 
according to various Wws. Wliat Cauchy’s mathematics really 
proves is this : that in palpably homogeneous bodies such as Meaning of 
glass or water, contiguous portions are not similar Avdien their ge^?ty. 
dimensions are moderately small fraction.s of the wave-length. 

Thus in water contiguous cubes, each of one one-thousandth of 
a centimetre breadth are sensibly similar. But contiguous cubes 
of one ten-millionth of a centimetre must be very sensibly 
different. So in a solid mass of brickwork, two adjacent lengths 
of 20,000 centimetres each, may contain, one of them nine 
hundred and ninety- nine bricks and two half bricks, and the 


Nature i March 1670, 
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other one thousand bricks : thus two contiguous cubes of 20,000 
centimetres breadth may be considered as sensibly similar. 
But two adjacent lengths of forty centimetres each might 
contain one of them, one brick, and two half bricks, and 
the other two whole bricks ; and contiguous cubes of .forty 
centimetres would be very sensibly dissimilar. In short, optical 
dynamics leaves no alternative but to admit that the^ diameter 
of a molecule, or the distance from the centre of a molecule to 
the centre of a contiguous molecule in glass, water, or any other 
of our transparent liquids and solids, exceeds a ten -thousandth 
of the wave-length, or a two-hundred- millionth of a centimetre. 

By experiments on the contact electricity of metals made in 
the year 1862, and described in a letter to Dr Joule*, which was 
published in the proceedings of the Literary and Jphilosophical 
Society of Manchester [Jan. 1862], I found that plates of zinc 
and copi)er connected with one another by a fine wire attract 
one another, as would similar pieces of one<^metal connected with 
the two plates of a galvanic element, having about three-quarters 
of the electro-motive force of a DaniePs element. 

Measurements published in the Proceedings of the Boyal 
Society for 1860 showed that the attraction between parallel 
plates of one metal held at a distance apart small in comparison 
with their diameters, and kept connected with such a galvanic 
element, Avoukl experience an attraction amounting to two ten- 
thousand-milliontlis of a gramme weight })er area of the opposed 
surfaces equal to the square of the distance between them. Let 
a plate of zinc and a plate of copper, each a centimetre square 
and a hundred- thousandth of a centimetre thick, be placed with 
a corner of each touching a metal gl^be of a hundred-thousandth 
of a centimetre diameter. Let the plates, kept thus in metallic 
communication with one another be at first wide apart, except 
at the corners touching the little globe, and let them then be 
gradually turned round till the}^ are parallel and at a distance of 
a hundred- thousandth of a centimetre asunder. In this position 
they will attract one another with a force equal in ail to two 
grammes weight. By abstract dynamics and the theory of 
energy, it is readily proved that the work done by the changing 
force of attraction during the motion b}^ which we have supposed 

* [Now published as Art. xxii, in a “lleprint of Papers on Electrostatics and 
Magnetism by Sir William Thomson. New edition, 1883.] 
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this position to be reached, is equal to that of a constant force of 
two grammes weight acting through a space* of a hundred- 
' thousandth of a centimetre; that is to say, to two hundred- 
thousandths of a centimetre-gramme. Now Icu a second plate •- 
Cif zinc be brought by a similar process to the other side of the 
plate of copper ; a second plate of copper to the remote side of 
this second plate of zinc, and so on till a pile is formed consisting Work done 
of 5(J,001 plates of zinc and 50,000 plates of copper, separated pu^ofzinc 
by 100,000 spaces, each plate and each space one hundred- 
thousandth of a centimetre thick. The whole work done by 
electric attraction in the formation of this pile is two centimetre- 
grammes. 

The whole mass of metal is eight grammes. Hence the 
amount ^f work is a quarter of a centimetre-gramme per gramme 
of metal. Now 4,030 centimetre-grammes of work, according 
to Joule’s dynamical equivalent of heat, is the amount required 
to warm a gramme of zinc or copper by one degree Centigrade. 

Hence ilie work done by the electric attraction could warm the 
substance by only of a degree. But now let the thickness of 

each piece of metal and of each intervening space be a hundred- The heat of 
millionth of a centimetre instead of a hundred thousandth. The tfon oTzTnc 
work would ]je increased a million-fold unless a hundred-millionth shov^tEat 
of a centimej:re approaches the smallness of a molecule. The ^oSyare 
he?t equivalent would therefore be enough to raise the tempera- lo-scm 
ture of the material by 62®. This is barely, if at all, admissible, 
according to our present knowledge, or, rather, want of know- more than 

^ 0.^77 10 **^ Clio 

ledge, regarding the heat of combination of zinc and copper, m diameter. 
But suppose the metal plates and intervening spaces to be made 
yet four times thinner, that is to say, the thickness of each to 
be a four hundred -milTfonth of a centimetre. The work and its 
heat equivalent will be increased sixteen-fold. It would there- 
fore be 990 times as much as that required to warm the mass 
by r cent., which is very much more than can possibly be pro- 
duced by zinc and copper in entering into molecular combination. 

Were there in reality anything like so much heat of combination 
as this, a mixture of zinc and copper powders would, if melted 
in any one spot, run together, generating more than heat 
enough to melt each throughout , just as a large quantity of 
gunpowder if ignited in any one spot burns throughout without 
fresh application of heat. Hence plates of zinc and copper of a 
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three tundred-millionth of a centimetre thick, placed close 
together alternately, form a near approximation to a chemical 
combination, if indeed such thin plates could be made witfM)ut 
splitting atoms. 

The theory of capillary attraction shows that when a bubble — 
a soap-bubble for instance — ^is blown larger and larger, work is 
done by the stretching of a film which resists extension as if it 
were an elastic membrane with a constant contractile force. 
This contractile force is to b^ reckoned as a certain number of 
units of force per unit of breadth. Observation of the ascent of 
water in capillary tubes shows that the contractile force of a 
thin film of water is about sixteen milligrammes weight per 
inillimetre of breadth. Hence the work done in stretching a 
water film to any degree of thinness, reckoned xii millimetre* 
milligrammes, is equal to sixteen times the number of square 
millimetres by which the area is augmented, provided the film 
is not made so thin that there is any sensible diminution of its 
contractile force. In an article On the Thermal efiect of draw- 
ing out a Film of Liquid,” published in the Proceedings of the 
Royal Society for April 1858, I have proved from the second 
law of thermodynamics that about half as much more energy, in 
the shape of heat, must be given to the film to prevent it from 
sinking in temperature while it is being drawn out. Hence the 
intrinsic energy of a mass of water in the shape of a film kept 
at constant temperature increases by twenty-four milligramme- 
millimetres for every square millimetre added to its area. 

Suppose then a film to be given with a thickness of a milli- 
metre, and suppose its area to be augmented ten thousand 
and one fold : the work done per square millimetre of the 
original film, that is to say per milligramme of the mass 
would be 240,000 millimetre-milligrammes. The heat equivalent 
of this is more than half a degree centigrade of elevation of 
temperature of the substance. The thickness to which the film 
is reduced on this supposition is very approximately a ten- 
thousandth of millimetre. The commonest observation on the 
soap-bubble (which in contractile force differs no doubt very 
little from pure water) shows that there is no sensible diminu- 
tion of contractile force by reduction of the thickness to the ten- 
thousand ih of a millimetre; inasmuch as the thickness which 
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giv^ the first maximum brightness round the black spot seen 
where the babble is thinnest, is only about an eight-thousandth 
^of a millimetre. 

The very moderate amount of work shown ir the preceding 
estimates is quite consistent with this deduction. But suppose 
now the film to be farther stretched until its thickness is reduced 
to a twenty-millionth of a millimetre. The work spent in doing 
thi^is two-thousand times more than that which we have just 
calculated. The heat equivalent is 1,130 times the quantity 
required to raise the temptirature of the liquid by one degree 
centigrade. This is far more than we can admit as a possible 
amount of work done in the extension of a liquid film. A 
smaller amount of work spent on the liquid would convert it 
into vapour at ordinary atmospheric pressure. The conclusion 
is unavoidable, that a water-film falls off greatly in its contrac- 
tile force before it is reduced to atliickness of a twenty-millionth 
of a millimetre. . It is scarcely possible, upon any conceivable 
moleculgir theory, that there can be any considerable falling off 
in the contractile force as long as there are several molecules in 
the thickness. It is therefore probable that there are not several 
molecules in a thickness of a twenty-millionth of a millimetre 
of water. 

The kinetic theory of gases suggested a hundred years ago 
by Daniel Bernoulli lias, Wiring the last quarter of a century, 
b( en worked out by Hera path, Joule, Clausius, and Maxwell, to 
so great perfection that we now find in it satisfactory explana- 
tions of all non-chemical properties of gases. However diffif ult 
it may be to even imagine what kind of thing the molecule is, 
we may regard it as an established truth of science that a gas 
consists of moving molecules disturbed ff-oni rectilinear paths 
and constant velocities by collisions or mutual influences, so 
rare that the mean length of nearly rectilinear portions of 
the path of each molecule is many times greater than the 
average distance from the centre of each molecule to the centre 
of the molecule nearest it at any time. If, for a moment, we 
suppose the molecules to be hard elastic globes all of one size, 
influencing one another only through actual contact, we have 
for each molecule simply a zigzag path composed of rectilinear 
portions, with abrupt changes of direction. On this supposition 
Clausius proves, by a simple application of the calculus of pro- 

32—2 
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Labilities, that tlie average length of the free path of 'a particle 
from collision to collision bears to the diameter of each globe, 
the ratio of the whole space in which the globes move, to ^ight 
times the sum of the volumes of the globes. It follows that 
the number of the globes in unit volume is equal to the square 
of this ratio divided by the volume of a sphere whose radius 
is equal to that average length of free path. But we cannot 
believe that the individual molecules of gases in general, or even 
of any one gas, are hard elastic globes. Any two of the moving 
particles or molecules must aet upon one another somehow, so 
that when they pass very near one another they shall produce 
considerable deflexion of the path and change in the velocity of 
each. This mutual action (called force) is different at different 
distances, and must vary, according to variations of the distance 
so as to fulfil some definite law. If the particles were hard * 
elastic globes acting upon one another only by contact, the law 
of force would be — zero force when the distance from centre to 
centre exceeds the sum of the radii, and infinite repulsion for 
any distance less than the sum of the radii. This hypothesis, 
with its “ hard and fast” demarcation between no force and in- 
finite force, seems to require mitigation. Without enteriug on 
the theory of vortex atoms at present, I may at least say that 
soft elastic solids, not necessarily globular, are more promising 
than infinitely hard elastic glo^s. And, happily, we are not 
left merely to our fancy as to what we are to accept as probable 
in respect to the law of force. If the particles were liard elastic 
globes the average time from collision to collision would be in- 
versely as the average velocity of the particles. But Maxwell’s 
experiments on the variation of the viscosities of gases with 
change of temperature prove that 3 mean time from collision * 
to collision is independent of the velocity if we give the name 
collision to those mutual actions only which produce something 
more than a certain specified degree of deflection of the line of 
motion. This law could be fulfilled by soft elastic particles 
(globular or not globular); but, as we have seen, not by hard 
elastic globes. Such details, however, are beyond the scope of 
our present argument. What we want now are rough approxi- 
mations to absolute values, whether of time or space or mass — 
not delicate differential results. From Joule, Maxwell, and 
Clausius we know that the average velocity of the molecules of 
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oxyg^ or nitrogen or common air, at ordinary atmospheric Kinetic 

temperature and pressure, is about 50,000 centimetres per^sesT^^ 

^^econd, and the average time from collision to collision a five- 

thousand-millionth of a second. Hence the avera^’^e length of 

■ ® free path 

P£ith of each molecule between collisions is about (f ^ i0"*cra. 

centimetre. Now, having left the idea of hard globes, according 
to which the dimensions of a molecule and the distinction 
bet\feen collision and no collision are perfectly sharp, some- 
thing of circumlocution must take the place of these simple 
terms. , 


First, it IS to be remarked that two molecules m collision will Meanin^^of 

* . , , . . . , -1 1 collision 

exercise a mutual repuLsion in virtue of which the distance and dia- 

between their centres, after being diminished to a minimum, molecule. 

will begi^ to increase as the molecules leave one another. This 

minimum distance would be equal to the sum of the radii, if the 

molecules were infinitely hard elastic spheres ; hut ’u reality we 

must suppose it* to be very different in different collisions. 

Consideiiing only the case of equal molecules, we might, then, 

define the radius of a molecule as half the average shortest 

distance reached in a vast number of collisions. The definition 

I adopt for the present is not precisely this, but is chosen so as 

to make as si^iple as possible the statement I have to make of a 

combination pf the results of Clausius and Maxwell. Having 

defined the radius of a gaseous molecule, I call the double of 

the radius the diameter ; and the volume of a globe of the same 

radius or diameter I call the volume of the molecule. 


The experiments of Cagniard de la Tour, Faraday, Regnault, 
and Andrews, on the condensation of gases do not allow us to 
believe that any of the^ ordinary gases could be made forty thou- 
sand times denser than at ordinary atmosphere pressure and 
temperature, without reducing the whole volume to something 
less than the sum of the volume of the gaseous molecules, as now^ 

defined. Hence, according to the grand theorem of Clausius Free path 

iT'x cannot be 

quoted above, the average length of path from collision to more than 
collision cannot be more than five thousand times the diameter diameter of 
of the gaseous molecule ; and the number of molecules in 
of volume cannot exceed 25,000,000 divided by the volume of a 
globe whose radius is that average length of path. Taking now 
the preceding estimate, ^ centimetre, for the average 

length of pctth from collision to collision we conclude that the 
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diameter of the gaseous molecule cannot be less than o 

of a centimetre ; nor the number of molecules in a cubic centi- 
metre of the gas (at ordinary density) greater than 6 x 10*^^^or 
six thousand million million million). 

The densities of known liquids and solids are from’ five 
hundred to sixteen thousand times that of atmospheric air 
at ordinary pressure and temperature ; and, thei^^fore, the 
number of molecules in a cubic centimetre may be from 3 x 10^^ 
to 10^® (that is, from three million million million million to a 
hundred million million million million). From this (if we 
assume for a moment a cubic arrangement of molecules), the 
distance from centre to nearest centre in solids and liquids may 

be estimated at from x-^oroloTo'oo to 4 . q 0 , 000.000 a centi- 
metre. 

The four lines of argument which I have now indicated, 
lead all to substantially the same estimate of the dimensions of 
m olecular structure. Jointly they establish with what we can- 
not hut regard as a very high degree of probability the conclu- 
sion tiiat, in any ordinary liquid, transparent solid, or seemingly 
opaque solid, the mean distance between the centres of contigu- 
ous molecules is less than the hundred-millionth, and greater 
than the two thousand-millionth of a centimeire*. 

To form some conception of the degree of coarse-grainedness 
indicated by this conclusion, imagine a rain drop, or a globe of 
glass as large as a pea, to be magnified up to the size of the 
earth, each constituent molecule being magnified in the same 
proportion. The magnified structure would be more coarse 
grained than a heap of small shot, but probably less coarse 
grained than a heap of cricket-balls: ^ 

* I find that M. Loschmidt had preceded me in the fourth of tlie preceding 
methods of estimating the size of atoms [Sitzungsberichte of the Vienna Acad., 
12 Oct., 1805, p. 395]. He finds the diameter of a molecule of common air to 
be about a ten-millionth of a centimetre. M. Lippmann has also given a 
remarkably interesting and original investigation relating to the size of atoms 
Comptes Eendus, Oct. 16th, 1882, basing his argument on the variations of 
capillarity under electrification. He finds that the thickness of the double 
electric layer, according to Helmholtz’s theory, is about a 35-millionth of a 
centimetre. W. T., Dec. 13, 1882. 
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(G.)— On Tidal Friction, bv G. H. Darwin, F.R.S. 

The retardation of the eartlis rotation, as deduced from 
the sec'iilar acceleuition of the Moons mean motion, 

^ In iny paper on the precession of a viscous spheroid [2 hil. 
Trans. Pt. II., 1879, or Scientific Papers, Vol. ii. p. 36], all 
the ijata are given which are requisite for making the calcu- 
lations for Professor Adams’ result in ^ 830, viz. : that if 
there is an unexplained part in the coefficient of the secular 
acceleration of the moon’s ^lean motion amounting to 6", and 
if j:his be due to tidal fiiction, then in a century the earth gets 
22 seconds behind time, when compared with an ideal clock, 
going perfectly for a century^ and perfectly rated at/ the 
beginning of the century. In the paper referred to howevei* 
the earth is treated as homogeneous, and the tides are supposed 
to consist in a bodily df‘formation of the mass. The numerical 
results there giv«n require some modification on this account. 

If E'’ be the heights of the semidiuinal, diurnal and 

fortniglitly tides, expressed as fractions of the equilibrium tides 
of the same denominations ; and if e, c', c" be the corresponding 
retardations of phase of these tides due to friction ; it is shown 
on p. 4-76 \Emientific Papers, Vol. ii. p. 68] and in equation (48), 
that m consequence of lunar and solar tides, at the end of a 
century, the earth, as a time-keeper, is behind the time indicated 
by (lie ideal perfect clock. 

1900-27 E sin 2e -h 4 23 49 A' sine' seconds of time {a\ 

and that if the motion of the moon were unaffected by the 
tides, an observer, taking tlie earth as his clock, would note that 
at the end of the ce»tviry the moon was in advance of her place 
in her orbit by 

1043"-28 E sin 2€-f- 232"-50^' sin e' (6). 

This is of course merely the expression of the same fact as (a), in 
a different form. 

Lastly it is shown in equation (60) that from these causes in a 
century, the moon actually lags behind her place 

630" *7 E sin 2€ + 108"*6 E' sin € - 7"-042 A" sin 2c" .(c). 

In adapting these results to the hypothesis of oceanic tides on a 
heterogeneous earth, we observe in the first place that, if the 


Retardation 
of earth’s 
rotation. 
Numerical 
estimates. 



504 


APPENDIX G. 


B.etardation 
of earth’s 
rotation. 


fluid tides are inverted, that is to say if for example it is low 
water under the moon, then friction advances the fluid tides'*^, 
and therefore in that case the c’s are to be interpreted ‘as 
advancements of phase ; and secondly that the are to’ be 
multiplied by which is the ratio of the density of water 
to the mean density of the earth. Next the earth’s moment of 
inertia (as we learn from col. vii. of the table in § 824) is about 
•83 of its amount on the hypothesis of homogeneity, ^nd there- 
fore the results (a) and (b) have both to be multiplied by 1 /’SS 
or 1*2; the result (c) remains unaffected except as to the factor 
Thus subtracting (c) from (b) as amended, we find that to an 
observer, taking the earth as a true time-keeper, the mooii is, at 
the end of the century, in advance of her place by 

{(1-2 X 1 043" '28 -‘630" -7) .E’ sin 2c 
4- (1-2 X 232"-50- 108"'6) £' sin c' + 7"'042'^" sin 2c"}, 

^vhich is equal to 

{621"'24 ^sin 2c 170"'40 U' sin c' + 7"'04 E" sin 2c"}. ..(c7) 
and from (a) as amended that the earth, as a tfm e-keeper, is 
be^hind the time indicated by the ideal clock, perfectly rated at 
the beginuing of the century, by 


{2280'32 ^sin 2c-i- 50819 ^'sin c'} seconds cf time ...(e). 

Now if we suppose that the tides have their etfuilibrium height, 
so that the E’s are each unity ; and that c' is one half of c (which 
must roughly correspond to the state of the case), and that c" is 


insensible, and c small, (d) becomes 

Y^Y{621"'24 + i X 170" *40} c (/) 

and (e) becomes 

{2280’32 + X 508*19} c secona'b of time (g). 


It (/) were equal to 1", then (g) would clearly be 


2280'32-f ^ X 508'19 

621-24 4-'^T170'40 


seconds of time 


(4 


The second term, both in the numerator and denominator of (A), 
depends on the diurnal tide, which only exists when the ecliptic 


* That this is true may he seen from considerations of energy. If it were 
approximately low water under the moon, the earth’s rotation would be acce- 
lerated by tidal friction, if the tides of short period lagged; and this would 
violate the principles of energy. 
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is oblique. Now Adams’ result was obtained on the hypothesis Adams' 
that the obliquity of the ecliptic was nil, therefore according to 
his assumption, 1" in the coefficient of lunar acceleration means 
that the earth, as compared with a perfect clocV rated at the 
beginning of the century, is behind time 


2280-32 

621-24“ 


= 3| seconds at the end of a century. 


Accordingly 6" in the coefficient gives 22 secs, at the end of a 
century, which is his result given in § 830. If however we 
include the obliquity of the ecliptic and the diurnal tide, we 
find that 1" in the coefficient means that the earth, as compared 
with the perfect clock, is behind time 


94(17. qy 

= 3 '627 i seconds at the end of a century. 

6%3-80 

Thus taking Hansen’s 12"-56 with Delaunay’s 6"*1, we have the Other 
earth behind 6'46 x 3 6274 = 23*4 sec., and taking Newcombs 
8''-4 with Delaunay’s 6"-l, we have the earth behind 2-3 x 3*6274 
= 8‘3 s5c. 

It is worthy of notice that this result would be only very 
slightly vitiated by the incorrectness of the hypothesis made 
above as t<^ the values of the U s and c’s ; for U sin 2€ occurs 
in the important term both in the numerator and denominator 
of the result for the earth’s defect as a time-keeper, and thus 
•the hypothesis only enters in determining tlie part played by 
the diurnal tide. Hence the result is not sensibly affected by 
some inexactness in this hypothesis, nor by the fact that the 
oceans in reality only cover a portion of the earth's surfaca 


The Determind^on of the Secular Effects of Tidal Fric^ 
tiou by a (jvaphical Method. (Portion of a paper published 
in the Proc, Roy. Soc. No. 197, 1879 [or Scientific Papers, 
Vol. II. p. 195], but with alterations and additions.) 

Suppose an attractive particle or satellite of mass m to 
moving in a circular orbit, with an angular velocity O, round a 
planet of mass M, and suppose the planet to be rotating about an 
axis perpendicular to the plane of the orbit, with an angular 
velocity suppose, also, the mass of the planet to be partially 
or wholly imperfectly elastic or viscous, or that there are oceans 
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Oil the surface of the planet; then the attraction of thesaatellit© 
must produce a relative motiou in the parts of the planet, and 
that motion must be subject to friction, or, in other words, therb 
must be frictional tides of some sort or other. The system must 
accordingly be losing energy by friction, and its configuration 
must change in such a way that its whole energy diminishes. 

Such a system does not differ mucli from those of actual 
planets and satellites, and, therefore, the results deduced ‘in this 
hypothetical case must agree jiretty closely with the actual course 
of evolution, provided that tim^ enough has been and will be 
given for such changes. 

Let 0 be the moment of inertia of the planet about its axis of 
rotation ; 

r the distance of the satellite from the centre of the plan^^ ; 

A the resultant moment of momentum of the whole system; 

e the whole energy, both kinetic and potential of the system. 

It will be supposed that the figure of the planet {?iid the dis- 
tributi^'ii of its internal density are such that the attraction of 
the satellite causes no couple about any axis perpendicular to 
that of rotation. 

I shall now adopt a special system of units mass, length, 
and time such tiiat the analytical results are i^cduced to their 
simplest forms. 

Let the unit of mass be m). 

Let the unit of length y be such a distance, that the moment 
of inertia of the planet about its axis of rotation may be equal to 
the moment of inertia of the planet and satellite, treated as par- 
ticles, about their centre of inertia, wlieir distant y apart from 
one another. This condition gives 


whence 


M 


( y 

\J/ -f- mj \M + 7?^/ 

fO (M+ m)li 

Mm j ‘ 


= (7 


Let the unit of time t be the time in which the satellite revolves 
through 57^-3 about the planet, when the satellite’s radius vector 
is equal to y. In this case 1 /t is the satellite's orbital angular 
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HlbT 

velocity, and by the law of periodic times we have 
7^ = ft + m) 


where fx is the attra^ction between unit masses at unit distance. 
Then by substitution for y 

C^M+m)\i 

) * 

Tffis system of units will be tvmncl to make the three following 
functions each equal to unity, viz. fir Mm {M + m)"^ ^iMm, and C. 
The units are in fact derived from the consideration that these 
functions are each to be unity. 

In the case of th.e earth and moon, if we take the moon’s mass 
as -^^nd of the earth’s, and the earth’s moment of inertia as 
Ma^ [^e § 824], it may easily be shown that the unit of mass 
is of the earth’s mass, the unit of length is 5*26 earth’s radii 
or 38,506 kilometics, and the unit of time is 2 hrs. 41 minutes. 
In these unitS the present angular velocity of the earth’s 
diurn^Pl* rotation is ex2)ressed by *7044, and the moon’s present 
radius vector by 11 * 454 . 


The two bodies being suj)posed to revolve in circles about 
their common centre ot inertia with an angular velocity the 
moLiicnt of^omeutum of orbital motion is 



O -f- m 



Mm 
M + m 




TJien, by the law of peiiodic times, in a circular mbit, 


= fji {M + m) 

whence — fxh (M A-m) ~ t'. 

And the moment of momentum of orbital motion 


= fj^ Mm [M + r-, 

and in the special units this is equal to r-. 

The moment of momentum of the planet’s rotation is (7n, and 
(7 = 1, in the special units. 

Therefore + (1). 


Again, the kinetic energy of orbital motion is 



M + in ^ r 


Numerical 
values of 
the units fcr 
earth and 
moon. 
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lG. b. 

The kinetic energy of the planet^s rotation is s 

The potential energy of the system is - fxMmjr, 

<T * 

Adding the three energies together, and transforming into the 
special units, we have 

= ( 2 ). 

Since the moon’s present radius vector is 1T454, il! follows 
that the orbital momentum of the moon is 3-384. Adding to 
this the rotational momentum the earth which is *704, we 
obtain 4*088 for the total moment of momentum of the moon 
and earth. The ratio of the orbital to the rotational momentum 
is 4*80, so that the total moment of momentum of the system 
would, but for the obliquity of the ecliptic, be 5*80 times that 
of the earth’s rotation. In § 276, where the obliqiixty is take.x 
into consideration, the number is given as 5*38. 

Now let X - y = n, y = 2e. 

It will be noticed that x, the moment of momentuui of orbital 
motion, is equal to the square root of the satellite’s distance from 


the planet. 

Then the equations (1) and (2) become 

h = y--;c " (3). 

( 4 ). 


(3) is the equation of conservation of moment of momentum, or 
shortly, the equation of momentum ; (4) is the equation of energy. 

Now, consider a system started with given positive (or say 
clockwise*) moment of momentum li ; we have all sorts of ways 
in which it may be started. If the two rotations be of opposite 
kinds, it is clear that we may start the system with any amount 
of energy however great, but the true maxima and minima of 
energy compatible with the given moment of momentum are 
given by dY jdx — 0, 

or x~ h — 3 = 0, 


that is to say, - hx^ +1 = 0 


(5). 


* This is contrary to the ordinary convention, but I leave this passage as it 
stood originally. ^ 
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W e shall presently see that this quartic has either two real 
roots and two imaginary, or ail imaginary roots*. 

This quartic may be derived from quite a different con- 
sideration, viz., by finding the condition uiiuer which the 
satellite may move round the planet, so that the planet shall 
always show the same face to the satellite, in fact, so that they 
move as parts of one rigid body. 


•Ihe condition is simply that the satellite’s orbital angular 
velocity Q = n the planet s angular velocity of rotation ; or since 


n^y and = O ^ = x, therefore y ~ 


• By substituting this value of y in the equation of momentum 
(3), we get as before 

+ l = 0 (5). 

In Ay paper on the “Precession of a Viscous Spheroid f,” I 
obtained the quartic equation from this last point of view 
only, and considered analytically and numerically its bearings 
on the history of the earth. 

Sir William Thomson, having read the paper, told me that he 
thought that much light might be thrown on the general physical 
meaning of the equation, by a comparison of the equation of 
conservatimi of moment of momentum with the energy of the 
system fur various configurations, and he suggested the appro* 
priateness of geometrical illustration for the purpose of this 
• comparison. The method which is worked out below is the 
result of the suggestions given me by him in conversation. 

The simplicity with which complicated mechanical interactions 
may be thus traced out geometrically to their results appears 
truly remarkable. 

At present w^iave only obtained one result, viz. : that if with 
given moment of momentum it is possible to set the satellite and 
planet moving as a rigid body, then it is possible to do so in two 
ways, and one of these ways requires a maximum amount of 
energy and the other a minimum ; from which it is clear that one 
must be a rapid rotation wdtb the satellite near the planet, and 
the other a slow one wfith the satellite remote from the planet. 


* I have elsewhere shown that when it has real roots, one is greater and the 
other less than ^h. Proc. Boy. Soc. No. 202, 1880, [or Scientific Papers^ Vol. ii. 
p. 390. G. H. D.] 

t Tram. Boy. Soc. Part i. 1879, [or Scientific Payers, Vol. ii. p. 36. 

G. H. D.] 
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Graphical 

solution. 


[G,>. 

Now, consider the three equations, 

h = y + x ; (G)^ , 

r={A-xf-I (7); 

*^^ = 1 (S). 


(C) is the equation of momentum , (7) tliat of energy; and (8) 
we may call the equation of rigidity, since it indicates ' t}iat the 
two bodies move as though parts of one rigid body. 

Now, if we wish to illustrate these equations geometrically, 
we may take as abscissa a;, which is the moment of momentum 
of orbital motion; so that the axis of x may be called the axis 
of orbital momentum. Also, for equations (6) and (8) we may 
take as ordinate ?/, wJiich is tlie moment of momentum of the 
planet’s rotation ; so that the axis of y may be c^^tled the a'xls i 
of rotational momentum. For (7) we may take as ordinate F, 
which is twice the energy of the system ; so that the axis 
of Y may be called tlie axis of energy. Then, as it will be 
convenient to exhibit ail three curves in the same ‘figure, with 
a parallel axis of a*, we must have the axis of energy identical 
with that of rotational momentum. 

It will not be necessary to consider the, case where the 
resultant moment of momentum h is negative, because this 
would only be equivalent to reversing all the rotations; thus 
h is to be taken as essentially positive. 

Then the line of momentum, whose eqiiatiou is (6), is a 
straight line inclined at 45*^ to either axis, having positive inter- 
cepts on both axes. 

The curve of rigidity, whose equ?7-^’^7 is (8), is clearly of 
the same nature as a rectangular hyperbola, but having a 
much more rapid rate of approach to the axis of orbital mo- 
mentum than to that of rotational momentum. 

The intersections (if any) of the curve of rigidity with the 
line of momentum have abscissie which are the two roots 
of the quartic The quartic has, therefore, 

two real roots or all imaginary roots. Then, since x = 
the intersection which is more remote from the origin, indicates 
a configuration where the satellite is remote from the planet; 
the other gives the configuratioij where the satellite is closer 
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to 'the planet. We have already learnt that these tvro cor- 
respond respectively to minimum ani maximum energy. 

* When X is very large, the equation to the curve of energy 
is Y={h— a?)®, which is the equation to a parabola , with *'a 

• vertical axis parallel to Y and distant h from the origin, so 
that the axis of the parabola passes through the intersection 
of line of momentum with the axis of orbital momentum. 

When X is very small the equation becomes Y — — 1/a;®. 



Hence, the axis of Y is asymptotic on both sides to the curve 
of energy. 

Then, if the line of momentum intersects the curve of 
rigidity, the curve of energy has a maximum vertically under- 
neath the point of intersection neai-er the origin, and a minimum 
underneath the point more remote. But if there are no inter- 
sections, it has no maximum or minimum. 

It is not easy to exhibit these curves well if they are drawn 
to scale, without making a figure larger than it would be 
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convenient to print, and accordingly fig. 1 gives them as drawn Graphical 
with the free hand. As the zero of energy is quite arbitrary, 
the origin for the energy curve is displaced downwards, and 
this prevents the two curves from crossii^g one another in 
a confusing manner. The same remark applies aLo to figs. 

2 and 3. 

Fig. 1 is erroneous principally in that the curve of rigidity 
ougfet to approach its horizontal asymptote much more rapidly, 
so that it would be difficult in a drawing to scale to distinguish 
the points of intersection ^ and Z>. 

^ Fig. 2 exhibits the same curves, but drawn to scale, and 
designed to be applicable to the case of the earth and moon, 
that is to say, when A = 4 nearly. % 



Fig. 3 shows the curves when 7^=1, and when the line of 
momentum does not intersect the curve of rigidity ; and here 
there is no maximum or minimum in the curve of energy. 

These figures exhibit all the possible methods in which tbe 
bodies may move with given moment of momentum, and they 
differ in the fact that in figs. 1 and 2 the quartic (5) has 
real roots, but in the case of fig. 3 this is not so. Every point 
of the line of momentum gives by its abscissa and ordinate 
the square root of the satellite’s distance and the rotation of 
VOL. II. 83 



Graphical 

solution. 


Critical 
value of 
moment of 
momentum. 


514! APPENDIX G. ' [Gyjb.' 

C 

the planet, and the ordinate of the energy curve gives the 
energy corresponding to each distance of the satellite. 

Parts of these figures have no physical meaning, for it is 
impossible for the satellite to move round the planet at a 
distance which is less than the sura of the radii of the planet 
and satellite. Accordingly in fig. 1 a strip is marked oflP and 
shaded on each side of the vertical axis, within which the figure 
has no physical meaning. 

Since the moon’s diameter is about 2,200 miles, and the 
earth’s about 8,000, therefore ?the moon’s distance cannot be 
less than 5,100 miles; and in fig. 2, which is intended to apply 
to the earth and moon and is drawn to scale, the base of the 
, strip is only shaded, so as not to render the figure confused. 

The point P in fig. 2 indicates the pi'esent configuration of 
the earth and moon. 

The curve of rigidity = 1 is the same for all values of 
h, ;iTid by moving the line of momentum parallel to itself nearer 
or further from the origin, w^e may represent all possible 
moments of momentum ')f the whole system. 

The smallest amount of moment of momentum with which it 
is possible to set the system moving as a rigid body with cen- 
trifugal force enough to balance the mutual attraction, is when 
the line of momentum touches the curve of rigidity. The con- 
dition for this is clearly that the equation - kx^ + 1=0 
should have equal roots. If it has equal roots, each root must 
be |4, and therefore 

(f/.)‘-A(|A)^+l = 0, 

whence h* = 4V3" or h = 4/3* = 1-75. 

The actual value of h for the moon earth is about 4, and 
hence if the moon-earth system were started with less than of 
its actual moment of momentum, it would not be possible for 
the two bodies to move so that the earth should always show 
the same face to the moon. 

Again if we travel along the line of momentum there must be 
some point for which is a maximum, and since yx^ — njO. 
there must be some point for which the number of planetary 
rotations is greatest during one revolution of the satellite, or 
shortly there must be some configuration for which there is a 
maximum number of days in the month. 
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Now yx^ is equal to x^(h — x), and this is a maximum when 
x-^h and the maximum number of days in the. month is 
^ (f *“ f 37(^^/4^ ; if h is equal to 4, as is nearly the case 
for the earth and moon, this becomes 27. 


Hence it follows that we now have very nearly the maximum 
number of days in the roonth. A more accurate investigation 
in my paper on the “Precession of a Viscous Spheroid,” showed 
th^f taking account of solar tidal friction and of the obliquity 
to the ecliptic the maximum number of days is about' 29, and 
that we have already passed through the phase of maximum. 


. We will now consider the physical meaning of the Several 
parts of the figures. 

It will be supposed that the resultant moment of momentum 
^ of the whole system corresponds to a clockwise rotation. 

Now imagine two points with the same abscissa, one on the 
momentum line and the other on the energy curve, and suppose 
the one on the energy curve to guide that on the momentum line. 

TheA#since we are supposing frictional tides to be raised on 
the planet, therefore the energy must degrade, and however the 
two points are set initially, the point on the energy curve must 
always slide down a slope car’^ying with it the other point. 

Now loolftng at fig. 1 or 2, we see that there are four slopes 
ill the energy curve, two running down to the planet, and two 
^thers which run down to the minimum. In fig. 3 on the other 
hand there are only two slopes, both of which run down to the 
[>]anet. 

In the first case there are four ways in which the system may 
degrade, according to the way it was started; in the second only 
two ways. ^ 

i. Tlien in fig. I, for all points of the line of momentum 
from 0 th^'ough E to infinity, x is negative and y is positive; 
therefore this indicates an anti-clockwise revolution of the satel- 
lite, and a clockwise rotation of the planet, but the moment of 
momentum of planetaiy rotation is greater than that of the orbital 
motion. The corresponding part of the curve of energy slopes 
uniformly down, hence however the system be started, for this 
part of the lir e of momentum, the satellite must approach the 
planet, and will fall into it when its distance is given by the 
point k. 


Maximum 
number of 
days in the 
month. 
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modes of 
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to initial 
circum- 
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system. 


ii. For all points of the line of momentum from F throui 
F to infinitv, x is ]>ositive and y is negative; therefore the 
motion of the satellite is clockwise, and that of the planetary 
rotation anti- clockwise, but the moment of momentum of the 
orbital motion is greater than that of the planetary rotation. 
The corresponding part of the energy curve slopes down to the 
minimum 5. Hence the satellite must approach the planet until 
it reaches a certain distance where the two will move round as a 
rigid body. It will be noticed that as the system passes through 
the configuration corresponding to D, the planetary rotation is zero, 
and from D to B the rotation of the planet becomes clockwise. 

If the total moment of momentum had been as shown in fig. 
3, then the satellite w^ould have fallen into the planet, because 
the energy curve would have no minimum. 

From i and ii we learn that if the planet and sacellite are set 
in motion with opposite rotations, the satellite will fall into the 
planet, if the moment of momentum of orbital motion be less 
than or equal to or only greater by a certain critical amount 
(viz. 4/3^, in our special units), than the moment of momentum 
of planetary rotation, but if it be greater by more than a certain 
critical amount the satellite will approach the })lanet, tie rotation 
of the planet will stop and reverse, and tinally the system will 
come to equilibrium when the tavo bodies move round as a rigid 
body, with a long periodic time. 

iii. AVe now come to tJic part of the figure betw'een C and 
D. For the parts AC and BD of the line AB in fig. 1, the 
planetary rotation is slower than that of the satellite’s revolu- 
tion, or the month is shorter than day, as in one of the satellites 
of Mars. In fig. 3 these parts togetlier embrace the whole. In all 
cases the satellite approaches the plane' _ In the case of fig. 3, 
the satellite must ultimately fall into the planet; in the case 
of figs. 1 and 2 the satellite will fall in if its distance from the 
planet is small, or move round along with the planet as a rigid 
body if its distance be large. 

For the part of the line of momentum AB, the month is 
longer than the day, and this is the case of all known satellites 
except the nearer one of Mars. As this part of the line is non- 
existent in fig. 3, we see that the case of all existing satellites 
{except the Martian one) is comprised within this part of figs. 1 
and 2. Now if a s.itellite be placed in the condition A, that is 
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to moving raj)idly round a planet, which always shows the 
same face to the satellite, the condition is clearly dynamically 
unstable, for the least disturbance will determine whether the 
system shall degrade down the slopes ac or that ir to sayj 
whethei it falls into or recedes from the planet. If the equili- 
brium breaks down by the satellite receding, the recession will 
go'on until the system has reached the state corresponding to B. 

luhe point P, in fig. 2, shows approximately the present state 
of the earth and moon, v’x, when x=3"2, y = 

It is clear that, if the point /, vhich indicates that the satel- 
lite is just touching the planet, be identical with the point A, 
then the two bodies are in effect ])arts of a single body in an 
unstable configuration. If, therefore, the moon was originally 
» part of^the earth, we should expect to find A and ^identical. 
The figure 2, wliich is drawn to repi esent the earth and moon, 
sliows that there is so close an approach between the edge of the 
shaded band an^ the intersection of the line of momentum and 
curve (Ji rigidity, that it would be scarcely possible to distinguish 
them on the figure. Hence, there seems a considerable proba- 
bility that the two bodies once formed parts of a single one, 
which broke up In consequence of some kind of instability. 
This view i#confii’med by the more detailed consideration of the 
;ase in the* paper on the “Precession of a Yiscoiis Spheroid, 
and subsequent papers, which have ap})eared in the Philoso- 
})liical Transactions of the Eoj al Society. 

The remainder of tlie paper, of wdiich this Appendix forms 
a part, is occupied with a similar graphical treatment of the 
problem involved in the case of a planefc and satellite or a system 
of two stars, each raising frictional tides in the other, and 
revolving rouncf^orie another orbitally. This problem involves 
the construction of a surface of energy. 


Compare 

§ 778 "(£^). 


Suggested 
origin of 
the moon. 


Compare 
§ 778 " ( 0 - 


Double-star 

system. 


♦ The proper values fi-r the present configuration of the earth and moon are 
y = '7. Figure (2) was drawn for the paper as originally presented to 
the Royal Society, and is now merely reproduced. 
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Acceleration, defined, i*‘28 Attraction of a gpherical surface with den- 


. rQeasure/)f, wlirn uniform, i. 28 
measure <Jf. when variable, i. 29 
average, i. 29 

analytical expressions for, i. 29, 31 
composition and resolution of, i. 30, 33 
examples of, i. 35, 36 
angular, defin^, i, 42 
angular, anal^ical expressions for, 
I. 42 • 

Action, defined, i. 326 

]^rinciple of least, i. 327; Lagrange’s 
equations derived from, i. 327 
principle of stationary, i. 328 
principle of varying, i. 330 ; examples 
of, I. 338— 336 

differential equation satisfied by the, 
I. 330 ; equations of motion derived 
from, I. 330 
surfaces of equal, 

Activity, i. 263 

Anchor-ring, motion on an, i. 351, 355, 366 
Angles, measurement of, i. 404 
solid, II. 463 — 470 

Area, projection of plane or cuived, i. 233 
conservation of {see Momentum) 
Atoms, size of, il. (F) 

Attraction, universal law of, ii. 458 

integral of normal, over a closed sur- 
face, II. 492, 493 

variation of, in crossing attracting 
surface, ii. 478 

of a uniform spherical shell on an in- 
ternal particle, ii. 462, 477; on an 
external particle, ii. 471, 477; on 
an element of the shell, ii. 472, 


sity varying inversely as the cube 
of the distance from a given point, 
II. 474—476 

of a sphere whose density varies 
inversely as the fifth power of the 
distance from a point, ii. 518 
of a sphere composed of concentric 
shells of uniform density, il. 480, 
491 (d) 

of a uniform circular disc on a par- 
ticle in its axis, ii. 477, 517 
of a cylinder on a particle in its axis, 
II. 477 

of a right cone on a particle at its 
vertex, ii. 477 

of a uniform circular arc, ii. 481 
of a straight line, ii. 481 
of a uniform hemisphere on a particle 
at its edge, ii. 478 

of matter arranged in infinite parallel 
planes of uniform density, ii. 401 
(/) 

of coaxal cylinders of uniform density 
to infinite lengths, ii. 491 (e) 
of a homogeneous ellipsoid, ii. 494 (j) 
— (o); ii. 519—532 
of a shell bounded by similar con- 
centric and similarly situated ellip- 
soids, II. 519 — 521, 523 
of an infinite homogeneous elliptic 
cylinder, ii. 494 (p) (g) 
of a heterogeneous ellipsoid, ii. 527 
of a particle on a distant body, ii. 
540, 541 

inverse problem of, ii. 494 (u)— (/) 
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Balance, i. 430, 431; ii. 572 
torsion, i. 432, 433 
bifilar, i. 435 

Bending of a bar, plate, tfeo.; see Flexure 


Cardioid, i. 49 
Catenary, defined, n. 574 

equation of common, ii. 580 
of uniform strength, ip. 583 
Catbetometer, i. 429 

Central axis of a system of forces, ii. 
559 (g) 

Centrobaric bodies, ii. 534; possess ki- 
netic symmetry about their centre 
of inertia, ii. 585 

Clamp, geometrical, defined, 1. 198; exam- 
ples of, I. 198 
Clor^ks, I. 411-417 

Compressibility, defined, ir. 680; ii. (C) ^ 
Conservative system, defined, i. 271 
Constraint, of a ])oint with two or one 
degrees of freedom, i. 196 
of a rigid body with various degrei s 
of freedom, i. 197, 199 
of a rigid body, five degrees of, i. 198 
of a rigid body, one degiee of, most 
general form of, i. 200 ; mechanical 
illustration of, i. 201 ; analytical 
expression of, i. 201 
Gauss’s principle of least, i. 293 
kinetic, cases of motion governed by, 
I. 319 

Continuity, integral equation of. T. 192 
differential equation of, i. 193, 194 
Co-ordinates, Bodrigues, i. 95 

generalized, of a point, i. 202, 203 
generalized, of a system, i. 204 
generalized, kinetic energy expressed 
in, I. 313 

generalized, equations of motion in, 
I. 318 

ignoration of, i. 319 
generalized orthogonal transforma- 
tion of, I. 837 note 
Cord, see String. 

Cou 2 hes, defined, i. 234; moment of, i. 
234; axis of, l, 234 ; ii. 559 
composition of, ii. 559 (5); with 
forces, II. 559 (/) 

Curvature, defined, i. 5 
of a circle, i. 5 

of any plane curve, analytical expres- 
sions for, I. 6 

of any curve, analytical expressions 
for, I. 9 

integral, of a curve, i. 10, 12 
average, of a curve, i. 10, 12 
synclaslic and anliclastic, of a sur- 
face, defined, i. 128, ii. 639 
line of, defined, i. 130 


Curvature, integral, of a portion of a 
surface, defined, l. 136 
average, of a portion of a surface, de- 
fined, I. 136 

specific, at a point of a surface, ae- 
fined, I. 136; analytical expression 
for, I. 138 

Curvatura Integra, defined, i. 136; proved 
the same as Integral Curvature, i. 
137 

Curve, plane, i. 7 r 

tortuous, i. 7 
osculating plane of, i. 8 
mechanical tracing of, i. 16 
cf pursuit, I. 40 
of flight, I. 40 

representation of experimental re- 
sults by means of a, i. 395 — 397 

Cycloid, T. 49, 92 

properties of, i. 93 


D'l^embert’s principle, i. 264 
Densit 3 ’, line, surface and volume, ii. 460 
of the Earth, ii. 774, 831 
Determinant, exju’ession for the square of, 

I. p. 1 66 .4 (,(/.•) 

minors of a, i. 343 (h) 
relations between the miuors of an 
evanescent, i. 343 (h) 
square root of skew symmetric, i. 
345 (ix) 

Diagonal scale, i. 419 
Direction, integral change of, in a surface, 
I. 135 

Displacement, in one plane, equivalent ..o 
a rotation, i. 79^ 80, 83; or a t/'ans- 
lation, I. 81 

in one }ilane, examples of, i, 84, 
85 

of a non-rigid solid with one point 
fixed, general analytical investiga- 
tion of, I. 181, 190 ‘{c), (/), (?) 
tangential, defined, i. 186 ; of dis- 
placed a undisplaced curve com- 
pared, I. 187 — 189 ; of a closed 
curve, due to rotation, i. 190 ; of 
a closed curve due to strain, i, 190 

Dissipativity, i. 345 (ii) 


Eai th. The, as a time-keeper, ii. 830 

figure of, as determined by geodesy, 
II. 797 

rigidity of, ii. 832—848 
distribution of land on, ii. 848 
secular cooling of, ii. (D) 

Edge of regression, i. 148 
Elastic curve, ii. 611, 612 
Elastic 1:)ody, perfectly, defined, ii. 672 
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Elasticitj^ of volume, n. 680 
. of figure, II. 680 

Elastic solid, equations of equilibrium of, 
• II. 697, 69Brn. (C) 

‘ integration of equations of equi- 
librium of infinite, ii. 730 
displacements of, by stress applied to 
an infinitely small part, ii. 731 
displacements of, by stress applied 
over the boundary, ii. 732 — 734 
disjijificement «^f, when the strain is 
plane, ii. 739 

Green’s theory of, ii. (C) (f/), (/i) 
sphere, deformation of, by rotatiuu, 
II. 837, 838 • 

spherical shell, equilibrium of, under 
“ surface tractions, ii. 735—737 
Ellipticity of strata c*f equal density within 
the earth resulting from Laplace s 
law, II. 824, 824' 

Energy, kinetic, defined, i. 213 
“ * kinetic, mte of change of, i. 214; 

analytical expression for, i. 280 . 
potential, defined and explained,* i. 
241, 273, 274 

conservation of, i.*269---27B 
apparent loss vu, i. 275 — 277 
equation *of, i. 293, 31S 
kinetic and potential, expressed as 
functions of the time in the ca.^o of 
small motions, i. 337 
potential, exhaustion of, ii. 5^7 — 549 
Eolotropy, ii. 676 1678 
Epicycloid, i. 49, 114 

Equilibrai.fc, of a system of forces, ii. 558 
Equilibrium, neutral, stable and unstable, 

, examples of, i. 291 
of a particle, ii. 455, 456 
of three forces, ii. 564 
of forces proportional and perpen- 
dicular to the sides of a polygon 
at their middle points, or the faces 
of a polyhedron at their centres of 
inertia, ii. 559 (e) 
of a free rigid bod^y 551 — 553^ 
of a constrained rigid body, ii. 554 — 
557 

of a body moveable about an axis, ii. 
567 

of a body resting on a fixed surface, 
II. 568 

of a body capable of a single screw 
motion, ii. 556 
simple examples of, ii. 572 
of a floating body, stability of, ii. 763 
—768 

of a rotating gravitational fluid ellip- 
soid of equilibrium, ii. 770 — 773, 
775—777, 778' 

of a rotating gravitational fluid ellip- 
soid with three unequal axes, ii. 778 


Equilibrium of a rotating fluid mass gene- 
rally, II. 778' 

of a rotating heterogeneous liquid 
spheroid, enclosing a rigid spherical 
nucleus and subjected to disturb- 
ance, II. 822 — 824 

of rotating spheroid of two incom- 
pressible non-mixing fluids, ii. 831 
energy criterion for, i, 289, 290, 292 
slightly disturbed, application of the 
Lagrange equation to, i. 337 
general solution of any case of slightly 
disturbed, i. 343 (/) — (p) 
Equjpotential surfaces, defined, ii. 491 (y) 
of homogeneous harmonic spheroids, 
II. 789, 790 

for approximately spherical mass due 
to gravitation and rotation con- 
jointly, II. 794 

of rotating fluid covering a spherical 
nucleus^ ii. 800 —802 
of fluid covering a fixed spherical 
nucleus, and disturbed by the attrac- 
tion of a distant body, ii. 803 
Ergometer, i. 436, 437 
Error, lav of, i. 391 

probable, l. 392, 393 
Errors, theory of, i. 387 — 394 
Euler’s Theorem, 130 
E volute, I. 17 — 19 

Experiment remarks on, i. 873 — 3S2 

Flexure, of a bar, ii. 711 — 718 
of a plate, ii. 719 — 729 
of a plate bounded by an infinite 
plane edge, ii. 728 

Fluid, perfect, defined, i. 320; ii. 742 

cases of motion in a perfect, i. 320 — 
325 

equations of equilibrium of a perfect, 
II. 753 

equilibrium of, in a closed vessel, ii. 
754, 755 

equilibrium of, under non-conserva- 
tive forces, II. 757— f59 
equilibrium of, possibility of, under 
given forces, ii. 755, 756 
density of, in terms of potential of 
aiiplied forces, ii. 760 
impulsive generation of motion in an 
incompressible, i. 312, 317 
Fluxions, I. 24, 203 
Foci, kinetic, i. 357 — 364 
Force, measure of, i. 220, 413 
specification of, i. 218 
accelerative effect of, i. 219 
measurement of, i. 258 
unit of, i. 221 

Gauss’s absolute unit of, r. 223 
British absolute unit of, i. 225 
ideal units of, i. 223 
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Force, comparison of ac 

tational measures gravi- 

effective component of, iJ* 
moment of, i. 232 ° 

time-integral of, i. 297 
line of, defined and illustrated, ii. 
489, 490 

Forces, composition of, i. 255 

parallel, composition of, it. 561, 563 
parallelogram and polygon of, i. 256 
system of, reduced to two, ii. 560 
system of, reduced to a force and a 
couple, II. 559 {c) 

Freedom, degrees of, i. 195 — 201 ; {see 
Constraint) 

Friction, laws of, between solids, ii. 450 
— 452 

laws of tluid, i. 340 

Function, simple harmonic, i. 54 

complex haimoiiic, i. 75, 76 ; repre* 
sentation of the results of experi- 
ment by means of a, i. 398' 
plane harmonic, ii. 739 
displacement, i. 190 (ft) 
spherical harmonic, i. p. 171 B. (see 
Spherical harmonics) 

Laplace’s, i p. co8 B. {e') {see Sphe- 
rical harmonics) 

Hamilton’s characteristic, i. 331 ; 
complete solution derived from a 
knowledge of, i. 331 
cyclic, II. 755, note 


Geodetic line defined, i. 132 

trigonometry on a surface of uni- 
form specific curs^ature, i. 153 
Gravity, Clairaut’s formula for, in terms 
of the latitude, i. 222 
centre of, defined, ii. 534 ; n. 562 
lunar and solar infiuence on apparent, 
n. 812 

experimental investigation of lunar 
disturbance of, ii. 818' 

Green’s problem, ii. 499 — 506 
examples of, ii. 507 — 509 
Gauss’s method of treating, ii. 550 
Gyration, radius of, i. 281 


Hannonic motion, definition of, i. 53 
amplitude of, i. 54 
argument of, i. 54 
epoch of, I. 54 
period of, i. 54 
phase of, i. 54 
practical examples of, i. 55 
velocity in, i. 56 
acceleration in, i. 57 
composition of, in one line, i. 58, 59; 
exami)les, i. 60, 61 


Harmonic motions, mechanicaDoomposi- 
tion of, in one line, i. 62 
graphical representation of, i. 62, 69,^ 
72, 74 ^ 

lines, I* 

63—73 

Harmonic, spheroid, defined, ii. 779 

nodal cone, defined, ii. 779 ; proper- 
ties of, II. 780 

spherical (see Spherical harmonics) 
Heat, specific, defined, ii. (E) 1 
Hodograph, definition of, i. 37 

elementary properties of, i. 37 
for the undisturbed motion of a planet 
•is a circle, i. 38 
physical applications of, i. 39 
Homogeneousness, defined, ii. 675 
Hooke’s joint, 1. 109 
Horograph, defined, i. 136 
exercises on, i. 137 
Horse-power, i. 268 
Hypocycloid, i. 91, 94 r 
Hypotheses, use of, i. 383 — 386 


Images, electric, ii.'olO — 518 
Impact, i. 294 — 296 ^ , 

of spheres, direct, i. 300—302 
loss of energy in, i. 301 
distribution of energy after, i. 302 — 306 
moment of, i. 307 
\vork done by, i. 308 
of a suiootii rigi4^ plane on a free 
rigid body at rest, i. 317 
Indicatrix, i. 130 
lueitia, I. 210 

centre of, defined, 230 ; and foijud. 
I. 230 

moment of, i. 281 

principal axes of, defined, i. 282 ; 
found analytically, i. 283 
Interpolation, i. 398 
Inversion, ii. 513 — 516 
Involute, I. 17 — 19 
Isotrophy, ii. 67^" -679 


Laplace’s law of density of the earth’s 
strata, ii. 824; applied to determine 
the constant of precession, ii. 827, 
828; compressibility involved in, 
ir. 829 

Laplace’s differential equation for the 
potential, etc., with Poisson’s ex- 
tension, II. 491 (5) (c) 
expressed in generalized co-ordinates 
by physical considerations, i. Aq 
p. 160 (a) — (e) 

expressed in generalized co-ordinates 
by algebraical transformation, i. 
p. 166 Ao (j)— (w) 
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Laplace's equation expressed in generalized 
rectangular co-ordinates, i. p. 164 
Aq if ) ; in polar co-ordinates, i, 

’ p. 164 Ao(5f); in columnar co-ordi- 
nates, I. P. 165 Aq {]l) 
solution proved possible and unique 
when the function is given in value 
at every point of a given surface, 
I. p. 169 A {b) — (e) 

Latitude, effect of hill, cavity, or crevasse 
on^ii. 478, 119 

Length, measures of, i. 407 — 409 
Level surface, see Equipoiential suriace 
Machine, Tide-predicting, i. B' i. 

for solving simultaneous linear«qua- 
tions, i. B' IT. 

ier calculating the integral of a given 
function, i. B' iii. 

for calculating the integral of tlie 
product of two given functions, i. 

B' IV. 

•for solvin^i the general linear differ- 
ential equation ot the second order, 
I. B' V. \ 

for solving any linear differential equa- 
tion, I, B' VI. • 

for calculating the harmonic com- 
ponentS of a period] - function, i. B 

VII. 

IMiignetometer, bifilar, t. 435 
Mass, connexion of, with volume and 
density, i. 208 
unit of, I. 209 ^ 
measurement 01, i. 258, 412 
gravit hional unit of, ii. 459 
negative, ii. 461 
Meunier’s Theorem, 129 
Metacentre, ii. 768 
Minimum Kinetic Energy, 299 
Moment, virtual, i. 237 
M omental ellipsoid, i. 282 
Momentum, defined, i. 210 
change of, i, 211 
rate of change of, i. 212 
conseivation of, i. 267 
moment of, i. 235 

moment of, composition and resolution 
of, I. 235, 236 

moment of, conservation of, i. 267 
generalized expression for (components 
of, I. 313 

Motion, direction of, i. 4 

rate of change of direction cf, i. 5 
quantity of (see Momentum) 

. resultant, i. 50 

resultant, mechanical arrangement 
for, I. 51 
relative, i. 45 

relative, examples of, i. 47, 48, 49 
Newton’s Laws of, 1. 244 — 269 
superposition of small, i. 89 


Motion, Harmonic (see Harmonic Motion) 
of f rigid body about a fixed point, i. 
95, 100, 101 

general, of a rigid body, i. 102, 103 
general, of on,; rigid body on anotlier, 
I. 110 

of translation and rotation, independ- 
ence of, T. 266 

equations of, formation of, i. 293 
equations of impulsive, i. 310 
general indeterminate equation of, i, 
293 

equations of, Lagrange’s generalized 
form of, i. 318; examples of, 1. 319 
equations of, Hamilton’s form, i. 318, 
319 

Hamilton’s characteristic equation of, 
I. 330 

complete solution of a complex cy- 
cloidal, T. 343 (a)—(e); i. 345 (i)— (v) 
infinitely small, Ox a dissipative sys- 
;-em, i. 342 

ideal, of an accumulative system, i. 
344, 345 

of a gyrostatic conservative system, 
I. 345 fvi)— (ix); with two (iegrees 
of freedom, i. 345 (x); with three 
degrees of freedom, i. 345 (xi) ; 
with four degrees of freedom, i. 345 
(xii) — (xxi); with any number of 
freedoms, i. 345 (xxii) — (xxviii) 
disturbed, general investigation of, i. 
356 

equations of, of a single particle in 
polar co-ordinates, i. 319 
equations of, of n single particle re- 
ferred to moving axes, i. 319 
of a sphere in an incompressible fluid 
bounded by an infinite plane, i. 320, 
321 

of a solid of revolution witix its axis 
parallel to a plane through an un- 
bounded fluid, I. 320 — 325 
of solids in fluids, practical observa- 
tions on, I. 325 


Normal modes of vibration, or of falling 
away from a position of unstable 
equilibrium, i. 338 ; case of equality 
between the periods of two or more 
modes, i. 339 

Ocean, stability of the, ii. 816 
Optics, application of varying action to a 
question of geometrical, i. 335 


Pendulum, i. 434 

ballistic, 1. 298, 307 
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Pendulum, motion of a jointed, i. 319 
motion of a g;yT:oscopic, i. 319 
quadrantal, i. 322 

Physical j)roblems. approximate treatment 
of, II. 438—447 

Planets, distribution of density in, ii. 824 

Plate, stretching of, by flexure, ii. 629 — 
631 

laws of flexure of, ii. 632 — 636 
principal axes of bending of, ii. 637, 
638 

poLcntial energy of a bent, ii. 640, 
641 

of equal flexibility in all directions 
subjected to uniform stress, ii. 642 
equilibrium of infinite, subjected to 
any forces, ii. 643, 644 
boundary conditions of a finite, ii. 
64 3, 64 S 

equilibrium of, under circularly dis-, 
tributed load, ii. 649 — 651 
equilibrium of circular, with concen- 
tric circular a])erture, ii. 652 — 655 
equilibrium of rectangular, ii. 656 
flexural rigidities of, ii. 720 

Poisson’s equation (aee Laplace’s differ- 
ential equation, etc.) 

Potential, defined and e^q'lained, ii. 482 — 
486 

force in terms of, it. 486, 491 
analytical expression for, ri. 491 (a) 
cannot have a maximum or minimum 
value in free space, ir. 495 
mean of, over a spherical surface, ii. 
496 

determination of, tlirougli external 
space from its value over a spheiical 
surface, ii. 793 

determination of, from the form of a 
nearly spherical equipotential sur- 
face, II, 793 

of a shell bounded by similar con- 
centric and similarly situated ellip- 
soids, IT, 524, 525 
of a homogeneous ellipsoid, ii. 526 
of a heterogeneous ellipsoid, ii. 526 
of an ellipsoid of revolution, ii. 527 
comparison between, of two confocal 
shells each bounded by similar and 
similarly situated ellipsoiels, ii. 532 
of any spherical shell, expressed in 
spherical harmonics, ii. 536 — 538 
of a distant body, found by spherical 
harmonic analysis, ii. 539 
of a solid sjjhere with harmonic distri- 
bution of density, ii. 543, 545 
of any mass, expressed in harmonic 
series, ii. 542, 544 

of a distribution of mass symmetrical 
round an axis, expressed in zonal 
harmonics, ii, 546 


Potential, of a circular ring, ii. 5r46 
of a circular disc, ii. 546 
of a circular galvanometer coil, ii. 64^ 
of a solid sphere with variation f/om 
average density in one limitedregidn, 
II. 786—788, 791, 792 
for other masses of definite form {see 
Attraction) 

Precession and Nutation, ii. 825 

Precession in connection with the distribu- 
tion of density within the ^^arth, ii. 
826 

constant of, determined from Laplace’s 
law, II. 827 

Presscre, fluid, at a point, ii. 743; proved 
eunal in all directions, ii. 744, 745, 
74 / 

in a fluid under the action of no 
external forces equal in all direc- 
tions, II. 715, 747 

rate of increase of, in terms of the 
external force, ii. 75^, 753 * 

, resultant fluid, on a plane area, ii. 761 ' 
resultant fluid, on a body of any 
shape, II. 762 
equations of fl'fiid, ii. 753 
of the atmosphere at different heights, 
II. 753 

centre of, n. 746, 761 


Pesilience, ii. 691 (5) — (/) 

Piesistance, varying ag the velocity in a 
simple motion, i. 341 
Kestitution, coefficient ef, i. 300 
Kesultant, of forces acting along and pro- 
portional to the i-idcs of a polygon 
is a couple, ii. 559 (d) 

Eigidity, defined, ii. 680, ii. (C) (/) 

torsional, of circular cylinder, ii. 701 
torsional, of various prisms, n. 709 
of the Earth, ii. 832 — 840 
Piockiug stones, ii. 566 
Boiling, of one curve on another will give 
any motio^.of a plane figure in its 
own plane, i. 90 
of circle on straight line, i. 02 
of cone on cone, i. 99, 104, 105 ; ex- 
amples of, I. 10() — 108 
of one plane curve on another in the 
same plane, i. 112 ; in different 
planes, i. 113 

of a curve on a surface, i. 115, 116 
of one rigid body on another, i. 110, 
111, 117 ; analytical investigation 
of, when one or both traces arc 
given, I. 124, 125 

Eotations, composition of, about parallel 
axes, I. 86 

com]>osition of with a translation in 
plane x^cifamdicular to axis, i, 87 
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Kotationg, finite, composition of, i. 97. 
98 


Sftrew, for measurement, i. 424, 425 
micrometer, i. 426 

Secular acceleration of the Moon’s mean 
* motion, ii. 830 

Sea-level, disturbance of, by a region of 
density greater or less than the 
average, ii. 786 —788, 791, 792 
figftfe of, determined from measure- 
ments of gravity, ii. 795, 790 
figure of, determined from results of 
geodesy, ii. 797 ^ 

She^r, synthesis of, i. 169 

principal properties of, i, 170 — 172 
axes of, 173 

various specifications of, i. 174 — 176 
combination of, with simple elonga- 
tion and CApansion, i. x77 
•Sli^e, geome^ical, denned, i. 198; ex- 
amples of, I. 198 -V 

Spherical excess, of a triai gle, i. 134 | of 
a polygon, i. 134 ' 

Spherical harmonics, tlefint d, i. p. 171 B 
(^0 ^ 

Example of, i. p. 171 B (a) 
partial, i. p. 17O B (c) ^ 

differential equations satisfied by, i. 
p. 178 B (e) {[/} 

surface integral of product ot two or 
parts of two, i. pp. 178, 205 B (//) 
(i) (.) » 

when complej;e are rational integral 
functions of x, //, z; or can be made 
so by a factor r'^, i. p. 181 B 

general expressions for, when com- 
plete, oUtainedhy differentiation, i* 
p. 162 B(j) 

general expressions for, obtained by 
solution of Laplace’s equation, i. 
p. 207 B {c) — {w’)] examples, i. p, 
213 B(7jO— ( s) . 

algebraical transrormations of the 
general expressions, i. p. 189 B (Z) 
degrees of, for solution of special 
problems, i. p. 196 B (m) — (0) 
vanishing of, t. p. 198 B {p) 
expansion of an arbitrary function in 
terms of, i. p. 198 B (r) — (t), (a) 
biaxal, defined, i. p. 201 B{u); ex- 
pressions for, I. p. 202 B (r) — { y ); 
IT. 782 

tesseral, i. p. 189 B (/) ; ii. 782 
sectorial, ii. 781 

degradation of, when the spherical 
surface becomes plane, ii. 783 
Spherometcr, i. 427, 428 
Spiral springs, i*. 601—008 


Squares, transformation of two quadratic 
functions to sums of, i. 337 note 
method of least, i. 394 
Stability, energy criterion of, i. 292 

kinetic, i. 34'*, 317; exainpies of.*i. 
_ 348—354 

kinetic, of a particle m a circular 
orbit, I. 350 

kinetic, of a particle moving on a 
smooth surface, i. 351 — 353 
kinetic, of a projectile, i. 354 
kinetic, general criterion of, i. 355 , 
3o8— 361 

Strain, homogeneous, defined, i. 155 
principal properties of, i, 156 — 159 
ellipsoid, i. 160—163, 168 
axes of, 1. 163 

change of length and direction of a 
line in, i. 164 

change of orientation of a plane in, r. 
165 

planes of no distortion in, i. 167 
analysis of, 1. 177—179, 182 
pure homogeneous, analytical con- 
ditions tor, I. 183 
composition of, i. 184, 185 
specification of, by six elements, ir. 
(C) (Cl) 

produced by a single longitudinal 
stress, II. 682, 683 

comiDonents of, in terms of stress- 
components, II. 673, 694 
potenfial energy of elastic body in 
terms of, ii. 695; ii. (C) {d) 
plane, ii. 738 
Stress, defined, ii. 658 
homogeneous, ii. 659 
specification of, ii. 660, 662, 6G9 
average, ii. 674 
shearing, ir. 662 
composition of, 667 
quadric, ii. (MV*, 665, 666 
principal axes of, 11. 064 
potential energy of, ii. 670, 671, 673, 
095 

analogies of strain with, ii. 668 
components of, in terms of strain- 
components, II. 073, 693, II. (C) I 
required for a single longitudinal 
strain, ii. 692 

due to the gravitation of an approxi- 
mately spherical mass, ii. 832' 
-difference, ii. 832' 

String, general equations of equilibrium 
of, II. 576—579 

kinetic analogue to equilibrium of, ir. 

581 ; examples on, ii. 582 
on smooth surface, equilibrium of, ii. 
584 

on rough surface, equilibrium of, ii. 
585—587 
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String, impulsive generation of motion 
in, I. 317 

St Yenant’s torsion problems, ii. 699 — 710 

Sun, The, secular cooling of, ii. (E) i 
present temperatni'e of, ii. (E) ii 
origin and amount of heat of, ii. 
(E) III 

Surface, flexible and inextensible, 

tical apx)roximations to, i. 13i^) — 
143 ; general property of, i, 150 
developable, defined, 1. 139 ; practical 
construction of, i. 149 
measure of, i. 410 

equipotential, defined, ii. 487, 491 (//); 

(see Equipotential surfaces) 
of equal pressure, i^roi^erties of, ii. 749, 
750 

Symmetry’, kinetic, i. 285 


Theorem, Bertrand’s, on the kinetic energy ’ 
of a system moving from rest under 
gi\en impulses, i. 311, 314, 315 
Binet’s, on the iirincipal axes at any 
point of a body, i. 283, 284 
Cavendish’s, ii. 533 
Ciairaut’s, ii. 795 

Euler’s, on curve ture of suifaces, i. 
130 

Fourier’s, i. 75 — 77 
Gauss’s, on the x^otential, ii. 497 
Green’s, extended form of, i. p. 167 
A (a) 

Guldinus’ or Pappus’, ii. 507 
Ivory’s, II. 530, 531 
Liouville’s, kinetic, i. 368 
Maclaurin's, on attraction of homo- 
geneous focaloid, II. 494 (/), 522 
Meunier’s, i. 129 

Stokes’s, on the transformation of an 
integral over a bounded surface into 
one round tbe boundary, i. 190 (J) 
Thomson’s, on the kinetic energy of 
a system moving from rest with 
given velocities, i. 312, 316, 317 
of maximum action, i. 364 
Tidal friction, effect of, on Earth’s rota- 
tion, I. 276; II- 830, ii. (G) (u; 
secular effects of, determined by a 
graphical method, ii. (G) (b) 

Tides, equilibrium theory of the, ii. 804 
—811 

theory of tbe, taking the Earth’s 
rotation into account, 11. 813, 814 
augmentation of, due to the mutual 
gravitation of the disturbed waters, 

II. 815, 817; 819—821 
influence of, on the direction of gravity, 

II. 818 

in an elastic solid sphere, ii. 833 — • 
841 


Tides, effects of elastic yielding in the 
Earth on the, ii. 8^4?, 846 
of long x^c^iod, ii. 848 
Time, foundation of our measure c^r, {. ' 

247, 405, 406 • 

Torsion, of i)iism or cylinder by a simple 
twist, general solution of, i. 700, 
702, 703, 706; hydrokinetic Ana- 
logue of, II. 704, 705 
of ellix>tic cylinder, ii. 707, 708 
of equilateral x>rism, 11. 70'L 708 
of curviiinear square, ii. 70/, 708 
of rectangular prism, 11. 707 
Tortuosity, i. 7 

analytical exx'»ression for, i. 9 
Trianglp,,, kinetic, difi’erence between two 
sides and a third of, i. 361 • 
Trochoid, i. 49, 92 

Twist, exidanation and definition of, i. 
119, 120 

integral, of a rod in a X'kt-ii® curve, i. 

122: in a tortuous ^nrve, i. 12fr • 
example.s of, i. 12G e 


Velocity, defined, 20 

measure of, wdien unifog n, i. 20 
measure of, when variafole, i. 24 
averLyre of, i. 23 

analytical exx)ressionsfur, i. 24, 25, 27 
resolution of, i. 25, 26 
coin])usition of. i. 27 
exan)})les of. i. 34 
angular, defined, r, 41 
angular, measure <^1. i, 42 
angular, mean, i. 43 
angular, of a x>lane, i 41 
angular, coinj^osition of, i. 95, 
angular, x>arallelogram of, i. 95 
generalized expression for compo- 
nents of, in teinis of momenta, i. 
313 

reciprocal relation between compo- 
nents of velocity aild momontum 
in two moGons, i. 313 
of sound, etc., in terms of modulus * 
of elasticity, ii. 691, (a) 
virtual, i. 237 
Vernier, i. 420 — 423 
Viscosity, of solids, 11. 741 
of fluids, II. 741 
Volume, measure of, i. 411 


Virire, defined, ii. 588 

kinematicai rexuesentation of the cur- 
vatures and torsion of, 11. 590 
laws of flexure and torsion of, ii. 591 
—593 

principal torsion-flexure rigidities of. 
II. 596, 715 
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Wire, polential energy of strained, ii, 
59l, 59^ 

equilibrium of, under opposingcouples, 
» II. 598—601 

equilibrium of, under opposing sys- 
tems of forces at its extremities 
when thepri'icipal ririditie'- arn’U't 
flexure ar<‘ t:q:;a:, ir I'lnj 

equilibrium of, under any forces and 
couples applied along its length, ii. 
614 

infjf^tely little bent from straight line, 
II. 616 

bent by its own weiglit, ii. 617 — 620 
rotation of, round elastic central line, 

II. 621—626* ■■ 

liirchliofl’s kinetic »ij<rro'gue to tiae 


equilibrium of, ii. 609, 610; ex- 
amples of, II. 611, 613 
Work, defined, r. 238 — 240 
practical unit of, i. 238 
scientific unit ^f, i. 238 
rate of doing, i. 268 ; s ientific unit 
of, I. 268 


Young’s modulus of elasticity, ii. 686 
--691 


Zonal haimonics, defined, n. 781 
Murphy’s analysis for, v. 782 
lables and graphical iiiusfcrations of, 
II. 784 
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